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The accuracy in solving nonlinear problems on analog com-
puters using diode functional transformators may be increased
by an appropriate distribution in breakpoints. Following the
total correctness of computations, it will obviously be more
convenient to use the distribution in breakpoints by the re-
quirement of the best uniform approximation, whereby the maximal
absolute errors in all sections are equal.

We assume that the number of sections K is given - thus
only the distribution in breakpoints may be varied. To de-
termine of optimal distribution in breakpoints we utilize the
properties of the approximation of the quadratic dependence by
the linear sections because the maximal errors in the parti-
cular sections are equal in a uniform distribution in break-
points,

Approximating the function by the linear sections we find
that the error in the k-th section is given by the relation

..

€00 = F B o x - x) (1)

2

Since in approximating the quadratic dependence f(x) = x~ there

is f"7(x) = 2 and thus also f"(g) = 2, where f €(X 13 X o
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we get for the maximal absolute error

X - X .
e o0l L, = (K2 )2 (2)

and the optimal distribution in breakpoints by the requirement
of the best uniform approximation is obtained on equidistant

distribution in breakpoints, where X = X,_1 = constant.

In what follows, let us deal with the approximation of the
function f(x) = x" by the linear section, where n>2. Let us

perform such a transformation independent of the variable onto

a new independent variable z so that the function f(x) = x" is
mapped as the function g(z) = 22, i.e. f(x) = g(z) and
consequently

s 2? (3)

whence we obtain

X = nVZ (4)
= = (5)

or
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In approximating the quadratic independence by the requi-
rement of the best uniform approximation for the brekpoints
(assuming the interval of approximation to be <0;1? ), we find
that

1
Z = gk (6)

where K stands for the number of linear sections. The knots of

approximation z, correspond to the knots

n n
X = V 2 = (E)z . (7)

The function g(z) = 2% is approximated by the linear sec-
tions. The equation of the k-th section has the following form
Z2
_ k-1
< FKkTPKk-1

2

i z-z +z2 = (z, +z )(z-2 )+z2 (8
Uy (2=2 1 )*2q = (B2 k-1)%Zk-1 )
The section uy is mapped as the curve V| going through the
points [xk_l; xE_lj . [xk; xE]. Inserting into equation (8)
after relations (5) and (6) yields.

Vi = e RO - B L 2 - (9)
- V;H 2k-1 _ (k-1)k
- 2
K. K

The equation of the line Y @pproximating in the k-th sec-
tion the function f(x) = x", i.e. the line going through the
points [xk—l; xE_l] . [xk; XE ] has the form

n n
Xk T Xk-1

n
— (x = Xp_4) + X, _ 10
X=Xy _1 k-1 k-1 (10)

Yk =

Inserting into equation (10) after relations (6) and (7)
yields
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(k2 _ (k-1
y K) ( k) (x - -I”/(k-i)z) . (ksty2
k -‘/5 k-1 2 K K
K

(K)
2k - 1 (11)
|<2 k-1.2 1.2
= = (x 1/(,<>> (52)2 .
k,2 k-1.2
(52 - V&>
The error in the k-th section is given by the relation
n
fk =Y - X, x € (xk_l;xk> '
i.e.
2k -1
Blk-1.2 n n
£k K))+xk—1_x ’ (12)

k)2 -l[k

The value x wherein the maximal error occurs may be deter-
mined from the relation

2k - 1
dé, K2 n-1
dx " n n - onx =0,
k-1
- Y ()
whence
n-1 2k - 1
2
_ 1 K
x = Y (13)
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Fig. 2

Picture 2 shows the run of the approximating line Yicr the
run of the curve v, after equation (9) and the run of the
function f(x) = x™ in the section Xpeogi X From certain simi-
larities of the expressions Vi and x" we may infer that the
expressions vy, - vy and Vie T x" also have a similar run. Since
(vk - xn)max = const (see equation (2), where X = Xpq = @
constant), we may assume with a certain approximation that the
value x, wherein the maximum of the expression Vi x" occurs,
is nearly equal to the value x, at which the maximum of the
expression Y = V| occurs, and so also to the value x, at which
occurs the maximum of the expression Y = x". Then also (yk -
- xn)max = a constant. Since in approximating the quadratic
dependence the maximal error occurs in the middle of any k-the

section, i.e. in

- 2 Ll 2k -1
Z = Zkaa tx ¢ 2K

(14)

The value x corresponds to the value z,

n
x = ‘V(Eﬁiﬁ-l)z (15)
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Calculations on digital computer proved that the value x
given by relation (13) differs virtually negligibly from the
value x given by relation (15). (Treated were the cases n = 3
through 10, K = 5,) Thus, we may use for these cases directly
relation (12) to determine the maximal error in the k-th

section, where x will be inserted after relation (15), i.e.

2k - 1
2 n n
K k- -
£k max - n < D 1 o ( ) (2523)2 - » (Eﬁi Z
. 1/(2) - _VQ;Ef)

2

(16)

n 2k-1
* Xeq - (B3

k-1,2
where Xp-1 = ()7 -

Similarly it was proved for the above cases that the maxi-
mal value of errors for particular k after relation (16) mutually
differ also negligibly. Thus, we may conider the distribution
in brokenpoints after relation (7) to be approximately optimal
by the requirement of the best uniform approximation.

For illustration see table 1, where the value x is given

after relation (13) and (15) and the value of the maximal error
after (16) in approximating the function f(x) = x> by five
(K = 5) and by ten (K = 10) linear sections. Similar good re-
sults are obtained also for further n. Table 2 shows optimal

for the breakpoints by the requirement of the best
the breakpoints x(7) determined
at the best uniform approxi-

x(7) mutually correspond. Si-

values x
opt
uniform approximation (cf.[l]) R
by relation (7) and the error £
mation. The breakpoints xOpt and
milarly the error € corresponds to the error £ (16).
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x(13) x(15)
0,1974 0,2154
0,4462 0, 4481
0,6290 0,6299
0,7877 0,7883
0,9317 0,9321
0,1243 0,1357
0,2811 0,2823
0, 3962 0, 3968
0,4962 0, 4966
0,5869 0,5872
0,6710 0,6712
0,7502 0,7503
0,8253 0,8254
0,8972 0,8973
0, 9662 0,9663
Table 1
xOpt x(7)
0,3292 0,3419
0,5349 0, 5428
0,7067 0,7113
0,8596 0,8617
1, 0000 1,0000
0,2063 0,2154
0,3353 0,3419
0,4429 0,4481
0,5388 0,5428
0,6268 0, 6299
0,7090 0,7113
0,7866 0,7883
0,8606 0,8617
0,9316 0,9321
1,0000 1, 0000
Table 2
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SOUHRN

Simulace pribliZného optimdlniho rozloZeni bod& zlomd
pri aproximaci funkce f(x) = x" lomenou &arou

Karel Benes

V préci je udén vztah pro vypodet optimdlniho rozloZeni

bod@ zlom& pfi aproximaci funkce lomenou &arou.

PE3IOME

Cumyassumuss npuCAMBUTEIBHOI'O ONTUMAJABLHOIO pa3LEJIEHUS TOUEK 3J0-

n

Ma npu annpoxcumeumu QyHrmum f(x) = x 3JOMHON KpuBoOit

Kapeua Benem

B paboTe onyucaHo OTHOWEHME NJA BHUMCJEHUS TOUEK 3J0MAa
npu annpoxcumeunn QGyHKUuM SIOMHON KDUBEOIi.
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