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1. Introduction

This paper investigates differential equations of the type
y'=4q@®)y, qeC°R), @

(R := (—o00, 0)) being oscillatory on R (i.e. oo are the cluster points of zeros
of any (nontrivial) solution of (q)). Equation (q) is often assumed such that its
basic central dispersion is elementary. This property occurs e.g. in equation (q)
whose coefficient g is a n-periodic function (on R). Naturally, not every equation (q)
with an elementary basic central dispersion has a 7-periodic coefficient. The object
of this paper is to investigate conditions under which (q) with an elementary basic
central dispersion has a zn-periodic coefficient q.

2. Basic concepts and properties

In all what follows the equations of type (q) are assumed to be oscillatory on R.
Trivial solutions of these equations are excluded from our considerations.

A function « € CO(R) is called the (first) phase of (q) if there exist independent
solutions , v of (q) such that

tg o(t) = u(t)[v(t) for teR — {reR;v(t) = 0}.
The phase o of (q) is its coefficient g uniquely determined by the formula gq(1) =
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= —{o, 1} — a'*(t), te R, where {0, 1} 1= a”(£)/Q'(1)) — (3/4) (2"(D)]e’'(1))? is the
Schwarz derivative of « at the point ¢.

Every phase o of (q) possesses the following properties: (i) & € C3(R); (i) «'(t) # O
for t e R; (iii) a(R) = R

The set of all functions a possessing the properties (i)—(iii) forms a group G
with respect to the composition of functions, called the group of phases. The group
of phases ® has two important subgroups € and §, € < $ < 6. The subgroup €
is constituted by phases of y” = —y. The elements of the subgroup $) are elementary
phases, i.e. those elements x € ® for which a(z + n) = a(t) + nsigna’, reR.

If « is a phase of (q), then €o := {ex; ¢ € €} is the set of phases of (q) and the
coefficient ¢ of (q) is a n-periodic function iff a(t + n) = ea(t), where ¢ € €.

Let n be an integer, « be a phase of (q). Let « ™! denote the inverse function to the
function o. The function ¢,(t) := a~*(a(t) + nn sign o), t € R, is called the central
dispersion (of the first kind) of (q) with the index n. The function ¢, will be written
briefly ¢ and will be called the basic central dispersion of (q). We say that ¢ is
an elementary basic central dispersion of (q) if ¢ € H.

Let o be a phase of (q) and let ¢ be its basic central dispersion. Then H : =

= {ca; ce 9} is the set of phases exactly of those equations having the basic
central dispersion equal to ¢. The above definitions and results may be found in
(11, [2].

Lemma 1 ([3]). The basic central dispersion ¢ of (q) is elementary iff ¢ is the

basic central dispersion of
Yi=q@+mny 0
as well.

It immediately follows from Lemma 1 that every equation (q) with a n-periodic
coefficient g possesses an elementary basic central dispersion.

Let the coefficient g of (q) be a =-periodic function. Following the Floquet
theory equation (q) may be associated with a certain quadratic equation, whose
roots are called the characteristic multipliers of (q).

Lemma 2 ([2]—[6]). Let ¢ be the basic central dispersion of (q) with a n-periodic
coefficient q. Then:
a) all solutions of (q) are m-periodic (n-halfperiodic) iff

@) =1t + m, teR,

where n is an even (an odd) number ;

b) equation (Q) has real characteristic multipliers and all its solutions are not
n-periodic or n-halfperiodic function iff there exist an x € R and a positive integer n
such that ¢,(x) = x + n and ¢, (t) £t + n for teR;

c) equation (q) has complex characteristic multipliers equal to ei“'" ae(0,1),
iff there exists a phase o of (q) and an integer n such that

alt +7m) =a(t) + Qn + a)n  for teR.
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3. Main results

Theorem 1. Let the oscillatory equation (q) have the élementary basic central
dispersion. Then the function q is n-periodic iff the function p(t) := q(t + =) — q(t),
te R, is m-periodic.

Proof. Let the oscillatory equation (q) have the elementary basic central disper-
sion ¢ and let the function p(¢) be n-periodic. Then by Lemma 1 the equations (q)
and (1) have the same basic central dispersion and there exists a ¢ € $ such that

a(t + n) = ca(t), teR, ¥)
where « is a phase of (q). Let ¢ be a phase of (g). Then we have from (2)
qit + 1) = —{a, t + 1} — 2(t + 1) = —{co, 1} — (). A*(@) =
= —{e,a®} (1) = {n, 1} — c?a(t) . a?(t) =
\ = q(t) + (1 + gu(1)) 2(2).
Now, on our assumption, the function (1 + ga(t)) «'>(¢) is n-periodic on R. Thus
(d + ga(®) 2(t) = (1 + ga(t + ) '*(t + ) =

= (1 + gea(t)) c"?a(t) . &'*(),
hence

(1 +ge@®)c*(t)=1+g@), teR. ()

Let ¢! be the inverse function to the function c. Then ¢ 'e §. Let ¢! be
a phase of (h). Then

=1 = —{c7l,t} —c™c(t). *(t) = —{c™ 1, ct)} 'X(2) -
—{e,t} — c7Y%(t). A1) = g(t) + (1 + he(t)) (1),
hence
—1=g(t) + (I + he(t)) '*(t), teR. @)
1t follows from (3) and (4) that ' &

(1 + ge(®) c*(t) = —(1 + he(t) *(0),
whence we get
g@t) = =2 — h(), teR. ©)

It was shown in [7] that for the coefficient k of (k) having the basic central
dispersion equal to ¢ + = the following holds: j k(t)dt = —n and jk(t) dt = —n
iff k&(z) = —1 for ¢ € R. From here and from (5) we get

-1 < j'g(t) dt = =27 — fh(t) dt,
0 0
.hence '

Jh(Hdt £ —n. '
: .
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Thus, necessarily h(t) = —1 for te R and we get from (5) that g(t) = —1 for
teR. Consequently c € € and g is necessarily a n-periodic function as it follows
from (2).

The proof of Theorem 1 is obvious in the opposite direction.

Theorem 2. Let the equation (q) be oscillatory on R and let q be a n-periodic
Sfunction. Let ¢ be the basic central dispersion of (q). It holds:

(i) if there exists a positive integer n such that @,(t) =t + 7 for t € R, then the
coefficients p of all equations (p) with the basic central dispersion equal to ¢ are
n-periodic;

(ii) if the characteristic multipliers of (q) are real and for any positive integer n
is @, (t) Z t + = for t € R, then the coefficient p (# q) of (p) having the basic central
dispersion equal to @, is not n-periodic;

(iii) if the equation (q) possesses complex chardcteristic multipliers equal to e*®™,
0<ax<l,and

a) a is an irrational number, then the coefficient p(# q) of (p) having the basic
central dispersion equal to ¢, is not n-periodic,

b) a is a rational number, then there exist infinitely many various coefficients p
of (p) having the basic central dispersion equal to ¢ and are m-periodic.

-Proof. Let the assumptions of Theorem 2 be satisfied.

(i) Let @,(1) = t + =, t € R, where 7 is a positive integer. Let o be a phase of (q),
ce®. Thenca(t + n) = cap,(t) = c(a(t) + nrsigna’) = ca(t) + nusigne’ . signc’.
Let us put y(¢) := ca(t), &(t) :=t + nnsigna’ . sign ¢’, t € R. Then ¢ € € and
y(t + m) = gy(¢). Thus the coefficients p of equation (p) having the basic central
dispersion equal to ¢ are n-periodic functions.

(ii) Let @,(t) £ ¢ + n, t € R, for every positive integer n. Let the characteristic
multipliers of (q) be real. Then, by Lemma 2 there exists an x € R and a positive
integer n: ,(x) = x + n. Let « be a phase of (q), sign &’ = 1. Then agp(z) = a(t) + ©
and a(t + n) = ea(t)forany ¢ € €. Let ¢ € § and ca be a phase of (p) and ¢ be a phase
of (g). Then

p(t) = —{ca, t} — caft). a'®(t) = —{c, a(t)} a'?(1) —

—{o, t} — (). () = q(t) + (1 + ga(t)) a'?(2),

hence .
p() = q(t) + (1 + gu(t)) '*(t), teR. (6)

Let us assume that p is a n-periodic function. Then

gt + m) + (1 + go(t + m)) ’2(t + 1) = q(t) + (1 + go?)) a'2(¢),
(1 + gea(1)) () . a'?(t) = (1 + ga(r)) a'*(1),

(1 + ge(t)) e%(t) = 1 + g(2).
This implies ‘

)11+ ge()| =+/11+ g1, teR. )
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Let us put x, := a(x). Then a(x + ) = ea(x), hence e(x;) = a(x + n) = agp,(x) =
= a(x) + nn = x, + nxn. Integrating (7) from x, to ¢ gives

&(1) t

j')\/|1+g(s)|ds=j\/|1+g(s)|ds. (8)

e(x1
Upon substituting s = u + n=n in the integral on the left side of (8) we obtain

et g(t)—nn

) -
fJIT+g®lds= [ I1+g(s)|ds.

&(x1) ’
From this and from (8) we get

e(t)—nn

| JIT+ g ds= {11+ g(s)|ds

hence
&(t)—nn

[ 11+g(s)|ds=0 for teR. ©)

We prove: g = —1. In the contrary case there exists a to € R : g(¢;) # —1. Then,
of course, we get from (9) that &(¢) = ¢ + nz in any neighbourhood of the point #,
and from the properties of phases of y” = —y we get &(t) = t + nn for ¢ € R. This
implies ot + ©) = a(z) + nn and ¢,(¢t) = ¢ + = for ¢t € R which is a contradiction.
Thus g = —1 and we get from (6) that p = q.

(iii) Let (q) have complex characteristic multipliers equal to e**™, 0 < a <'I.
Following Lemma 2 there exists a phase « of (q) and an integer n:

ot + n) = at) + 2n + a) =, teR. (10)

Let ce $, co be a phase of (p) and ¢ be a phase of (g). Then (6) is valid. Let us
assume that p is a n-periodic function. Then (6) and (10) imply

(1 + g(@(t) + am)) &%(t) = (1 + ga(1) (1),

whence
gt + an) = g(1), teR. (11)
a) If a is an irrational number, then g(¢) = k (= a constant) for gis a éontinuous
function and n and an are its period. Necessarily k = —1 and p = g follows
from (6);

/

b) Let a be a rational number and let $, be the set of all those c € § with the
property: ¢(t + am) = c(t) + ansignc’. H, is clearly a subgroup of the group $.
We see that ca(t + 7) = c(a(t) + 2n + a) n) = cu(t) + (2n + 4) 7 holds for
every ¢ € §,, sign ¢’ = 1. Consequently $, := {ca; ce §,} is the set of all phases
of those equations with a m-periodic coefficient having the same basic central
dispersion (= ¢). Such equations are infinitely many.
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JUHENHBIE TUOOEPEHIMAJbBHBIE YPABHEHHU A
BTOPOTO NNOPANKA C QJIEMEHTAPHBIMI
OCHOBHBIMHI INEHTPAJBHBIMI JUCHEPCUAMN

Pesrome
ycts 7
@ ' =4q)y, g€ C°(R),

KoneGomeecs ypaBHeHue, fo € R u y(s# 0) — pemenue ypaBHerus (q), y(fo) = 0. IIycte ¢(to)
— IlepBOE CIIpaBa COIPSDKEHHOE YUCIO C fo. Torma GyHKIMS @ ompemeicHa Ha R M HasbmBaercs
OCHOBHasi LeHTpaibHas mucnepcus ypasuenwsi (q). Ecma @(t +n) = ¢(t) 4 n, teR, Torma ¢
Ha3BIBAETCS JJIEMEHTAPHAS OCHOBHAsl LEHTpPaJIbHAS JUCHEPCUs ypaBHeHus (q).

Ilycte g — 7 — nepuonuyeckast QyHKums. YpaBHeHue () MMEET 3JIEMEHTAPHYIO OCHOBHYIO
LEHTPaJbHYIO OUCIEPCHIO @ TONBKO TOrma, korma dysxmmst p(r): = q(t 4 n) —q(r), teR, 7 —
nepuomuyeckas (reopema 1).

Ilycts q — 7t —nepuoauyeckast GYHKIMSA U @ — OCHOBHASI LIEHTPAJIbHAS MUCHEPCHS YPaBHEHUS
(q). B Teopeme 2 uccnefyeTca CTPYKTYpa BCeX ypaBHeHwit THma y”’ = p(f)y, pe C°(R), xoTOpHIE
HMEIOT OCHOBHYIO LEHTPaJIbHYIO OUCIIEPCHIO PaBHY @ M p — 7t — IEpHOAMuecKas QyHKuA. OT1a
CTPYKTypa HCCIIELYETCS C IOMOIIBIO CBOUCTB XapaKTePHCTHYECKUX MYJIBTHIUIMKATOPOB YPABHEHH

().

LINEARNI DIFERENCIALNI ROVNICE 2. RADU
S ELEMENTARNIMI ZAKLADNIMI CENTRALNIMI

DISPERSEMI
Souhrn
Necht )
@ Y =q@®)y, qeC°R),

e oscilatoricka rovnice, #o € R a y(3 0) je feSeni rovnice (q), ¥(to) = 0. Necht ¢(¢,) je prvni zprava
od bodu 7, leZici nulovy bod feSeni y. Pak funkce @ je definovand na R a nazyva se zakladni centralni
disperse rovnice (q). JestliZe ¢(t + ) = @(t) + =, teR, pak @ se nazyva elementarni zdkladni
centralni disperse rovnice (q).

Necht g je n- periodicka funkce. Rovnice (q) md elementarni zakladni centralni dispersi ¢ pravé
kdyz funkce p(r) : = q(t + 7) — q(2), t € R, je m-periodicka (véta 1).

Necht ¢ je n-periodickd funkce a ¢ je zakladni centralni disperse rovnice (q). Ve vét& 2 je vySeto-
véna struktura viech rovnic typu y” = p(t) , p € C°(R), které maji zikladni centralni dispersi rovnu ¢

a maji w-periodicky koeficient p. Tato struktura je vySetfovana prostfednictvim charakteristickych
multiplikatort rovnice (q).

v
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