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(Received January 15, 1989) 

1. INTRODUCTION 

Let h> 0 be a positive number, X = jy; y6 C°(< -h, 0> )} be 

the Banach space with the norm ||y|| = max|y(t)| for ysX. 
t€<-h,0> 

Consider the retarded functional differential equation 

y" - q(t)y = f(t,yt,>) (1) 

in which q_. 3 —> (0,o©), f : 3 * X x I —* R are continuous, where 

J = <t 1,t 3> , I = < a , b > , -o«,<t 1^t 3^oo 5 - « - 4 a < b < : ^ , 

containing a parameter^. 

Let t2£(t,,t-j) be an arbitrary fixed number. The problem 

considered is to determine sufficient conditions on q, f such 

that it is possible to choose the parameter ^ so that there 

exists a solution of (1) with an initial function from X sa

tisfying boundary conditions 

V(tx) = y(t2) = y(t3) = 0 . (2) 
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There is discussed also the conditions for the uniqueness of so

lutions of the problem (1), (2) with an initial function from X. 

For the differential equation 

y" - q(t)y = f^t.y-yu) ( D 

the boundary value problem ( 1 ) , (2) has been considered in [2]. 

2. NOTATION, PRELIMINARY RESULTS 

Let u, v be solution of the equation 

y" = q(t)y (q€C°(J), q(t)>0 for t€j), (q) 

u(tx) = 0, u'(tx) = 1, v(tx) = 1, v'(tx) = 0. Putting 

r(t,s)_:=u(t)v(s)-u(s)v(t), 

r^(t,s)_:=u'(t)v(s)-u(s)v'(t) (= - ^ (t,s)) 

for (t,s)€J2, then r(t,s)>0 for tx = s<t = t3, r(t,s)<0 for 

t x = t < s = t 3 , r ] [ ( t , s ) > l for ( t , s ) f i J , t i s and r ^ ( t , t ) = 1 
for t € J (see Lemma 1 [ 2 ] ) . 

If geC°(J), one can easily check that the function y 

defined by 

r(t2,t) f2 ( 
y(t)_:= Yd—FT J r^ti»s)9^s^ds +J r(t,s)g(s)ds, te J, 

2' t t 
xl x2. 

is the unique solution of the equation 

yM - q(t)y = g(t) 

satisfying the boundary conditions 

y(t1) = y(t2) = 0 . 

Lemma 1 ([2]). Let heC°(JxI), h(t,.) be an increasing 

function on I for every fixed t€j and 

h(t,a)h(t,b) = 0 for te 3 . 
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Then there exists the unique Mr f A 6 I such that the equation 

y" - q(t)y = h(t,/0 (3) 

with ̂  = A has the unique solution y satisfying (2). 

For ze C°(< t--h,t-j> ) and t€J we define zt, z.fiX by 

zt(s).:=z(t+s), S 6 < - h , 0 ) . 

Say, that y is a solution of (1) on <tj-h,t3^ with an 

initial function ^, faX (at the initial point t-) if 

y€C 0(^t 1-h,t 3>)DC
2(3), yt = f and the equality y"(t) -

- q(t)y(t) = f(t,yt>t>) holds for t6J. 

For every p o s i t i v e c o n s t a n t r and every iP, tfe X we d e f i n e 

Xr .:• fy_; yex, y(0) = 0, ||y||= r j , xj.:= {yj y € C°« t 1 -h f t 3 > ) , 
y t = y , max | y ( t ) | = r ? and Y _: = (y.; y € X , || y || = r { . 

X l t € j J F 4 

Next we shall assume that q, f satisfy for a positive 

constant r some of the following assumptions: 

|f(t,y,^)| = rq(t) for (t ,y 9jk) € J X Xr * I.; (4) 

f(t,y,.) is an increasing function on I for every fixed 

(t,y)e JxX^; ( 5 ) 

f(t,y,a)f(t,y,b) = 0 for (t,y)€JxXf . (6) 

Lemma 2. Suppose that assumptions (4) - (6) are satisfied 

for a positive constant r. Then to every <b , (L e. C°( < t1-h,t, y ), 
\di(t)\ = r for t£<t 1-h,t-) there exists the unique L> AQ€l 
such that the equation 

yu - q(t)y = f(t, £V(A) (7) 

with JA = ^Q has the unique solution y satisfying (2). For this 

solution y the equality 

|y(t)| = r for t€j (8) 

holds. 
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Proof . Define h( t *A)_:=f (t ,<t>± 9<JU) for ( t ^ e j x l . Then 

h€C°(JxI), h(t,a)h(t,b) = 0 for t&J and h(t,.) is increasing 

on I for every t€J. Thus by Lemma 1 there exists the unique M , 

/ ^ e l such that equation (8), which may be written in the form 

(3), with JA. = Ji has the unique solution y satisfying (2). To 

prove (8) let |y(t) | = |y( ? ) I > r for t6J and some f c (t-^t-,). 

If y ( | ) >r (y( f )< -r) then y"( f )> 0 (y"( £ )< 0) by assumption 

(4) and therefore y does not have in the point t = £ a local 

maximum (minimum) which is a contradiction. 

3. EXISTENCE THEOREM 

Theorem 1. Let assumptions (4) - (6) be satisfied for a po

sitive constant r. Then to every if, IfeX there exists some JA. , 

>to e I such that equation (1) with A - A, has a solution y with 

the initial function if satisfying (2) and (8). 

Proof. Let If e Xr and oL e X^. By Lemma 2 there exists the 

unique U , A € I such that equation (7) with it = A has the 

unique solution y satisfying (2) and (8). Defining y on the in

terval < t,-h,tj> by y. := if, then putting T(tfl) = y we obtain 

an operator T, T: Xj£ —> Xl\ Thus T(ot) = y if and only if 

yt = Y, 

y(t) = r f e o j r(t1>S)f(s,«(s^0)dS +J r(t>s)f(s.«(s>A)ds 
ťł ťZ 

for teJ, where 1A* , AA. C I is some (then unique) number. 

X' is a convex bounded closed set in the Banach space 
C°(< t1-h,t3> ) with the norm ||y-|| : = max |y(t)| for yeC°«t 1-h, 
t 3> ). t«trh,t3> 

Next we shall prove that T is a completely continuous ope

rator. To prove that T is a continuous operator let (</ I , 
^ n £ X be a convergent sequence, lim <?\ - (L . Let y = l(ci ), 
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y = T(c\). Then there exist a sequence \jk }, ft £ I and a number 

<MQi ft € I such that 

r(t?,t) f2 
y n ( t ) = r(t2,t1) j r(t1,s)f(s,(^n)s,A)ds + 

(9) 

+ J r(t,s)f(s,((<._)_,^n)ds , téLJ, neN, 
t2 

t2 

r(t9,t) r 
y(t) - r(t2,t1) j r(t1,s)f(s,^s,yto)ds + 

tl 

t 

+ j r(t,s)f(s, As, /i0)ds, te J, 

and 

Ч ^ = y t l = «.• n б N -

If Jv-i | is not a convergent sequence then there exist convergent 

subsequences [j\k ], | I . _ }, lim ̂
k
 = A-, lim Â_ = A

2
, >\

x
< /\-. 

n ' n n.«-_ n n-_o.> n n *- n n.oo n 

U s i n g ( 9 ) we o b t a i n 

t 

n*æ> n 

l im y^ ( t ) = 
n-»» n 

г ( i 
) d s + v t } r 

^ - r - y j r ( t 1 , s ) f ( s , c ( s , %x 
t l 

t 

+ I r ( t , s ) f ( s , c( , A 1)ds , 

_ 
r(t 2 , t ) f , 

lim y r ( t ) = ——:———• r ( t , ,s)f (s , cf, _, J\-)ds 
n*_ r n r*.x 2,x 1; j i s z 

+ | r ( t , s ) f ( s , o ( _ , Ä 2 ) d s 
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uniformly on J. Since f(s,o( , %^< f(s,o(s, %^) for s£ J, 
r(t1,s)< 0 for sc(t 1,t 2> and r ( t . j , s ) > 0 for s € < t 2 , t 5 ) , we get 

lim y. (t3)< lim y (t 3), 
n->©» n n-»o» Ln 

contradicting y (t3) = 0 for all n€N. Consequently [/«nI is 
convergent, lim J*, - k . Taking the limit in (9) for n •* <*-» we 
have f>MO 

x2 r(t9,t) / 
..-Jg 

r^t 9,x; r 
(z(t): = ) lim yn(t) = rnr + s r(t, ,s)f (s, c( . J» )ds 

n*« n r^t2,i1;j I s r 
xl 

t 
= f r(t,s)f(s, t/g,^ )ds 

x2 

uniformly on J. But this implies z is a solution of the equation 

y" - q(t)z = f(t, «tt-/0 

satisfying (2), thus by Lemma 2 Z^ Ji and z = y. Then lim y = y 

* c n*o-
and T is a continuous operator. 

Let y«x£ and z = T(y). Then zcX*, zn(t) = q(t)z(t) + 
+ f(t,yt, /AQ) for t c j where ^Q £ I and z(tx) = z(t2) = z(tj) = 0. 
If z'(9 ) = 0 for some £ e J (and this f always exists), then 
from the equality 

z'(t) = f (q(s)z(s) + f(s,ys,^A0))ds, t€J, 

follows that 

|z'(t)| = (rmax q(t) + A)(t,-t,) (=:L) for t£J, 
t« J > l 

where A := max |f(t,y,ic)|. Consequently T(x£) C £ := jy; y g X;, 
J*Xr„I ' r c " r 

|y'(t)| = L for t e j j . Since X i\ a compact set of x£ by the 
Ascoli's theorem, T(x£) is compact, too. 

- 112 



By the Schauder s fixed point theorem there exists a fixed 

point y of T. This y satisfies the assertion of Theorem 1. 

Corollary 1. Let assumptions (4) - (6) be satisfied for 

a positive constant r. Then to every ^f, If & X there exists some 

h , A s I such that equation (1) with Jk = M has a solution y 

with the initial function ^f satisfying (8) and 

y(tL) = y'(tx) = y(t3) = 0. 

Proof. Let {xn\»
 xnfi^l»*3^ D e a d e c r e a s i n9 convergent 

sequence, lim x = t, . By Theorem 1 there exists a sequence 

\M \ » A R* e * such that equation (1) with JA - A has a solution 

y , y €. X* with the initial function \f satisfying 

W " W = Vn(V - °. n6N-
Next we have 

|y'(t)| = L, |y"(t)| = rmax q(t) + A for t€3 and neN, 
n n ' t€3 

where the constants A, L are defined in the proof of Theorem 1. 

Using the Ascoli s theorem, without loss of generality, we may 

assume ^y_ (t)j are uniformly convergent on 3 for i = 0, 1, 
and since I is a compact interval we may assume \M } is a con

vergent sequence, lim J< = it . Then the function y defined by 

y(t).:= lim yn("t) for te<t,-h,t,> is a solution of equation 
n*««» 

(1) with /t = JUQ satisfying (8), (10) and yt = if . 

Example 1. Let h>0 be a positive constant, let n be a 

positive integer, p, q€ C°(0), g£ C°(< 0,h > ), 0<p 1 = p(t) = 

= p?, q(t) = m>0 for t£3, where p,, p«, m are positive constants, 

Let 

m - ap2> 0, 

0 
|Or(-s)|ds = min |ap1,m-ap2j' 

-h 
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with a positive constant a>0. Consider the equation 

t 

y" - qtt;y = ( g(t-s)y
n
(s)ds + Ap(t). (11) lCt)y = Ґ g(t-s)y
п
(s)ds + Jkp(t). 

t-h 

Equation (11) may be rewrite in the form (1) with f(t,y.,
<
A) = 

0 0 

= J g(-s)y
n
(t + s)ds +

 <
*p(t). Since |f(,y,

<
>)| = f|g(-s)|ds + 

-h -h 

+ ap
2
 = m for (t, y, fr) € J x X± x I where X-_ = [ yj y <£ C°( < -h , 0 > ) , 

y(t:) = 0, |y(t)| = 1 for t € j | , I = <-a,a>, f(t,y,.) is an 

increasing function on I for every fixed (t,y)6J*X,, assumptions 

of Theorem 1 and Corollary 1 hold with r = 1. Thus to every ^ , 

T7 € Xx there exists some ^ Q (<>1), ̂ e K ^ e i ) such that 

equation (11) with ê = ĉ Q (/t = ̂ 1 ) has a solution y (yJL) with 

the initial function ^ satisfying (2) and |y(t)| = 1 for teJ 

(y1(t1) = v ^ t p = yx(t3) = 0 and |y1(t)| = 1 for tej). 

4. UNIQUENESS THEOREMS 

Theorem 2. Suppose that for a positive constant r the fol

lowing inequality 

(12) 
|f(t,ylvA)-f(t,y2,^)| i h(t)||yi-y2|| , (t, V l,/), 

(t,y2,<Jn)fi 3 xYrx I 

is satisfied, where h<£C°(J). Let at least one from the followin 

assumptions 

t« . s 

(q(r) + h(T))dt~ds = 1 (13) 

ł l ł l 

ŕ 
J (q(s)(s-t-) + h(s)(s-t,-h))ds = 1 
t- X 

(14) 

holds. 
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If equation (1) with some JA = J*Q, JiQ 6 I has a solution y 

with an initial function ^ , ^fe Xr satisfying (2) and (8), then 

this solution y is unique . 

Proof. Suppose equation (1) with Ji = Ji , <MQe I has 

solutions y,, y?6-*!- satisfying y^Ct^) = yi(t2) =
 yi^'t3') = ° 

(i = 1,2) for some </, If e Xr- Define w_: = yl - y2- Since w(tx) = 

= w(t2) = 0 there exists some f £ (t-_, t2)_: | w(t) | = |w(^ )| for 

te(t,,t ?) and w'(f ) = 0. Assume assumption (13) holds. From 

|w"(t)| = q(t)|w(t)| + h(t)|| wt|| , t€3, 

follows that 

| w ' ( t ) ! = | л ( q ( s ) | w ( s ) | + h(s)|| wя|| )ds| , t « J . (15) 

P u t t i n g X ( t ) : = max |w(s)| for t f t J , then ||wtH = max |w(t + s ) | = 
t,=s=t " h - s - u 

= X ( t ) f o r t 6 3 and 

t 

| w ' ( t ) | -* f ( q ( s ) + h ( s ) ) X ( s ) d s , t £ < ^ , t 3 > . 

Consequently 

t „ s 

| w ( t ) | * Г |w'(s)|ds = f ( í (q(г)+hCľ))X(T)ďï- )ds, 

* * ' t Є < ^ , t 2 > . 

I f X ( f ) > 0 then 

X( 

t 2 s 

Ç ) = |wф| = Г c j (q(Г)+h (r))x(г)ďì-)ds 4 

t« s 

<X(f) I (qOO+rKWdTds = X( j 

ч ч 
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by assumption (13 ) , which i s a c o n t r a d i c t i o n . T ius w( t ) = 0 and 

then y 1 ( t ) = y 2 ( t ) f o r t € < t 1 , t 2 > . t 

Assume assumption (14) ho lds . Since | w ( t ) | = J | w ' ( s ) | d s , 
t 

h 
II w. || = max |w(t+s)| =max | |w'(t)|dT* for t € <t, ,t9> , we 

x _h=s=o -hMo J 
t+s 

have |w(t)| = Y(t2)(t2-t), ||wt||= Y(t2)(t2-t-h) for t£<t 1,t 2> 
where Y(t):= max |w'(s)|, te<t 1,t 9> . Consequently, in virtu 

t-M4-
of (15) we have 

I w 'Ct) | = Y(t2)| (q(s)(t2-s)+h(s)(t2-s-h)ds| , t e < t 1 > t 2 > , 

1 

Î2 

and if Y(t2) i 0, 

Y(t2)<Y(t2) J (q(s)(t2-s)+h(s)(t2-s-h))ds = Y(t2)' 

*1 

by assumption (14), which is a contradiction. Thus w(t) = a 

constant for tC<t,,t 2V
 an(- since w(t,) = 0 we obtain w(t) = 0 

and thus y1(t) = y2(t) for t c < t 1 , t 2 > . 

We see, if at least one form the assumptions (13) and (14) 

holds, then y-,(t) = y2(t) for t€<t-,t 2> and by a uniqueness 

theorem (see [l] , Theorem 2.3, p.42) we obtain ŷ, = y2. 

Theorem 3. Assume f(t,y, h) has a continuous Frechet deri

vatives with respect to y on 3 x Y x I for a positive constant 
r > 0 and 

-757 (t,yyU)/£ = 0 for (t,y,^)ff 3 x Yr * I, /^€Y2r, 

/J(t) = 0 on <-h,0> . ( 1 6 ) 

If equation (1) with some /i = A , /i0^ I has a solution y 

with an initial function t̂ , if 6 Xr satisfying (2) and (8), 
then this solution y is unique. 
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Proof. Assume equation (1) with /t = ftQ, /*Q € I has solutior 
yx, y 2^

xr» yx * y2» satisfying yJL(t1) = y i (
t
2
) = y i ( t 3 ) = ° 

(i = 1,2) for some ^, W & X . Putting w_: = yi-y2> then 

w"(t) = q(t)w(t) + -||- (t,(tc4)t,^o)wt , t € j , 

where J< = y« + A+wfiX for t £ J and some A t € ( 0 , l ) , p(t).: = 

:= "5jj7̂  x > ̂  t8^ t' <^o^Wt is continuous for t e J and "^^'(t^t' 

A))wt " ° for a11 t£3 with w ( t + s ) " ° for s € < - h , 0 > . Let 
for some t , t_ € <t,,t,) be w(t) = 0 on <t,,t > and w(t) ? 0 
in every neighbourhood on the right of t . If w'(t ) = 0 then 

i s 

( q ( T ) w ( T ) + p ( T ) ) d T d s fo r t £ < t , t , > , . « . , . ( | u o » ь З ' 

and since | p ( f ) | £ K || WL || f or 1" e J , where K: = max II „ f ( t , y J L ) ||, 

we obta in 
t s 

| w ( t ) | i f j ( q (T ) |w (T ) | + K||w r|| ) d T d s , t € < t Q , t 3 > . 
t n t n 

o o 

Pu t t ing X ( t ) : = max |w(s ) | fo r t € < t , t , S , then || w+|| -* X ( t ) , 
t -̂ s=t * x 

o 
consequently 

t s 

| w ( t ) | = X ( t ) f f (q(T) + K ) d r d s , t € < t Q , t 3 > , 
t n "tn 

o o 

X ( t ) = X ( t ) f I (q(T) + K)dTds . 

and 

ło *„ 
Thus 

_t s 
1 = | | ( q ( f ) • K)ďí-ds , t e ( t o , t 3 > , 

*o ł o 
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which is a c o n t r a d i c t i o n . Therefore w'(t ) ?- 0 and if w'(t )>0 

(w'(t )<0) then w(t)>0 (w(t)<0) for t€(t ,t), w(t) = 0 where 

U ( t ,t3> . Then p(t) = 0 (p(t) = 0) for t € <t ,T > and for 

this t we have w"(t)>0 (w"(t)< 0) which contradicts w(t) = 0. 

Also, w = 0 and y, = y2 which contradicting the assumption 

*1 * y2-

Example 2. Consider equation (11) where p,q,g satisfy the 

assumptions of Example 1 and in additional n is an odd positive 

integer, g(t) = 0 for t £ < 0 , h > . Since the function f defined 

in Example 1 has a continuous Frechet derivative -=—(t,y,^.) on 

3x X1M I and -|1(t,y?/U)/!> = n f g(-s)yn"1(t+s)/? (s)ds for 

ih 
(t ,y , Ji ) € 3 x X, x I, tl €. X« , the assumptions of Theorems 1 and 3 

are satisfied. Therefore to every M^, y €. X1 there exists some 

k , A &l such that equation (11) with JA - A has a solutions 

y with the initial function ^ satisfying (2) and |y(t)| - 1 

for t€-3 (by Theorem 1). This solution y is unique by Theorem 3. 
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SOUHRN 

TŘÍBODOVÁ OKRAJOVÁ. ÚLOHA PRO FUNKCIONÁLNÍ 

DIFERENCIÁLNÍ ROVNICI 2. ŘÁDU SE ZPOŽDĚNÍM OBSAHUJÍCÍ 

PARAMETR 

SVATOSLAV STANĚK 

Necht h>0 je kladná konstanta a X = {y; y € C°( < -h ,0 > ) } 

je Banachův prostor s normou || y || = max |y(t)|. Je vyšetřována 
ti<-h,0> 

funkcionální diferenciální rovnice se zpožděním 

y" - q(t)y = f(t,y t v«, (1) 

kde q:J:=<t,,t-*> —> (0,oo), f : JxXx<a,b> —> R jsou spojité 
funkce. Necht t«€ (t,,t,). Jsou uvedeny podmínky kladené na 

funkce q a f, které jsou postačující k tomu, aby pro každou 

počáteční funkci ^ £ X n C X existovalo M e<a,b> takové, že 

rovnice (1) pro ^M = M, má řešení y splňující okrajové podmínky 

y(tx) = y(t2) = y(t3) = 0 . (2) 

Rovněž je vyšetřován problém jednoznačnosti řešení okrajové 

úlohy (1), (2). 
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РЕЗЮМЕ 

ТЕОРЕМЫ СУШЕСТЮВАЩЯЛШЭДИ-ПЕ.теОМ РЕШЕНИЙ 

ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ ПЕРВОГО ПОРЯДКА 

С СТАНЕК 

В работе доказано следующее утверждение: Пусть и, V 

- почти-периодические С - функции, о( - У(-Ь) = и(-к) = ^ 

для ±ек , где о(, /3 е Р. Пусть г.К х <<<. ,/3>—+ К - почти-

-периодическая функция переменной т. равномерно для хе<Со(, ?/?> 

и 

$ (и ' (т . )- :е (1: ,и(т . ) ) ) = 0, ^(у "(О-К*, У(1:) )) - О, *«К, 

^ €{-1, 1^ . Если ---Д (т.,х)существует на множестве Н:» 

:« {(т.,х); и к , у(т.) = х = и(т.)] и ш = V - ^ (*,х) = М для 

(т.,х)€Н, где т , М - положительные постоянные, то уравнение 

х'= 1(1:,х) 

имеет в Н почти-периодическое решение. Результат иллюст

рируется на пяти конкретных дифференциальных уравнениях. 
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