
Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Ján Andres
Dynamical systems modelled by third order differential equations with special
respect to the influence of the restoring term on the properties of solutions

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 26 (1987), No.
1, 139--147

Persistent URL: http://dml.cz/dmlcz/120189

Terms of use:
© Palacký University Olomouc, Faculty of Science, 1987

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz

http://dml.cz/dmlcz/120189
http://project.dml.cz


ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS 
FACULTAS RERUM NATURALIUM 

1987 Mathematica XXVI Vol. 88 

Společná laboratoř optiky Československé akademie věd 

a University Palackého v Olomouci 

Vedoucí laboratoře: Antonín Novák, Doc, Ing., CSc. 

DYNAMICAL SYSTEMS MODELLED 
BY THIRD ORDER DIFFERENTIAL EQUATIONS 
WITH SPECIAL RESPECT TO THE INFLUENCE 

OF THE RESTORING TERM ON THE PROPERTIES 
OF SOLUTIONS *) 

3AN ANDRES 

(Received -January 15th 1986) 
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1. The equations considered in this paper are of the form 

x + f(x')x" + g(x)x' + h(x) = 0, (L) 

x ' " + f(x") + g(x') + h(x) = 0, (R) 

1 where h(x), g(y), f(z)$C (- *»*> f <*-* )„ if we furthermore assume 

the existence of all their solutions and derivatives x'(t), 

x"(t) on the interval (-o«--> ,<>-©), then these Lienard (L) and 

Rayleigh (R) - type differential equations generate dynamical 

systems in the sense of Barbashin [l], significant for appli

cations. 

Since many earlier results [2], obtained for the second 

order nonautonomous equations (originated from (L), (R) by the 

substitution y:=x'), namely 

* ) ' This paper was presented in the International Summer School 
on Dynamical Systems at Rackova Dolina (Czechoslovakia, 
Dune, 1984) 
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y " + f(y)y' + g(t)y = h(t), (L') 

y " + f(y') + g(y) = h(t), (R') 

may be used to satisfying the relation 

lim sup (Ix'(t)J + |x"(t)|)*D* (D'-const.) (D') 
t-*~ 

we shall be here mainly concerned with the behaviour of solu

tions x(t) of (L), (R) under the influence of the restoring 

force, represented by the term h(x). Hence, in what follows, 

let us assume that (D*) holds. 

If the functions g(y). f(-0 from (R) are of the form 

g(y) = by + gQ(y) with JgQ(y)|6 GQ for all y, (GQ) 

f(z) = az + fQ(z) with If0(z)|*F0 for all z, (FQ) 

where a#b,Fn,Gn are suitable constants, then the ultimate 

boundedness of solutions can be easily deduced from the 

identity, obtained on integrating (R) under the hypothesis 

h(x)sgn x i FQ + GQ for Jx| >R, (H) 

while for (L) the condition (H) reduces even to 

h(x)sgn x i 0 for |x| >R, 

where R is a suitable constant. 

However, for 

lim inf h(x)sgn x < 0 
|x|^-

either some additional restrictions are necessary for the 

same goal, or there exists such an unbounded solution x(t) 

of (L) or (R) that 

lim |x(t)I = c.— . (U) 
t -* «»• 

2. Let h(x) be such an oscillatory function with isolated 
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roots x that 

lim sup h(x)sgn x > 0, lim inf h(x)sgn x / 0 
(x j -*«-- | x|-* •-* 

throughout this section. 

Theorem 1. If_there_exist_such gositive_constants a,R,£ that 

the conditions 

f (y) > a for all y, (1) 

ag(x) - h'(x) > £ for |x| > R, (2) 

g'(x) = 0 

are satisfied,_then all solutions of (L) are ultimately 

bounded. 

P r o o f . First of all we prove that the roots x=x 

with 

h ' ( x ) > 0 f o r O < | x - x l < < Г ( | x | > R ) (4) 

are stable with the attractivity area determined by | x J 6 cL 

and |yl-_:D'
r
 where o2 — ^

 a r e s u i t
a b l e constants. Showing 

this, the ultimate boundedness of solutions x(t) will be 

already ensured with respect to ( D ' )
f
 because each suspicious 

x(t) will be then attracted by some x
+
 with (4) (see bellow). 

It is clear that the same is true for a trivial solution 

instead of x , in considering 

x + f ( x ' ) x " + g*(x)x' + h*(x) = 0 

with g*(x):= g(x + x
+
) , h*(x):= h(x + x ). Hence, replacing 

this equation by 

x' = y, y' = z, z' = -h
,f
(x) - g*(x)y - f(y)z, (L

#
) 

we can prove the stability of (x ,0,0) under the following 

well-known criterium [3], guaranteed by the existence of such 

a function V(x,y,z) with everywhere continuous first order 

partial derivatives and such a positive constant o that in 
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the cylinder Ix - *+1 * 0 . l y l+ |z |£D* conditions 1) - 3) are 

sat isf ied: 

1) V(x,y,z) > 0 f ° r (x,y,z) ? (x+ ,0,0), 

2 ) i|y + l ^ z - ] | [h*(x) * g*(x)y + f (z)z]:= V* £ 0, 

3) the set ((x,y,z):= v' = 0 i does not contain besides the 
points (x ,0,0) any whole trajectory. 

It follows fro*" (4) that also 

g(x) > f/a for 0 < |x - x + l< / (|x| > R) (5) 

with respect to (2)- Therefore defining 

V(x,y,z):= 

x y 
= a f h*(s)ds + h*(x)y + | [g* (x)y 2 + (ay + z)2J+ a j [ f (s )-a] sds, 

0 0 

we can transform V(x,y,z) for 0 < Ixl < o into the form 

* y 

V(x,y,z):= W(x)+ \ \ g*(x)f-l-l2il + y]2
+( ay+z)2f +a J ff ( s ) -a] sds, 

x ^ ± 

where W(x):= f - # . - [ 1 - " ^ " H 9*'(s) + ag*(s) - h*'(s)jds & 
t) 9 ( s ) 9*(s) 

> f h^s i r i h^8 i g* - ( 8 ) + £ ] d s . 
- i 9*(S) L2 g#(s) a K ' **J 

We can f ind such a positive number OA-^O that the re

lat ion 

w i l l be satisf ied with respect to 

Urn r i ^ x l g* ' (x) ] - 0, 
x-^Olg^(x) J 

implied by (3), (5)•-Consequently the first condition of 1) -
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3) is satisfied according to the above and (1)- (4), (5). 

Since we have furthermore 

V' = -[ag*(x)-h*'(x)- |g*'(x)yjy2 -[f(y)-a]z2 £ - | £ y: 2 

with respect to (L*) for | g**(x)y I &£ together with (1), (2), 

the remainder of the proof is completed, when j x I «£ O^ ~ a , 

jyj 4 D' for a suitable constant ̂ p. 

Theorem 2- If_there_exist_such EO_i_ive_constants a»F*H'fR 

t ha t_the__ conditions 

F k f (z)/z > a for all z and f (0)=0, (6) 

h'(x) £ H' for lx| > R, (7) 

9(y)/y i n ' + (F-a)a/4 for all y and g(0)=0 (8) 

are satisfied, _then all solutions of _(R)_ar^_ultimately 

bounded. 

P r o o f . The point of the proof is the same; con

sequently we restrict ourselves only on showing the fact that 

the roots x=x with (4) are stable. 

Hence, replacing (R) by 

x' = y. y' = z, z' = -h*(y) - g(y) - f(z) , (R*) 

where h*(x):= h(x + x ) again, we can examine the stability 

of the trivial solution by means of 
x y 

V(x,y,z);= a |* h*(s)ds + h*(x)y + f g(s)ds + | (ay + z ) 2 . 

I t can be verified just in the same way as in (3, p. 120 J 
that V(x,y,z) is positively defined under our assumptions. 
Therefore, since we have furthermore 

V' = _[ii--i -a](z+-iy)2 -f-h*'(x) +fa- HZlUS.)2
 + ag(y)7 2 £ Q L z 2 l L z J 2 y / 
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with respect to (6) - (8), the proof is done. 

3. Now the existence of unbounded solutions with (U) will 

be studied. 

Theorem 3. If there__exist__such rjositive__constants g,G,h,H,R 

that the conditions 

g .4 |g(x)l ^ G, , (9) 

-H 5~ h(x)sgn x - -h (10) 

are satisfied for |xl>R, then_the_eguation £L) admits an 

unbounded solution__ 

P r o o f . We proceed by the technique developed in £4], 

consisting of a construction of the Liapunov function 

V(x,y,z) with everywhere continuous first order partial 

derivatives, such that the conditions i) - iii) are satisfied: 

i) V(x,y,z) is bounded in the cylinder |x! + lyl + |z| -s D, 

ii) lim V(x.y,z) = <-**> on the set /y| + |z|-=-D', 
Jx|-+~ 

iii) V' > $ for lyl + |zl^D' and |x| > R, 

where o ,R are suitable positive constants. 

Then the equation studied admits an unbounded solution x(t) 

with (4) as we wish. 

Therefore, denoting 

y y 
F:= max I f f(s)dsl, F.:^ max I f f(s)ds - y| (11) 

|yl*D'J0 iy/^D'J0 

and defining 
x x y 

2 V ( x , y f z ) : = 2 f h ( s ) d s + [ f g ( s ) d s + / f ( s ) d s + z ] 2 , 

we have 
x |xl 

l i m V ( x f y f z ) > l i m ( | [ / g ( s ) d s ] 2 - f | h ( s ) | ds -
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|xl lyl M 
- j ,|g(s)|ds[Jlf(s)lds +Izl]-[J |f(s)|ds +|z|]2j > 

0 0 0 

„ l im ( | (gx)2 - 1 X | [ H + GD'(F + l ) ] j . «*, 
1 xi^*-» 

for |y| + | z | .£r5 ' under (9), (10), (11). Since there is further

more 
X Y 7 ? 

v' = -h(x) (z + f g(s)ds + [/ f(s)ds-y]J >|h(x) f g(s)ds| -

- H(D' + F_) _ hgR - H(D* + F_) : = d > 0 

with respect to the system equivalent to (L), when lyl + lzl-D* 

and |x| ̂  R ^ H(D' + F^J/hg, all conditions i) - iii) are sa

tisfied. 

Theorem 4. If-
t[]ei;s_e_ls't-such _ositive_constants FQIGQJH that 

the conditions (FQ)# (^Q) _n£! 

-H < lim sup h(x)sgn x < -FQ -GQ (!--) 
Ixl -*<*-

are satisfied,_then the equation_(R)_admits an_unbounded_solu-

tion_ 

P r o o f . De f in ing 

2 V ( x , y , z ) : = (bx + ay + z) , 

we have ( c f . ( F Q ) , (GQ)) 

V ' = (z + ay + b x ) [ ( a z - f ( z ) ) + (by - g ( y ) ) - h(x)] > | b x l [ j h ( x ) | -

- (F 0 +G Q ) ] - D ' (a+1) (F 0 +G 0 +H) i J £ bR | - D'(a+1) (F0+GQ+H): = <£> 0 

with respect to the system equivalent to (R), when |x|>R > 

> D'(a+1)(FQ+G0+H)/ £ b, y + |Z|-SD' ( £ is a suitable cons

tant, implied by (12)). Thus we can give the same conclusion 

as in the proof of Theorem 1. 
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SOUHRN 

Dynamické systémy modelované diferenciálními rovnicemi třetího 

řádu se zvláštním zřetelem k vlivu členu h(x) 

na vlastnosti řešení 

D a n A n d r e s 

Pro rovnice třetího řádu Liénardova a Rayleighova typu ze 

zobecněné Levinsonovy třídy D* (generující dynamické systémy 

ve smyslu Barbašina) je zkoumána otázka vlivu členu h(x) na 

ohraničenost jejich řešení. Ukazuje se, že zatímco v případě 

oscilatorické funkce h(x) lze této vlastnosti docílit podobně 

jako pro (H), existuje za podmínek (10) resp. (12) vždy alespoň 

jedno neohraničené řešení (U) příslušné rovnice. 
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РЕЗЮМЕ 

Динамические системы Моделированные дифференциальными урав

нениями третьего порядка с особым отношением к влиянию члена 

Ь, (х) на свойства решений 

Я н А н д р е е 

Для уравнений третьего порядка типа Лиенара и Рэйлея 

из обобщенного класса й' Левинсона /порождающих динамичес

кие системы в смысле Барбашина/ рассматривается вопрос влия

ния члена п( х) на ограниченность их решений. Между тем как 

оказывается это свойство в случае осциллирующей функции Ь(х) 

подобно как для (Н), существует из-за (10) или (12) всегда 

почти одно неограниченное решение (Ы) соответствующих урав

нений. 
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