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Abstract: The purpose of the present paper consists of the 

refinement of the results in recent paper [l] which is made 

possible by means of the special structure of the restoring 

term from the equations under consideration. 
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Let us consider the differential equation 

x"' + e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ g(t,x,x',x") = 0, (1) 

where e,f,g,a,b are the continuous real functions of real va

riables and w-periodic (w > 0) with respect to t . Furthermore, 

let there exist constants E > 0, F > 0 such that the inequalities 

|e(t,x,y,z)| ̂  E ( 2 ^ 
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|f(t,x,y,z)| * F (зp 

hold for all t,x,y,z and the constants A
2
 -* 0, A, > 0, B, * 0, 

BT > 0 such that 

la,(t,z)| * A
2
|z| + Aj (2

2
) 

and 

(з
2
) |b(t,y)| * B

2
|y| + B

1 

hold for all t,z or t,y, respectively, so that the relations 

|e(t,x,y,z)a(t,z)| == A|z| + A
n
 (2) 

|f(t,x,y,z)b(t,y)| * B|y| + B
r 

(3) 

where A = EA
9
 -* 0, Kn = EA- > 0, B = FB

9
 *

 0
, B

o
 = FB- > 0 hold 

2 ' o 1 ' 2 ' o 1 

for all t,x,y,z. Let the function g take successively the form 

g = h(t,x)-p, g = h-̂ (x') + h(x) - p, g = h
2
(x") + h(x) -p, g = h

2
(x") + 

+ hi(
x
') + h(x) - p with the special assumptions on h

2
 or h, or h, 

respectively; for the function p = p(t,x,y,z) we assume that the 

inequality 

|p(t,x,y,z)| ^ R
2
|

Z
|
 + P i

|
y
|

 + P t (4) 

where P
2
 — 0, P, — 0 and P > 0 are constants, holds for all t,x 

and y,z. • 

To guarantee the existence of a w-periodic solution x(t) 

to (1) we consider the one-parametric system 

x'"+ m{e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

2 2 

+ g(t,x,x',x") - 2_ c x
(2
-J

}
} + Z _

c
i

x ( 2
"

j )
 = ° > (S) 

j=0
 J

 j=0 

where m € ^ 0 , O is a homotopical parameter and where c. € R, 

j = 0,1,2, are the suitable constants; for m = 1 we get (1) and 

for m = 0 (S) reduces to the linear homogeneous differential 

equation 

2 

x"' + ]>\ c.x(2~^ = 0 . (5) 
j = 0 J 
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The Leray-Schauder alternative gives the sufficient con

ditions for the existence of a w-periodic solution x(t) to (1): 

1) all w-periodic solutions x(t) to (S) together with x'(t) 

and x (t) are bounded by the same constant independent 

of the parameter m 

2) the equation (5) has not any nontrivial w-periodic solution. 

To satisfy 1), 2), we can restrict ourselves to the interval 

<0,w>, only. Therefore, consider the boundary conditions 

x(J}(0) = x(j)(w) , j = 0,1,2 (6) 

We denote the composed function for the sake of brevity, e.g. 

e(t,...) instead of e[t,x(t),x'(t),x "(t)] , etc. For estimating 

the integrals we use, besides the well-known Schwarz inequality, 

also the Wirtinger inequalities (see [2]) 

w w 
^ ,2 f..(j+l)2, Ju (J ) 2(t)dt==w2fu (J + 1 ) "(t)dt , j = 1,2, (7) 

holding for any continuous function u(t) satisfying (6) with 

the square integrable derivatives u J (t), j = 1,2, on the in

terval < 0,w>. 

Section I 

Theorem 1.1. Let (2-^, ( 3 ^ , (2 2), (32) and (4) hold in the 

differential equation 

x'" + e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h(t,x)=p(t,x,x',x"). (1.1) 

Let there exist constants c e R - (0) and H > 0 such that the 

inequality 

|h(t,x) - cx| -=- H 

is satisfied for all t,x. If 

(A + P2)wQ + (B + Px)wo < 1 , 

"then (1.1) has a w-periodic solution. 

<V 

(R) 
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P r o o f . S u b s t i t u t i n g x J ( t ) , j = 0 , 1 , 2 , 3 , i n t o the system 

x ' " + m { e ( t , x , x ' , x " ) a ( t , x " ) + f ( t , x , x ' , x " ) b ( t , x ' ) + 

+ h ( t , x ) - c x - p ( t , x , x ' , x " ) | + ex = 0 , (sp 
where c / 0 is a suitable real constant, multiplying the obtained 

identity by x'"(t) and integrating from 0 to w, we have, with 

respect to (6), 

w w 

J x'"
2
(t)dt = m {- f e(t,...)a[t,x"(t)]x'"(t)dt-

o o 

w w 

- f f(t,...)b[t,x'(t)]x'"(t)dt - f{h[t,x(t)] -

O 0 

w 

- cx(t)j x'"(t)dt + f p(t,...)x'"(t)dt] 

4) 

and using (2), (3), (4), (A
Q
) together with the Schwarz ine

quality and (7), we go to 

w w 

J x ' " 2 ( t ) d t ^ (Awo + Bw2 + P 2 w o + P l W

2 ) [ x ' " 2 ( t ) d t + 

+ ( A Q + BQ + H + P) ifw K Ч t ) d t 

Denot ing K : = { l - [(A + P 2 ) W Q + ( B + P x ) w 2 ] ] , we have, w i t h r e s p e c t 

t o ( R ) , the i n e q u a l i t y 

f x ' " 2 ( t ) d t *- ^ ( A 0 + Bo + H + P ) / ¥ : = D3 > 0 (8 ) 

from which 

w 

f x ' " ( t ) d t ^ D2 
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and, in view of (7), the inequalities 

w 

J x"2(t)dt -* D 2 , where D 2 := w QD 3 > 0 , 

x'2(t)dt ^ D2 , where D-̂  := w QD 2 > 0 

(9) 

(10) 

Applying the Rolle Theorem to the twice differentiable w-periodic 

function x(t) and satisfying (6) on the interval <0,w>, such 

points t.e(0,w) exist that x J (t.) = 0,, j = 1,2. Then, in view 

of the relations 

\ x(J+1)(s)ds = x(J)(t) - x(J}(t.) , 

*J 

where t., tc(0,w), j = 1,2, the following inequalities 

t w 

|x'(t)| = |f x"(s)ds| «* f |x"(t)|dt * /w D 2 := D'>0 (11) 

t. o 
J 

t w 

|x"(t)| = I J x'"(s)ds|*[ |x'"(t)|dt* Vw" D 3 := D " > 0 (12) 

t. 

hold for any w-periodic solution x(t) tn (S,). 

Now, multiplying (S,) by x(t)sgn(c) and integrating the 

obtained identity from 0 to w, we have 

w w 

|c| J x2(t)dt = msgn(c)[- f e(t,...)a[t ,x"(t)]x(t)dt -

w 

f(t,...)b[t,x'(t)]x(t)dt - f{h[t,x(t)] -

o 

w 

cx(t)J x(t)dt + ] p(t,...)x(t)dtj . 

W 

Í 
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Using (2), (3), (4), (A ) together with the Schwarz inequality 

and (7) and employing (9), (10), we go to the inequality 

w 

| c | 1 x 2 ( t ) d t -^ (AD2 + AQ fw + BDj + BQ fw + H fw + P2D2 + 

HI 

P1D1 + P fw ) f x 2 ( t ) d t , 

from which 

I W 

f x 2 ( t ) d t ^ — [(A + P2 )D2 + (B + P-^D^ + (AQ + BQ + 

+ H + P ) f w ] : = D > 0 
J o 

and hence 

w 

x ' ( t ) d t * D^ . 

( 1 3 ) 

Consequent ly , such p o i n t t € < 0 , w > e x i s t s w i t h | x ( t ) | — D / fw 

f o r any w - p e r i o d i c s o l u t i o n x ( t ) to ( S , ) . The re fo re , we have # 

f o r t , t c < o , w > : 

0 
| x ( t ) | = | x ( t ) + f x ' ( s ) d s | • S- + I | x ' ( t ) | d t 

( —•?- + |Tw D,) := D > 0 

w -1 
( 1 4 ) 

It follows from (11), (12), (14) that the inequality 

x(j)(t) ̂ o , j = 0,1,2 , (15) 

where D = max(D,D',D " ) , is satisfied for any w-periodic solution 

x(t) to (S^) on the interval ( - CD , + GD). This completes the 

proof. 
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In the following theorem the function h(t,x) from (1.1) 

takes a certain form. This fact makes possible to change slightly 

the process of its proof. 

Theorem 1.2. Let ( 2 ^ , ( 3 ^ , (2 2), (32) and (4) hold in the 

differential equation 

x'" + e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ g(t)h (x) + h(x) = p(t,x,x',x") (1.2) 

Let there exist a constant c c Rr (0) such that for all x it 

holds the inequality 

|h(x) - cx| * H|x| + H , (A x) 

where H -* 0, H > 0 . Let there exist a constant H > 0 such that 

|g(t)hQ(x)| * H o 

holds for all t,x. If 

(A2) 

(A + P9)w„ + (B + P,)w
z < 1 Ĺ o 1 o (R) 

and 

H < | c | , 

then (1.2) has a w-periodic solution. 

( V 

P r o o f - can be performed quite analogously to the proof of 

Theorem 1.1, but multiplying the homotcpically enlarged equation 

(1.2) 

x'" + m{e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x ) + 

+ g(t)h (x) + h(x) - ex - p(t,x,x',x " ) \ + ex = 0 , 
0 * (s2) 

where c ^ 0 is a suitable real constant, by x'(t), x(t)sgn(c), 

x'"(t) successively. Then, using (2), (3), (4) and (A2) we go to 
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f x"
2
(t)dt == (Aw„ + Bw

2
 + P, V т U*M т I л 

0 0 Ĺ 

w 

w0 + P l w 0 ) j V •(t)dt + 

+ (Ao + Bo + H Q + P)l^ w Q 

w 

/ " - ' 
(t)dt 

Hí. 

and denoting K := f 1 - [(A + P 0)w Q + (B + P1)w
2]] , it follows [cf .(R)] 

ïf x"2(t)dt -= ì(A Q + BQ + H Q + P) füwo := D2 > 0 , (16) 

from where 

w 

« - 2(t)dt ** D2 

and 

w 
I x'2(t)dt ** D2 , where D-̂  := w QD 2 > 0 (17) 

so that [cf. (11)] 

|x'(t)| -* Vw D2 := D' > 0 (18) 

holds for any w-periodic solution x(t) to (S 2). 

Furthermore, consistently with (2), (3), (4), (A^), (A2) 

and using (16) and (17), we go to 

| c | 
w 

x 2 ( t ) d t == ІH I x 2 ( t ) d t + [AD2 + BD^ + P2D2 + P ^ + 

+ (A + B + H + H + P) f w ] 
O O O 5 

and d e n o t i n g KQ := (|c| - H) we get [ c f . ( R Q ) ] 

- ( t ) d t 

- 166 



jГvï 

Ґ x 2 ( t ) d t -й ì [A + P2)D2 + (B + P^D^ + (Ao + BQ + Ho + 

+ H + P ) / w ] := DQ> 0 , 

from where 

w ғ ( t ) d t * D' 

(19) 

and consequent ly [ c f . ( 1 4 ) ] the i n e q u a l i t y 

| x ( t ) | -= (D Q /fw~ + l/w" D x ) := D > 0 (20) 

ho lds f o r any w - p e r i o d i c s o l u t i o n x ( t ) t o ( S 2 ) . 

F i n a l l y , w i t h r e s p e c t t o ( 2 ) , ( 3 ) , ( 4 ) , ( A , ) , ( A 2 ) and u s i n g 

( 1 6 ) , ( 1 7 ) , (18) we go to 

W 

ľ x ' " 2 ( t ) d t -= [AD2 + BD^ + HDQ + P2D2 + P ^ + 

+ (A + B + H + H + P) fiï] 
O 0 o ' J 1/.-. ( t ) d t , 

from where 

w 
Ґ x ' " 2 ( t ) d t -= [(A + P 2 ) D 2 + (B + P-^D^ + HDQ + 

+ (A +B +H +H + P ) f w ] := D, > 0 
O O O J J 

so t h a t 

w 

K 2 ( t ) d t -= D2 

and consequent ly [ c f . ( 1 2 ) ] 

| x " ( t ) | * fit D3 := D" > 0 

h o l d s f o r any w - p e r i o d i c s o l u t i o n x ( t ) t o ( S 2 ) , 

(21) 

(22) 
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From (18), (20), (22) it follows that for any w-periodic 

solution x(t) to (S2) the inequality (15) is satisfied indepen

dently of the parameter m€<0,l> on the interval (- O D , + C D ) , 

what together with the assumption c £ R, c i 0, proves the 

theorem. 

The foregoing theorem can be modified as 

Theorem 1.2.1. Let (2-^), (3-^), (2 2). (3 2), (4) hold in the dif

ferential equation (1.2). Let there exist constants c <s R - (0) 

and H > 0 such that the inequality 

|g(t)hQ(x) + h(x) - cx| -s H 

is satisfied for all t,x. If 

(A + P2)wQ + (B + Px)wo < 1 , 

then (1.2) has a w-periodic solution. 

Proof is the same as that of Theorem 1.1, since we can de

note g(t)h (x) + h(x) = H(t,x) in the equation (1.2). 

Specially, if g(t) = k, k e R , for all t, we can denote 

kh (x) + h(x) = H(x) and we get the case of (1) investigated in 

[l]. The authors of [l] consider (1), where it is assumed 

|a(z)| ~ A|z| with A > 0, |b(y)| -* B|y| with B > 0 for the 

functions a = a(z), b = b(y) and where (4) holds with P, = P2 = 

= 0 for the function p. 

Closing the Section I, we formulate two theorems on the 

existence of a w-periodic solution to (1) with the special form 

of the function g. 

Theorem 1.3. Let ( 2 ^ , ( 3 ^ , (2 2), (3 2), (4) hold in the dif

ferential equation 

x'" + e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h(x) + ex = p(t,x,x',x") , (1.3) 

where c * R - (0) is an arbitrary given constant. Let the ine

quality 
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|h(x)| * H|x| + HQ , 

where H * 0, HQ > 0, is satisfied for all x. If 

<v 

(R) 

<V 

(A + P2)wQ + (B + Px)w0 < 1 

and H < |c| , 

then (1.3) has a w-periodic solution. 

Modification of this theorem is 

Theorem 1.3.1. Let (2j), (3^, (22), (32), (4) hold in the dif

ferential equation (1.3) with an arbitrary given constant 

c € R - (0). Let 

- h(x)x -* H* :: 

hold for all x. If 

• 0 if 0 -s h(x)x 

H >0 if - H -* h(x)x < 0 
(Aj) 

(A + P2)wQ + (B + P2)w0< 1 , (R) 

then (1.3) has a w-periodic solution. 

To prove the both foregoing theorems, we apply the same 

process as in Theorem 1.2, using for an estimate of the integral 

Í xz(t)dt 
the inequality 

w 

|Ґh[x(t)]x(t)dt*H Ґ x
2
(t)dt + H

Q
/w ìí x2(t)dt 

o o 

with respect to (A ) or 

- j h[x(t)]x(t)dt --- H*w 

o 

with respect to (A,). 
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Section II 

Theorem 2.1. Let (2^, (3^, (22), (3 2), (4) hold i the dif

ferential equation 

x'" + e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t, ) 

+ h^(x') + h(x) = p(t,x,x',x") . (2.1) 

Let there exist constants ce R - (0) and H — 0, H ? J such that 

the inequality 

|h(x) - cx| -= H | x | + H 

is satisfied for all x. Let 

,0 if hx(y)y -= 0 

Һ^У^У * H* : = 

holds for all y. If 

H^ > 0 i f 0 < h ^ ( y ) y * H^ 

(A + P 2 ) W 0 + ( B + P 1 ) W Q < : 1 

( A x ) 

( A 2 ) 

(R) 

and 

< R „ > H < | c | , 

then (2.1) has a w-periodic solution. 

Proceeding in the proof analogically to that of Theorem 

1.2, we use besides (2), (3), (4), consistently with (A
2
), the 

inequality 

w 

f Ьľlx\t)]x (t)dt -= H* w 

for an estimate of the integral 

x"2(t)dt == D 2 , 
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where D
2
 := $ [(

A Q
 + B

Q
 + P)w

Q
 + ( 4KH^ + (A

Q
 + B

Q
 + P)

2
w

2
] > 0 

with K := {l - [(A + P
2
)w

Q
 + (B + ?1)w

2
]| > 0, regarding (R); 

consequently, it holds 

w 

V
' 2 r + ̂ H+ ^ r, J x'

2
(t)dt -= D

2
 , here D- := w

n
D

9
 > 0 v

o
ы
2 

Furthermore, with respect to (A,), we use the inequality 

w 

I ]{h[x(t)] - cx(t)} x(t)dt|-~- H f x
2
(t)dt + H ŕw ľ x2(t)dt 

and 
w 

ij h^x-Ct)] x(t)dt| -s. Hĵ Vw 
w 
^ x2(t)dt , 

where H1 = max|h1(x') | for |x'| --- D' with D':= Vw D2 > 0. Then, 

according to (2), (3), (4) again, we have 

W 

(t)dt -s D; 

with DQ := -~ [(A + P2)D2 + (B + P1)D1 + (AQ + BQ + H-̂  + H + P) fw] > 0, 

where KQ:= (|c| - H) > 0 under (RQ). 

Similarly with respect to (2), (3), (4), (A1), (A-,), when 

using the obtained constants 0. > 0 (j = 0,1,2), we estimate the 

integral 

w 

j . ~ . (t)dt 

as well. From all the obtained estimates of integrals yields the 

boundedness of x ^ ( t ) , j = 0,1,2, |cf. (11), (12), (14)| and the 

inequality (15) for all w-periodic solutions x(t) to correspond

ing one-parametric system (S) involving the differential equation 

(2.1). 
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The following three theorems can be regarded as the modi

fications of the foregoing theorem. Their proving process is the 

same as that of Theorem 1.2 (the first and the second theorems) 

or Theorem 1.1 (the third theorem), respectively. 

Theorem 2.2. Let ( 2 ^ , ( 3 ^ , (2 2). (3 2), (4) hold in the 

differential equation (2.1). Let there exist a constant c€R-(0) 

such that the inequality 

|h(x) - cx| -* H | x | + H , 

where H -̂  0, H > 0 , is satisfied for all x. 

(A^) 

Let there exist constants H, — 0, H > 0 such that the ine

quality 

|h1Cy> | «- Hjjyl + HQ 

is satisfied for all y. If 

(A3) 

(A + P2)wQ + (B + H^ + P x)w 0< 1 

and 

H < Id , 

then (2.1) has a w-periodic solution. 

(RO 

<Ro> 

Theorem 2.3. Let (2-^, ( 3 ^ , (2 2), (3 2), (4) hold in the differ

ential equation (2.1). Let there exist a constant c « R - ( Q ) 

such that the inequality 

|Һ(
X
) - cx| * H|x| + H , (дp 

where H ^ o, H > 0 , is satisfied for all x and the inequality 

l
h
l(y) " 3 5Tc~

2
y| * H

1
|y| + H

Q
 , 

where H, *. o, H > 0 , is satisfied for all y. If 

(A Зr—2 
+ P 2 )w Q + (B + Hj + 3 </rГ z + P i ) w o < ľ 

and 

H<|cl , 

then (2.1) has a w-periodic solution. 

(A4) 

(R2) 

<Ro> 
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Note that the differential equation (2.1) belongs now to 

the system 

x " + m{e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') -

- 3 \fcx" + h,(x') - 3 \J~c x' + h(x) - ex -

- p(t,x,x',x")J + 3 \fcx + 3 yfc~ x ' + ex = 0 , 

where - ̂ c is a triple root of the characteristic equation 

corresponding to (5). Estimating the integral 

(s
3
) 

w 

(t)dt , 

we use, besides (2), (3) and (4), the inequality 

w w 

|f h
1
[x'(t)] - 3^r7

2
x'(t)f x'(t)dt| -* H

l W

2
 fx"

2
(t)dt 

+ H
Q
 iГw w

Q
 1 I x"

z
(t)dt 

with respect to (A^) and estimating the integral J x (t)dt, 
o 

we employ, besides (2), (3) and (4) again, the inequality 

W VI I vv 

|[{h[x(t)] - cx( t ) jx ( t )dt| - t f l f x 2 ( t )dt + Hfw f x 2 ( t ) d t 
o o I o 

with respect to (A.). 

Theorem 2.4. Let ( 2 ^ , ( 3 ^ , (2
2
), (3

2
), (4) hold in the dif

ferential equation (2.1). Let there exist constants c<£R~(0) 

and H > 0 such that the inequality 

' | h ( x ) - cxl * H <V 
L D Ь i s s a t i s f i e d f o r a l l x . Let h-_(y) e C X ( R ± ) and l e t 
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ҺjҶy) * H^ : = 

.0 if hjҶy) é 0 

•H^ > 0 if 0 < h x (y ) Ä Hj 
( A 5 ) 

( R 3 ) 

hold for a l l y. If 

(A + P 2 )w Q + (B + H* + P x ) w 2 < 1 , 

then (2.1) has a w-periodic solution. 

Note that integrating by parts, we apply for an estimate 
w 

of the integral x'" (t)dt, according to (A^), the inequality 

o 

w w 

- f h1[x'(t)]x"'(t)dt = f h{[x'(t)]x"
2(t)dt *= 

o o 

w w 

^ H* f x"2(t)dt * H*w2 f x'"2 "(t)dt 

together with (2), (3), (4) and (Ag). 

Furthermore, we can give the same theorems on existence of 

a periodic solution to (1) with the special form of the function 

g as in [3]. The corresponding assumptions are quite analogous. 

The results received by means of the same proving method differ 

by the different form of constants estimating the integrals of 

x'"2(t), x"2(t), x'2(t), x2(t) [cf. (8), (9(, (10), (13)1 and, 

consequently, also the function x(t) with its derivatives x'(t), 

x"(t) [cf. (11), (12), (14)], only. 

For the sake of brevity, we present both cited theorems 

with the alternative assumptions ..gain. 

Theorem 2.5.1. Let (2^, (31), (22), (3,,), (4) hold in the 

differential equation 

x'"+ e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h,(x') + ex = p(t,x,x',x") , 

where c e. R - (0) is an arbitrary given constant. 

(2.1.1) 
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Let one of the following four assumptions hold: 

1) for all y it is satisfied the inequality 

|hx(y)| - H-Jy| + H , where H1 ± 0 , H > 0 , 

whereby 

(A + P2)wQ + (B + H1 + Px)w
2 <£ 1 

2) for all y : 

^ U* hx(y)y
 é H 

whereby 

0 if hJ[(y)y - 0 

•H > 0 if 0 < hx(y)y * H , 

(A + P2)wQ + (B + P^w
2 < l 

3) for all y it is satisfied the inequality 

|h1(y) - 3
 3v/c 2yl ~ H]L | y | + H, where H1 ^ 0, H > 0 , 

whereby 

(A + P2)wQ + (B + Hx + P : + 3 v r c 2 ) w 2 <C 1 

4) h 1 ( y ) e C 1 ( R 1 ) and f o r a l l y 

Һ-Ҷy) * H* : = 

.0 i f h j ( y ) -é 0 

H; > 0 i f 0 < h,Ҷy) ^ H' , 

whereby 

(A + P 2 )w Q + (B + H* + P x ) w 0 < 1 . 

Then (2.1.1) has a w-periodic solution. 

Theorem 2.5.2. Let (2-^), ( 3 ^ , (2,,), (3
2
), (4) hold in the 

differential equation 

x'"+ e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h,(x') + h(x) + ex = p(t,x,x',x") , (2.1.2) 

where c c R - ( O ) is an arbitrary given constant. 
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Let one of the following four assumptions hold: 

1) for all x : 

- h(x)x =* H* := ̂  

for all y : 

h1(y)y -• H* s-c; 

whereby 

(A + P 9)w o + (B + P,)w2 4 1 
z O 1 0 

.0 if 0 - h(x)x 

H > 0 if -H - h(x)x ć 0 , 

.0 if hx(y)y =* 0 

H^ > 0 if 0 < hx(y)y =* H^ 

0 if 0 - h(x)x 

2) for all x : 

- h(x)x * H* : = C T 
^ H > 0 if - H =" h(x)x < 0 , 

for all y it is satisfied the inequality 

|h x(y)| -5 HJ>|y| + H Q , where H 1 * 0, H Q > 0 , 

whereby 

(A + P 9)w o + (B + H, + P)w2 < 1 
Z 0 1 o 

3) for all x it is satisfied the inequality 

|h(x)| -s H | x | + H Q , where H * 0, H Q > 0 , 

foг all y : 

Һ]_(У)У < H* : = 

whereby 

0 if h
x
(y)y * 0 

H^ > 0 if 0 < h
x
(y)y í Hx , 

(A + H + P9)w„ + (B + P.)w„ < 1 

Z 0 1 0 

4) for all x it is satisfied the inequality 

|h(x)| * H | x | + H , where H * 0 , H Q > 0 , 

for all y : 

|h1(y)| * H-Jyl + H1 , where H1 = 0 , H 1> 0 , 

whereby 
(A + H + P9)wo + (B + H, + PT)W

2 < 1 . 2 o 1 1 o 
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Then (2.1.2) has a w-periodic solution. 

Closing Section II, we give the theorem on existence of 

a periodic solution to (1) with the more general form of the 

function g. Its proof can be performed as that of Theorem 1.1. 

Theorem 2.6. Let (2.,), ( 3 ^ , (2 2), (3 2), (4) hold in the diffe

rential equation 

x'"+ e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h1(t,x') + h(t,x) = p(t,x,x',x") . (2.2) 

Let there exist constants c « R - ( 0 ) and H > 0 such that for all 

t and for all x : 

|h(t,x) - cx| = H 

and for all t and for all y it is satisfied the inequality 

1hx C± , y ) | * H 1|y | + H1 , 

where Hx ^ 0, Hx > 0. If 

(A + P2)wQ + (B + H1 + P x)w 0^ 1 , 

then (2.2) has a w-periodic solution. 

Note. In analogy to Theorem 2.1 and its modifications the 

corresponding theorems on existence of a periodic solution to 

(1) with g = h,(x') + h(t,x) - p(t,x,x',x") or g = h,(t,x') + 

+ h(x) - p(t,x,x',x") can be given with the same assumptions on 

the functions h, or h as in Theorems 2.2 - 2.4. 

Section III 

Theorem 3.1. Let ( 2 ^ , ( 3 ^ , (2 2), (3 2), and (4) hold in the 

differential equation 

x'" + e(t ,x , x ', x ")a(t, x ") + f(t,x,x',x")b(t,x') + 

+ h9(x") + h(x) = p(t,x,x',x') . (3.1) 

Let there exist constants c e R - ( O ) and H > 0 such that the ine

quality 

|h(x) - cx| ô H (V 
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is satisfied for all x. If 

2 
(A + P

2
)w

Q
 + (B + Pi)w

0
< 1 , 

then (3.1) has a w-periodic solution. 

Process of the proof is analogous to that of Theorem 1.1. 
w 

Estimating the integral x (t)dt, we use, besides (2), (3), (4) 

o 

and (A ), the inequality 

w 

I f h
2
[x"(t)]x(t)dt| =* H

2
 fҹ |ľ x2(t)dt , 

where H 2 = max |h2(x") | for |x "| =" D " > 0 [cf. (12)] . The exist
ence of an estimating constant D" is implied from the estimate 

w к of the integral I x'" (t)dt obtained by the proving process for 

o 

the first time. 

Two special cases of Theorem 3.1 are 

Theorem 3.2.1. Let (2^, (3-^, (2
2
), (3

2
), (4) hold in the 

differential equation 

x'" + e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h
2
(x") + ex = p(t,x,x',x") , (3.2.1) 

where c€ R - (0) is an arbitrary given constant. If 

(A + P2)wQ + (B + P ^ w
2 ^ 1 , 

then (3.2.1) has a w-periodic solution. 

Theorem 3.2.2. Let (2^, (3^, (22), (3 2), (4) hold in the 

differential equation 

x " + e(t,x,x',x ")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h2(x") + h(x) + ex = p(t,x,x',x") , 

where c ^ R - ( O ) is an arbitrary given constant. 

(3.2.2) 
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Let one of the following two assumptions hold: 

1) for all x it is satisfied the inequality 

|h(x)| = H with H > 0 , 

whereby 

(A + P2)wQ + (B + PT)W
2 < 1 

2) h(x)^C1(R1) is such that 

|h'(x)| = H', where H' > 0 , 

and for all x it holds 

0 if 0 - h(x)x 

- h(x)x =" H* x = ^ 

X H >0 if -H - h(x)x< 0 , 

whereby 

(A + P2)wQ +* (B + Px)wo + H' wo < 1 . 

Then (3.2.2) has a w-periodic solution. 

Proving process of the both theorems is begun by estimating 
w 

the integral I x ' (t)dt and it is continued as in the proof of 

o 

Theorem 1.1. To prove the last theorem, under assumption 2), 

we use (after integration by parts) the inequality 

w w 

|f h[x(t)Jx"'(t)dt| = | -f h'[x(t)]x'(t)x"(t)dt| -* 

O 0 

w 

~ H' wo N ' ' ' 2 ^ } ^ -

Closing Section III, we give 

Theorem 3.3. Let (2^, (32), (22), (32), (4) hold in the diffe

rential equation 

x'" + e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

h9(t,x") + h(t,x) = p(t,x,x',x") (3.3) 
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Let there exist constants ctfR-(O) and H > 0 such that 

|h(t,x) - ex| = H 

holds for all t and for all x. Let the inequality 

|h2(t,z)| * H2|z| + H: , 

where H2 -* 0, Hl > 0, is satisfied for all t and for all z. If 

(A + P2 + H2)wQ + (B + P1)w0 <£1 , 

then (3.3) has a w-periodic solution. 

Note that the analogous theorems on the existence of a 

w-periodic solution x(t) to (1) with g = h?(t,x ") +h(x) - p or 

g = h2(x ") + h(t ,x) - p can be given as a special case of the 

foregoing theorem. 

Section IV 

The following theorem and one of its possible modifications 

(the second theorem) can be proved by the same procedure as 

Theorem 3.1 or Theorem 2.3, respectively. 

Theorem 4.1. Let (2^, (3^, (22), (3 2), (4) hold in the 

differential equation 

x" + e(t,x,x',x")a(t,x") + f (t, x, x ', x ") b (t, x ') + 

+ h2(x") + hx(x') + h(x) = p(t,x,x',x") . (4.1) 

Let there exist constants c e R - ( O ) and H > 0 such that the 

inequality 

|h(x) - cx| -- H 

is satisfied for all x. 

Furthermore, let there hold one of the two following 

assumptions : 
A 

1) they exist constants H, - 0, H, > 0 such that the inequality 

|hx(y)| = Hjjyl + Hx 

is satisfied for all y, whereby 

(A + P2)wQ + (B + H1 + P!)wo < 1 
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2) Һ Д У ^ C Ҷ R
1
) and 

0 if h
x
'(y) = 0 

h
x
(y) = H* :=-

^ H
x
 > 0 if 0 < h^(y) =- Hl 

holds for all y, whereby 

(A + P
2
)w

Q
 + (B + H* + P

1
)w

2
 < 1 . 

Then (4.1) has a w-periodic solution. 

Theorem 4.2. Let (2.,), (3^, (2
2
), (3

2
), (4) hold in the 

differential equation (4.1. Let there exist a constant c«R-(0) 

such that the inequality 

|h(x) - c
3
x| = H , 

where H >0, holds for all x and the inequality 

Ih^y) - 3c
2
y| = H-Jyl + H± , 

where H± *- 0, H 1 > 0 , holds for all y. If 

(A + P2)wQ + (B + Hx + Px + 3c
2)w2 < 1 , 

then (4.1) has a w-periodic solution. 

To prove the last theorem, we note that differential 

equation (4.1) is included in the system 

x ' " + m { e ( t , x , x ' , x " ) a ( t , x " ) + f ( t , x , x ' , x " ) b ( t , x ) + 
? * 3 

+ h 2 ( x " ) - 3cx + h x ( x ) - 3c x + h ( x ) - e x -
, ,, ,, o , 3 

- p ( t , x , x ' , x ' ) ] + 3cx + 3 c x + c x = 0 , 
(s 4 ) 

where - c is a triple root of the characteristic equation corres

ponding to (5). 

Now, we present two special cases of Theorem 4.1 in the 

aggregatively form, i.e. with the alternative assumptions as in 

Section II. 

Theorem 4.3.1. Let (2^, (3^, (22). (3 2), (4) hold in the 

differential equation 
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x'" + e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h2(x") + h1(x') + ex = p(t,x,x',x") , (4.2.1) 

where ccR-(O) is an arbitrary given constant. 

Let one of the following two assumptions hold: 

1) for all y it is satisfied the inequality 

|hx(y)| ^ H1|y| + Hx , where A-̂  = 0, Hx > 0 , 

whereby 

(A + P2)wQ + (B + Hj + P 1)w 0< 1 

2) h1(y)«:C
1(R1) and for all y it holds 

^ 0 if hx'(y) = 0 

hx'(y) * H* : = ^ " 

^ ^ H[ > 0 if 0 ^ hx'(y) = H[ , 

whereby 

(A + P2)wQ + (B + H*+P1)w* < 1 . 

Then (4.2.1) has a w-periodic solution. 

Theorem 4.3.2. Let (2^, (3^, (22), (3 2), (4) hold in the 

differential equation 

x " + e(t,x,x',x')a(t,x") + f(t,x,x',x')b(t,x) + 

ex = p(t,x,x',x") , (4.2.2) + h2(x") + h,(x') + h(x) 

where c c R - ( O ) is an arbitrary given constant. 

Let one of the following four assumptions hold : 

1) for all x it is satisfied the inequality 

|h(x)| = H with H > 0 

and for all y : 

|hx(y)| * Hx | y | + Hx with H1 * 0, Hx > 0 , 

whereby 

(A + P2)wQ + (B + H1
 + Px)w0<-: 1 
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2) h(x)c C
1
(R

1
) and for all x it holds 

^ ^ 0 if 0 - h(x)x 

- h(x)x =" H* :=C^f 
^ ^ H > 0 if - H = h(x)x < 0 

and 

|h'(x)| = H' with H' > 0 , 

for all y irt holds the inequality 

|h
1
(y)| = H

1
1 y | + H

x
 with H-̂  = 0, H

x
> 0 , 

whereby 

(A + P
9
)w

o
 + (B + H

1
 +P-)w^ + H'w;* < 1 

Z O I 1 O 0 

3) for all x it holds 

|h(x)| * H with H > 0 

and h
x
(y)6: C

1
(R

1
) is such that for all y it holds 

h{(y) =* H* : = ; 

0 i f
 Һ-Ҷy) = 0 

H^ > 0 if 0 < Һ-Ҷy) = H^ , 

whereby 

(A + P
2
)w

Q
 + (B + H* + P

x
)w

o
 < 1 

4) h(x)eC
1
(R

1
) is such that for all x it holds 

0 if 0 - h(x)x 

^ ^ H > 0 if - H =" h(x)x < 0 

h(x)x * H* 

and 

|h'(x)| = H' with H' > 0 , 

h
1
(y)fiC

1
(R

1
) is such that for all y it holds 

^ ^ . 0 if h-^(y) =" 0 

h{(y) = H* = C ^ 
^ ^ - H^ > 0 if 0 -.1 h-^y) =" H

x
' , 

whereby 

(A + P
2
)w

Q
 + (B + H* + P

x
)w

0
 + H'w

0
 < 1 . 

Then (4.2.2) has a w-periodic solution. 
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To prove both theorems, we can use the same manner as in 

the foregoing proofs of theorems with the corresponding assumpt

ions (see, e.g., the Theorems 2.5.1 and 2.5.2 in Section II or 

the Theorems 3.2.1 and 3.2.2 in Section III). 

Following theorems extend the existence result on a periodic 

solution to (1) with respect to a more general form of the 

function g. 

Theorem 4.4. Let ( 2 ^ , ( 3 ^ , (2 2), (3 2), (4) hold in the 

differential equation 

x'"+ e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h 2 (t, x ") + h,(t,x') + h(t,x) = p(t,x,x',x") . (4.3) 

Let there exist constants c<sR-(0) and H > 0 such that for 

all t and for all x is satisfied the inequality 

|h(t,x) - cx| =- H . 

Let for all t and for all y it hold 

|h1(t,y)| = H1|y| + Hx , where ^ = 0, H: > 0 , 

and for all t and for all z : 

|h2(t,z) | = H2|z| + H2 , where H2 * 0, H2 > 0 . , 

If 

(A + H 2 + P 2 )w Q + (B + Hj + P x ) w 0 <C 1 , 

then (4.3) has a w-periodic solution. 

Note. In the cases that g = h2(x") + h,(x') + h(t,x) - p 

or g = h2(x") + h1(t,x') + h(x) - p or g = h2(t,x") + h-^x') + 

+ h(x) - p holds in (1), it is possible to modify appropriately 

the assumptions in corresponding theorems on the existence of 

a periodic solution to (1) with respect to h(x) or h,(x'), 

respectively. 

Theorem 4.5. Let ( 2 ^ , (3.,), (2 2), (3 2), (4) hold in the 

differential equation 
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x'"+ e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h2(x',x") + h,(x,x") + h(x,x') = p(t ,x,x',x " ) . (4.4) 

Let there exist constants ceR - (0) and H - 0, H > 0 such 

that for all x and for all y it is satisfied the inequality 

|h(x,y) - cx| = H|y| + H . 

Let for all x and for all z it hold 

|h1(x,z)| = Hjzl + H Q , where H1 = 0, HQ > 0 , 

and for all y and for all z : 

|h2(y,z)| = H3|z| + H2|y| + Hx , 

where H-, -- 0, H2 = 0 and Hl> 0. If 

(A + H1 + H3 + P2)wQ + (B + H + H2 + Px)wo < 1 , 

then (4.4) has a w-periodic solution. 

Theorem 4.6. Let (2^, (3^, (22), (3 2), (4) hold in the 

differential equation 

x'"+ e(t,x,x',x")a(t,x") + f(t,x,x',x")b(t,x') + 

+ h2(t,x',x") + h,(t,x,x') + h(t,x,x") = 

= p(t,x,x',x"). (4.5) 

Let there exist constants c«R - (0) and H - 0, H > 0 such 
' o ' 

that for all t,x and for all z is satisfied the inequality 

|h(t,x,z) - ex | =" H | z | + H Q . 

Let for all t,x and for all y it hold 

|h1(t,x,y)| * HJL | y | + H , where ?.-_ = 0, H > 0 , 

and for all t and for all y,z : 

|h2(t,y,z)| = H3|z| + H2|y| + H1 , 

where H3 = 0, H2 ^ 0 and H x > 0. If 
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(A + H + H3 + P2)wQ + (B + ̂  + H2 + P 1)w
2< 1 , 

then (4.5) has a w-periodic solution. 

Note that two initial assumptions in both foregoing theorems 

can be still modified in two ways. The special cases of the 

second theorem are related to g = h2(t,x',x") + h(x) - p or 

g = h, (x') + h(t,x,x ") - p or g = h2(x ") + h1(t ,x ,x') - p in (1). 

Closing Section IV, we give the theorem on the existence 

of a periodic solution to (1) with a general form of g. 

Theorem 4.7. Let (2-^), (3-^, (22), (32), hold in the 

differential equation (1). Let there exist constants ceR - (0) 

and G2 *= 0, Gx -̂  0, G > 0 such that for all t,x and for all y,z 

there is satisfied the inequality 

|g(t,x,y,z) - cx| = G2|z| + G-Jy| + G . (G) 

If 

(A + G2)wo + (B + Gx)w
2 < 1 , (R) 

then (1) has a w-periodic solution. 

The proof can be performed as that of Theorem 1.1, when 

substituting x J ( t ) , j= 0,1,2,3, into (S), where 

2 

y ~ c.x(2"j) = ex , ceR - (0) , 
j=0 J 

multiplying the obtained identity by x'"(t) and integrating from 

0 to w. Thus, we arrive at 

w w 

[x'"2(t)dt = m { - J e(t,...)a[t,x"(t)]x'"(t)dt -

-1 
0 

W 

-Í 

0 

w 

f(t,...)b[t,x'(t)]x'"(t)dt -

o 

W 

[g(t,...) - cx(t)]x'"(t)dt| , 

o 

so that we have [cf. (2), (3) and (G)] 
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w 

f x'"
2
(t)dt = D

2
, where D

3
 := i(A

Q
 +B

Q
 + G) iTvT>0 (D

3
) 

o 

with K := {l - [(A + G
2
)w

Q
 + (B + G

1
)w

2
]i > 0 according to (R), 

and furthermore [see (7)] 

w 

f x"
2
(t)dt =" D

2
 with D

2
: = w

Q
D

3
> 0 , 

x'
2
(t)dt = D

2
 with D

1
: = w

o
D

2
> 0 , 

whereby [cf. (12), (11)] 

|x"| = fҹ D
3
 := D" > 0 

|x'| = IЃw D 
2 := D' > 0 

(D
2
) 

(D^) 

(D") 

(D') 

Multiplying (S) by x(t)sgn(c) and integrating from 0 to w again, 

we come to 

w w 

|c| f x
2
(t)dt = m sgn(c)í- f e(t,...)a[t,x"(t)]x(t)dt 

O 0 

w w 

- f f(t,...)b[t,x'(t)]x(t)dt - f [g(t,... ) 

- cx(t)]x(t)dt? , 

so that we have by means of (D 2), (D-̂ ) [cf. (2), (3), (G)] 

W 

fx2(t)d-d t * Do • 

where DQ := — [(A + G2)D2 + (B + G1)D ] [ + (AQ + BQ + G) fvt] > 0 
| c | 

and consequently [cf. (14)] 

| x ( t ) | *-* (DQ/fH + fvi Dx) := D > 0 

<°o> 

(D) 
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It follows from (D"), (D') and (D) that the inequality 

(15) is satisfied independently of m, which proves our theorem, 

when taking into account the assumption c i 0. 
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