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PAVLA KUNDEROVA
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In paper [1] the theory of point processes for studying the processes with
replacements and rewards was used. There were proved two statements of limit
behaviour of rewards (Theorems 1, 2) and one of the assumptions in both cases
was that the common replacement policy F is a policy with a bounded intensity.
We will show that the assumption about the bounded intensity can be weakened
by passing to the Poisson process by changing time.

Let us denote 'N, the number of events with mark / (I = 1, ..., q) occurred in
time <0, 1, '4, the compensator of the point process {'N,, t = 0} defined in [1]
(not quite commonly) as an integral of the arrival intensity of the event with mark /,
thus as a continuous nondecreasing process conformable to '# = {!#,}, '#, =
= ga{'N,, se 0, 1>}, such that {!M, = 'N, — '4,,t 2 0} is a martingale with
respect to {'#,, t = 0}.

Further let us denote

o(t) = inf {s = 0: "4, > ¢}, g = '.“?,am, In, = ’N,w).

In [2], page 280 is proved the following Lemma

Lemma.

If a) the compensator {'A,, t = 0} is (almost sure) continuous process,
b) P(lim'4, = o) = 1,
| Sndico)

then

{'n,, t 2 0} is the Poisson process with parameter A = 1 conformable to the

system {'9,, t = 0}.
Using the above Lemma we can prove that Theorems 1,2 from [1] are valid
in the following formulation:
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Theorem 1.

Let {A,,t 2 0} = {(*4,, ...,74,),t Z O} be a compensator of the process with
replacements and with such replacement policy F that under this policy for every
I=1,..,q

P(lim'4, = ©0) = 1 )
t— o
is valid. Further let {A,,t = O} be a compensator of the process with a stationary
replacement policy of destination f such that there exists only one class of recurrent
states under it. If for all l = 1, ..., q

.1 ~
lim —t—('A, —'4)=0 F-almost sure (F in probability)

t— 0

then

.1

lim —t-R, =0 F-almost sure (F in probability)

t— o0

where @ is the mean reward from the process per a time unit and R, is the reward
up to time t.

Theorem 2.

Let F be a replacement policy such that for any | = 1, ..., q (1) is true and let f
be a stationary replacemert policy of destination such that there exists only one
recurrent class under it. Let for any | = 1, ..., q

.1 ~
lim ~—t_(‘A, ~'4)=0  F-in probability
t—=ow

and let for the total number O, of such replacements in interval {0, t> which are
different from i — f(i)

. 1
lim —0,=0  F-in probability, @)

toon \t
then
R, — Ot

Jt

has for t - oo assymptotically normal distribution N(0, (), where { is determined
by aquations (17) ir [1].

Prooves of both theorems are the same as in [1]. The interchange of assumption
that F'is a replacement policy with bounded intensity by the assumption (1) reveals
only in such situations in which Lemma 2 of [1] was applied. From the proof of
Lemma 2 in [1] it is obvious that it suffices the validity of the following statement
to prove:
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If for any / = 1, ..., g the assumption (1) is true, then for any /

lim —I—IM, =0  F-almost sure. 3)
t- o
Actually, let / be an arbitrary firmly chosen mark. Let us set t = ‘o(s) for all such
t € {a(0), o) for which
(s — 0) < t < lo(s).
Then

"M, ='N, -4, ='N, , —s="n,—s="'M;, s=z=0.

a(s)
According to Lemma {n,, s = 0} is the Poisson process with parameter 1 = 1
and thus {!M} = 'n, — s, s =2 0} is a martingale with respect to {'%,, s = 0}.
Using the fact that for all p = 1,2, ...

8

k.D

3 il = C(p)

1
E(lnn+1 - Inn)p = ?k

we can show that analogous to the proof of Lemma 2 in [1] the statement

Iy p%
..M
lim ss =0 F-almost sure

s

s valid and thus the validity of (3) is proved.

Remark. The statement given in [1] saying that assumption (2) in Theorem 2
of [1] may be omitted remains true even if the assumption about the bounded
intensity of the replacement policy F is replaced by assumption (1). The proof
remains the same, the modified assumption will occur in using Lemma 2 in [1]
only.

I would like to express my appreciation to dr. P. Mandl, DrSc. for directing my
attention to the fact that using the change of time we can weaken the assumptions
of Theorems 1, 2 in [1].
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Souhrn

POZNAMKA K CLANKU ,NEKTERE LIMITNI
VLASTNOSTI VYNOSU Z MARKOVOVA
PROCESU S OBNOVAM I«

PAVLA KUNDEROVA

V poznamce se ukazuje, Ze pfedpoklady vét 1, 2 z [1] o limitnim chovani vynosu
z Markovova procesu s obnovami lze oslabit, uZijeme-li pfechodu k Poissonovu
procesu zdménou cCasu.

Pesrome

3AMEYAHUE K CTATBE
~HEKOTOPBIE IPEJEJBHBIE KAYECTBA
HOXOOJA M3 ITPOUECCA MAPKOBA
C BOCCTAHOBJIIEHUAMMN

ITABJIA KYHIEPOBA
B 3ameuaHuMM DoOKa3aHO, 4TO mpeAnoJioxeHus TeopeM 1,2 u3 [1] BO3MOXHO

caenaTh Gostee ciabbiMHM TIPU MCHOJB30BaHWM Tiepexojga K npomeccy Ilyaccona
HU3MEHEHHEM BPEMEHH.
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