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ON A GENERALIZATION OF NETS

JAROSLAVA JACHANOVA

(Received April 30, 1987)

This paper is concerned with the study of nets, where
groupoids participate in an algebraical expression. These
problems vere studied by M.A.Taylor, V.D.Belousov, N.I.Pro-
dan, particularly for 3-nets. This paper studies the nets of
an arbitrary degree. It appears that in general the apparatus
of groupoids are not sufficient to this purpose and certain
admissible relations are to be used. Under cartain conditions
it becomes possible to pass from them over to the groupoids
or even to quasi-groups with the help of homotopies. These
problems were investigated by V.Havel, G.Cupona, J.U8an, Z.
Stojakovié in general, and we are investigating them for the

nets of dimension 2.

A (general) net is defined as a quadruplet (P,
(ia)céj'l)' where jDis a non-empty set of elements called
points, & is a non-empty set of elements called lines and
(¥,) eya system of mutually disjoint subsets of & (called
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pencils), the union of which is& ..J is a set of indices
#‘sy 2 3, IC?K% is an incidence relation and the follow-

ing conditions are satisfied:

(1) vle 3rex , PIC,

(ii) vreP v, eJ 3lek |, pif,

(iii) v e vk,h€X,; k + h {x€P|xik, xnh} = p,

(1111)  vo,d . € XA Fp vl Gl (e Ky,
le <y, (’3€to# {xeﬁfxx( ol E

Lines of the same pencil (distinct pencils) are called pa-
rallel (non-parallel) and we write a//b (af[b). The points

A1,A2,... are called collinear if there is e line a such that
AlI , AZI , +«. . We denote it by A1A2... . The lines al,az,

are called concurrent, if there is a point P such that
allP , aZIP , ... . We denote it by ay,85:-

We denote by {[]:: {XE?[XI(} for every {€ L

By a degree of a net the cardinality of the set \7 is meant.

Unde’r a homomorphism of net 4= (_7),02;',(»8[ )LGJ ,I) onto
a net /7= (P’.xl.(x‘/ )LéJ ,I7) we understand a couple (3,7 )
of surjective mappings 7,*':_7)*, j)/, A: &—» &'such that

(1) PId => J(P)I°A(F) ,

(11) (Le&X, == (e X) vel.
If 77, A are injections, then (7%, A ) is called an isomorphism.

We say A= (,73,&5,(.?," )y I) is solvable if for every
two lines a,b from distinct pencils [a]N [b] # 9. Nis.
uniquely solvable if there exists one uniquely determined

point P = [a] N [b] The uniquely solvable nets are called

as classical nets.

We say N is a Cartesian net if there exist two signifi-
cant pencils denote ezl , #2 1,2€ J such that

aeX,, bex, =(3ireP PIa, PIb)
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Let (SL)LéJ be a family of non-empty sets with the

index set J , #J 2 3, A subset@ < X S, 1is called an ad-
missible relation if cel

(1) proj, @ =5, for every (€],

(2) for every (s¢) ¢y » (20) ¢y € 07 if there exist &,
/3,?«; o(;éf_l,;é?«;éo( such that s = 2z
37,= zr, then (St)té] = (z, )Léy .

Theorem 1. For every admissible relation GCXS (where S,

are mutually disjoint) there exists a net = (7),.}:,(;{‘)

,S,s:Z/‘,

te'
I), such that ?:y) ¢J
&= Us, &= s, v e J,
uey

(SL)LGJ Iy(==>y € {éLSL&J.

(Notation: 7is a net over ¢’ ).

T o t he pr oo f. The condition (i) from the defi-
nition of net is-satisfied since proj, @ =S, for every

L € J. The conditions (ii) and (iii) folow from the fact
that O C XS, and if(1) holds. The condition (iiii) follows
from (2) of the definition of &

Theorem 2. For every net A = (?,x.(a& Jiey +1) there

exists an admissible relationQ’C X’jz such that (a,_)Ley e
iff all lines of the set {a,_} aretgoncurrent.

(Notation : @ is associated to ).

T o t he proof. Property (1) of the admissible re-
lation follows from condition (i) of the definition of a net.
Property (2) follows from condition (iiii).

Under a homotopy (an isotopy) of an admissible relation
@'C‘XSL onto an admissible relationG”CLf S‘L we mean a
system of surjective (bijective) mappings ﬁ: S, — S;
such that

(5,6 yET = (R () ey €S
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The isotopy of admissible relations with the same index set
is an equivalence relation; two admissible relations from

the same equivalence class are said to be isotopic.

Theorem 3. Let A = (P,az,(&’f‘ )LGJ’I) be a net. Then the

net f’ over the admissible relation associated to A is

isomorphic to S . LetG’C xJSL be an admissible relation.
Lé

Then the admissible relation @’/ associated to the net over

G’ is isotopic to 6 .

To the proof. The isomorphism of nets is (Z",id‘z),
where 7 maps every point A€ P onto the point (aL)Lay ,
where Ala, for every | € \7 The isotopy of admissible re-
lations is (idS‘ )L €y

Let G"CXS‘_ be an admissible relation. We say & is
solvable (unique‘ly solvable) if for .every two elements sy ,
Sp i Sx € Sx S € S4 there exist (uniquely determined)
elements s, L€ J\{oL’(b} such that (s ), ,y€C .

Clearly the solvable (uniquely solvable) admissible re-
lation is associated to a solvable (uniquely solvable) net.
And coversely: every solvable (uniquely solvable) net is a
net over a solvable (uniquely solvable) admissible relation.

Let G‘C""SL be an admissible relation, ~, an equiva-
Le -
lence relation on SLLGJ. We denote §;/~, =5, and define
the relation & C ij;" as follows:
te

VX, ES, (X)) y € T=>Viey s, € X €5 (s)¢y€".
Then @& is an admissible relation called a factor relation,

written as @& = 6'/("’)1.6.7.
(

One example of the equivalence relation: Let G C XS,
be an admissible relation, For everyx € J we define thLe
relation ~g on Sy  as : a~gb means that for every/d ,p"€ J
XEB AP F L () eyed, where X = a, x5 = x, xp=y if
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and only if (yl )LeJ

LetO’C_‘i:’SL be an admissible relation. We put
6;/3?«, (X2 Xp) = {xr,esr,(xl)le:’G.G'} for every triple
(a,/&,*r-)é. Yy and for every x & Sy, X, € Sp. If & is
a solvable relation then G:(/Ar,(x,,(,xﬁ) # P for every
(o(,/j,,?‘;)ef and for every xxéS‘,‘, xﬂes,b .

€6, where y, = b, Yp = X, y7,= Yy .

The solvable relation @ is called regular if for every
triple (o, ,P)e 33 the set {G;/sr,(&,xﬁ),xo‘é Sk Xp& Sﬂ}

is a decomposition of the set 87, (corresponding to some
equivalence relation N7«-, on 571).

Theorem 4. Let 3’ C XJSL be a regular admissible relation.
le
Then G/ is a uniquely solvable admissible relation.
(~) ey

To the proof. Since ®is a solvable admissible
relation, then with respect to the definition of regularity,
& =@/ 'VL)Le Yy is solvable, too.

Analogously to the set %T(xx,xA) for Gwe now define the
sets @((LT(XK,'X(;) for the relation @ = G/(~ ), ey - With

regard to the definition of a regular relation it becomes

evident that # é'“ﬁr(xq,x,b) =1 for every (x,p, 9 € 33
and for every Xy€ Sy, Xﬂ€§/5 .

Hence it follows that the relation & is uniquely solwabie.

Corollary : Any regular admissible relation can be mapped
onto a uniquely solvable admissible relation by a homotopy.

T o t he pr oo f. We define a system of surjections
(f‘: s, =5, such that

?(XL,) = Xl, Xty ¢ XLo

xi, € S, - X, €5, .

There may be found to all properties of the admissible re-
lation corresponding properties and corresponding theorems
for nets. The most important of them are considered below.
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Theorem 5. Let A= (?,x.(xt)‘w,x) be a regular net.
Then there exists a homomorphism which maps the net to a

classical net.

Under a three-basic groupoid we understand a quadruplet
(AI'AZ'AB")' where A1'A2'A
mapping s : Alx A2 —» A

are non-empty sets and e is a
(a,b) +» a.b

3
3

Theorem 6. Let A be a Cartesian net, @& an admissible
relation associated to . Then there exists a system of
three-basic groupoids ((51'5
determined by &7 .

T o t he proof. With regard to the definition of

a Cartesian net aéo\Ci , b€ .82 =>3JIP¢P PIla, PIb and to
the axiom (ii) of the definition of net (exactly one line

+Sy s o canonicall
27 ‘*)0(5_7\{4I2.}) Y

from every pencil is incident with P) for relation @ there
must hold s, €8,, s,€5, =>Fs €5 0(63\{1,2}(5‘)“:766/

and the mappings ., : Sy XS, —» Sy « € J are given.

Let G C LéC:’S‘ be an admissible relation associated to
a Cartesian net such that § S, = constant for every!( ey
Then G’ determines a system of three-basic groupoids and
let S be any set the cardinality of which is # S, . The
system of bijections Cﬂ: S, —> S for everyt é J maps our
system of three-basic groupoids by isotopism onto a system

groupoids ((S, ‘o()oaeiy N {1'2} ). Hence it holds

If A is a Cartesian net for which # *f‘ = constant for
every ( € J, then the corresponding algebraical system is
a family of groupoids. If the net A is a solvable Cartesian
net, then the equations Spew X = Sot 4 Y 4 Sp = S are
solvable for every s,€S, , s, €S, , s ESx for every

1 1 2 2 <

X e 3\{1,2} and we obtain the family of D-groupoids
(PRODAN) called also solvable groupoids, or groupoids with
division. If the net A is a uniquely solvable (obviously
it is a Cartesian net and #-81, = constant), i.e. a clas-
sical net, then. all groupoids are uniquely solvable and we
obtain the family of quasigroups.
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Conclusion : Let /be a regular net and G  an admissible
relation associated to . Then the system of three-basic
groupoids determined by @ is homotopic to a system of
quasigroups.

Thus we have found an important class of regular
solvable nets. The fact that they can pass from the epi-
morphism to the classical nets guarantees that this gene-
ralization is reasonable and is worth of investigating
their properties.

Example of a regular solvable admissible relation

Let Sk be the sets of complex numbers having absolute value
equal to k for k&{2,3,6,12,18,36,72,108,216,432,648,
1296,...} =7 where k = 2™, 3" R im—nl £ 1 m,nétfhl&ﬂ

(N is a set of natural numbers.)

We put @’ = {(S")LGN st = 8;-8, . (= m2n  [m-n] £ 4 C
Cs,X8, %5, % ... XS, X ...

Then G has all sequested properties.
The corresponding equivalence relation ~~ K k& J are the
relations of diametrally opposite points on Sy The factor

<

relation GJ’/(“’k)ke:f is isotopic to

{0 en] Il =20 Ixpl =3 ixd= 2™,

m n

Xy = Xp.X5 if‘ t= m+2n  |m-n| £1 m,n €NU{OS .

Now we make a system of three-basic groupoids.

((SZ'SZ'Sk' 'k)kej )., -k is defined the following way:

m n
Sy = 51" S <==ys, = S19S, slé 82 R 52€S3 , sLE Sl-: R

L

m+2n |m-n| £1, °is product of complex numbers.
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0 JEDNOM ZzOBECNENf TKANE

Souhrn

V &léanku se zavadi pojem obecné tkan& a k ni prislu$né-

ho algebraického protéjsku - prfipustné relace. Specielné&

kartézskym tkénim odpovidaji tzv. tribdzové grupoidy. Uka-

zuje se, 2e trida reguléarnich rfeSitelnych tkéni je vyznamna

tim, Ze kazdou jeji tkan je moZno epimorfné zobrazit na

klasickou tkan.
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OB OJHOM OBOHIEH}M CETE}

Pespue

Crares onucHBaeT nohsaTue obmeil ceru u COOTBETCTBYD-
mero aarefpaumuyeckoro BHpaxeHus., [lokaaHBaeTcs kJjacc ce'x'eﬁ,

KOTOpHE OTOGPaRalTCS NOMOmMBD snuMopdusMa Ha KIaccuuecKue
ceTu.
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