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Abstract

Let a random variable and a family of random variables depending on
a parameter be given. The direct substitution of the random variable for
the parameter may have no sense or can have unexpected properties even
if the stochastic independence is assumed. In the paper, the composition is
defined in a rigorous way and it is shown that the conditional expectation
of the composition with respect to the substituted random variable is
expressed in the usual manner (Theorem 1). The problem is analyzed for
the random variables having values in Banach spaces and the results are
applied to Wiener integrals depending on a parameter.

Key words: Composition of random variables, stochastic variables
with values in Banach spaces, stochastic independence.
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The paper deals with the generalization of the Proposition 2.2 [1]. The
sketch of the subject of this Proposition is following.

Let a family of Ito stochastic integrals (with values in a Hilbert space)
fot o(s,y)dw(s) and a stochastic variable v be given. Assume that u is F,
measurable and F, is stochastically independent of a Wiener process w(t). The
properties of the expression E[ f; o (s, u) dw(s)|Fu] (see 2.1 from [1] or Theorem
3 from the present paper) are studied.

V*Supported by Grants No. 201/95/0629 of Czech Grant Agency and No. VS96086 of
MSMT.
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In the present paper the integrals are substituted by a family of stochastic
variables B(£) (with values in a Banach space) depending on a parameter £.
In this case the condition are given such that B(u) can be constructed and
Theorem 2 (which corresponds to Proposition 2.2 [1]) is proved.

Let Xi, X2 be real Banach spaces with norms ||.]|1, ||.l2, X5 be a real sep-
arable Banach space with a norm ||.]|s and R the real line. Let (2, F,P) be a
probability space and F denotes the mathematical expectation.

Denote Ly(f2, X2) the set of all Bochner integrable random variables with
values in Xg,p > 1. Let (§) : X1 = R, p(§) > 0 for £ € X; be Borel
measurable.

Definition 1 Let B : X1 — L,y(Q, X2) be a mapping. B is called ¢-Bochner
type mapping (or shortly Bochner type mapping) if

K = sup{(p(&) ' EIB(E)II} : € € X1} < o0, 1)

if there exists a sequence of partitions {Aﬁf)};?_j_l, X = U AP (disjoint union),
AP are Borel sets, a sequence of sets {ASP},?;I, AD e F, P(Agf)) =0and a
sequence of mappings By : X1 — L,(2, X2) such that B,(§,w) = By(n,w) for
&neE As,i), wé¢ Agf ) and B,, converge to B in following sense

sup{(¢(§)) ' EIB(€) - Ba(&)ll5 : € € X1} » 0 for n — oco. (2)

1 Definition of composition
(3) Let u : Q@ — X1 be a random variable F,,-measurable, Fu—a o-subfield of F,
Eyp(u) < 0.

Let B be a Bochner type mapping. Assume that Bn(§) are stochastically
independent of F, for all {. Define g,(w) = By (u(w),w) for almost all w.

. I =u ' (AD) = {w: u(w) € AT}
and 24 ) be elements of A fulfilling

P(#4D) < int{p(€) : € € AP} + 1.

Let n > m. We can assume that {Aﬁf’}g;l is a refinement of {Aﬁ,‘?}f_gl.

We have
— _ 4
Bl = gl = 3 [, oo~ aml P

=3 [ I1Ba(:E) — B ) 4P
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= ;/F(:, E[||Bn(2?) = B (2))|[2 | Fu) dP
"2 [ BIBAGE) = Bl ap
= Y BlBu (=) - Ba(=)IEPIY)

< gp-1 ZEHBH(Z'(:')) _ B(z.ff))”gP(I‘gj)).}.

+ 2771 " E||Bn(2)) — BED)|EP(TY)

<P T pGE)PED) < e Y [ (olu) + 1 ap
i : /T

< 2PeE(p(u) + 1).

The three last inequalities are valid for sufficiently great n,m due to (2).
In a similar manner we can derive an estimate

Bligali3 < 277 (e + K)E(p(u) +1)

for sufficiently great n (see (1), (2)).

Obviously the sequence {g,} is a Cauchy sequence in L,(f2, X2) and we can
define B(u) = limp—00 ¢n- The definition of B(u) is independent of the choice of
B, since from two sequences B, B we can compose one commom sequence.
It means that B(!)(u) and B® (u) defined by B and B, respectively are
equivalent.

Proposition 1 Let a Bochner type mapping B(§) be given. Assume that a
mapping u fulfils (3). If Bp(£) are stochastically independent of F, then a
random variable B(u) is defined so that B(u) € Lp(Q, Xa).

Corollary 1 Let B(§) be p-Bochner type mapping and let B(f) be a mapping
from Q to X, fulfilling P(B(§) # B(£)) = 0 for every § € Xi. Then the mapping
B(¢) is also p-Bochner type.

Assume that a random variable u fulfils the assumptions of the Proposition
with respect to B(.) then it fulfills the assumptions of the Proposition with
respect to B(.) and B(u), B(u) are equivalent.

This follows from the fact that

E||B.(¢) — B)II§ = El|Ba(&) - B

so that Bn(.) are suitable approximations of B(.), too.
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Example 1 The first example shows that the definition of B(u) just by sub-
stitution has no meaning even if such mapping can be defined. Generally the
mapping T'(u) defined by T'(u)(w) = B(u(w),w)) need not be measurable.

Let Q = (—n/2,7/2), F be Borel measurable subsets, P be Lebesgue mea-
sure multiplied by 1/7. Define u(w) = tanw. Assume that I'; is a nonmeasur-
able subset of Q2. Denote I'; the complement of T';. For every £ € R there exists
unique wg so that £ = tanwg. Define:

B(§,we) =1 for we €Ty, B(¢,we) = =1 for we €Ty,

B(§,w) =0 for w # we.
Certainly, T(w) = 1 for w € I'; and T(w) = —1 for w € I'y. Nevertheless, the
random variables B(£) are equivalent to zero for every &.

The second example shows that the mapping 7'(.) is not appropriate even if
the assumptions of the Corollary are fulfilled.

Example 2 Let B(.),u fulfil the assumptions of the Proposition. Define B :
B(¢,w) = B(£,w) + Xx¢(w) where x¢ are the indicators of sets A¢ fulfilling
P(A¢) = 0. Certainly the random variables B(¢), B(¢) are equivalent for all
¢ € X1 and due to the Corollary B(),u fufills the assumptions, too. Neverthe-
less, if P(w: w € Ay(w)) > 0 then T'(w), T'(w) = B(u(w),w) are not equivalent.

Theorem 1 Let B : X1 — L,(Q, X2) be a Bochner type mapping, u: Q — X3
be a random variable fulfilling (3), Bn(§) are stochastically independent of F,
and let o : X1 x X9 = X3 be a Borel measurable mapping fulfilling

llo (€, Olls < L(liCliE + 1) (4)

for all € € X1, ¢ € Xo. Set ¢(€) = Eo(€,B(£)) for € € X;.
Then
E[o(u, B(u))|Fu]() =9(u)(.)  P-ae.

Proof First we prove a modification of Propositon 1.12 from [2].

Lemma 1 Let u : @ = X; be a random variable, v : Q@ — X2 be a random
variable independent of F,,, fulfilling

E|l|[} < oo, ‘ (5)
p: X1 x X2 = X3 be measurable and fulfilling

o€, Olls < LAICIE + 1)

for ;};ﬁ € X1,¢ € X,. Denote p(¢) = Ep(£,v) for € € X1.
en -

Elp(w,v)|F() = pu)()  P-ae (6)



Composition of indpendent stochastic variables 201

Proof of the Lemma. Due to the Proposition 1.12 from [2] equality (6) is
valid for p which can be expressed as a finite summ p(§,¢) = >, pixi(&,€))
where A; are disjoint Borel subsets of X; x X5 and p; € X3. Choosing positive
¢ there exists a partion {4;} of X; x X, consisting of Borel disjoint sets and a
sequence of p; € X3 such that ||p(&,¢) — pi|ls < € for [§,(] € A;. We prove

N
El|p(u,v) — }:p,-xAi(u,v))na <2

for sufficiently big N. Certainly, the given expression can be estimated by

N o
> [ xatwoliotwo) = pladp+ Y [ xawv)llotwo)lsdp <

i=N+1

c+ Y [xatnora s pigar

i=N+1

Since E||v||} < oo the last expression converges to 0 for N — oo and the
inequality is proved. In the same way we can prove

N
/Q IER(E ke — (BY pixcas(6w) bemuls 4P < 2¢

for sufficiently big N. The proved inequalities together with the fact that (6)
is valid for finite summes of this type imply the statement of the Lemma. The
existence of the conditional expectation is ensured by Proposition 1.10 [2].

Proof of Theorem 1. (i) Assume that o is continuous in the second variable.
Define ¥,(£,n) = E(o(§,Bn(n))) for £,n € X, {AS:)} is the partition from

Definition 1 and _
wﬂ (E) = Z XAS") (g)"/)n (Ea 21(11)):
X 4 i8 the indicator of the set Asf). Due to the Lemma we have

Elo(u, Ba(m)|Fu] = ¥n(u,2)) forne AD.

Let A € F,,. We have
[ Blotwaiziap =

- Z /Anp(i) E[a(u, Bn(zgz)))'fu] dP

=;/mr$f) ¢"(u’z7(li))dp':/AEXAS,"(“WH(“’%(:)MP:/A Yn(u)dP.
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Since Ellgn — B(u)||5 — 0 for n — 00 we can choose a subsequence such
that El|G, — B(u)|[} < 2= and such that {dn} converges to B(u) almost surely.
Certainly o(u,dr) converges almost surely t0 o(u, B(u)). Further we have

o (u, dn)lls < L(|Ga) |8 + 1) < 22 L(lldn — Bw)[lf + |B)ll2 + 1)

Let h = 22 LI B[ + 1 + 32224 [l — Bw)|I3)- We have Jlo(u, dn)lls < P
and Eh < 2P"1(3L + LE||B(u)||). The Lebesgue theorem yields

i [ B, ar = i, [ otwi)ap

=/ o u = o(u,B FuldP.
| ot By ap /A Elo(u, B@)|F.)

. We obtain as previously (we can assume u = ¢ for a while ) for a subsequence
B,.(u) of B,(u)

$(€) = Eo(&, B)) = lim Bo (€, Ba(6))
=tim [ S @6, Bl 0P

=1lim Y™ x 40 (€)Fo(€, Ba(2) = im n(©)

where 1, corresponds to B,,.
Since

llo(€, Ba(zNls < LYIBA(zOMIE +1)

we have
Ello(¢, Ba(z$))ls < 2771 L(1 + E|\Bn(z$j)5 — BED)IE + EIBE)IE)

< 2L+ (e + K)p(z)
for sufficiently great n and every i. It follows

Wa(lls < 3 X0 @27 L(1 + (€ + K1)
<SP+ e+ K) Y 0 @9 (0)
SPTLAH+ E+K) Y x 0 @@ + D)

< 2P L1+ (e + K)(p(u) + D)
for almost all w. The Lebesgue theorem yields

i [ uwap = [y P
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Finally, we have
/A Elo(u, B(w))|F.] dP = /A W(w) dP.
(ii) Let o, be Borel measurable mappings X1 x Xz — X3 fulfilling (4),
/A o (u, B(u)) dP = /A n(u) dP )

for A € F, where $n(€) = Eon(€, B(€)). If oa(€,0) = 0(£,¢) for every £,¢
then ¥, (&) = ¥(€) and equality (7) is valid for 0,1, too. Since due to (i) the
equality (7) is valid for continuous o it is valid for all Borel measurable mappins
fuflilling (4).

Corollary 2 If the assumptions of Theorem 1 are fufilled then
PB(w e 4} = [ PLB(E) € A}du(o
1

is valid for Borel sets A where v is the measure on X; corresponding to u.

Theorem 2 Let X; be a separable real Banach space, the function ¢ be Borel
measurable and fulfil inf{p(§) : € € X1} > 0. Assume that B fulfils (1) and as
a mapping: X1 = Lp(Q, X3) is continuous. Then B(.) is p-Bochner type. If u
is a random variable u : Q — X1 such that B(§) are stochastically indpendent
of Fu for every € € X; then B(.),u fulfils the assumptions of the Proposition
such that B(u) is defined and Theorem 1 is valid.

Proof Let {£,}1° be a sequence dense in X;. We construct a partition of X;.
Let a positive integer n be given.

AW = {¢: E||B(¢) - B(&1)|5 < §/n},

A = (¢ B|B() ~ B&)I} < 6/n} ~ Ujy AV

where = inf {¢(€)}. The approximations can be defined by Bn(§) = B(&;) for
Ee A, These approximations fulfil all conditions of the Proposition.

Remark 1 The calculation of B(.) by means of T'(.) needs much more stronger
assumptions.
(H) There exists a set A,A € F such that P(A) =0 and

Bn(§,w) = B(§,w), n— o0

for every £ € X1 and w ¢ A.
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Statement. Let the assumptions of the Proposition be fulfilled. If additionaly
the hypotheses (H) is fulflled, then

B(u)(w) =T(w) for a.a. w.

Sketch ot the proof. Since gn(w) converge to B(u) in the space Ly(2, X2)
there exists a subsequence gn(w) converging to B(u) almost everywhere. Due
to (H) for every £ = u(w), Bn(€,w) converge to B(,w) which equals B(u(w),w)
such that T'(w) = B(u)(w) for almost all w.

2 Application to stochastic integral

If an integral
b
| 6.9

is continuous as a function of ¢ in the sense of Theorem 2 this theorem can be
applied. Otherwise the situation is much more complicated.

2.1 Wiener processes with nuclear covariant operators

Let (Q,F,{F:}:, P) be a probability space, H;, i = 1,2,3 be real separable
Hilbert spaces with norms |.|;, I = [0,1], ¢ : Hi — R be a positive Borel
measurable funtion. Let w(t), ¢t € [0,1] be a Wiener process with respect to
{F:} with values in H and nuclear covariance operator W.

Let L£L(Hz, H3) be a space of linear operators A from H; to Hjz which is
equipped with the norm ||A||2 = tr{AW A*} where tr is the trace of the given
operator from Hs to Hs.

Denote X; = Hy, X5 = LP(I,[:(Hz,Hg)), p>2. Let f: X7 — LP(Q,XQ) be
a Bochner type mapping such that the approximations fy,(.,£) fulfil: f,(t,£)hs
are F; adapted and measurable stochastic processes for every £ € Hy, hy € H.

Let u : @ — H; be a random variable which is F, measurable, {fn(t,£),t €
I,¢ € X, } are independent of Fo and Ep(u) < co.

Assume that a mapping o : H; x Hz — X3 fulfils the conditions of Theorem
1. Denote

1
¥(€) = Bo(€, /0 F(2,6) duw(t)).

Theorem 3 Let the previous assumptions be fulfiled then the integral I(u) =
1 .
Jo f(t,u)dw ezists and

Elo(u, I(u)|Fo]() =¥(u)()  P-ae
18 fulfilled.
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Proof First, we have to prove that integrals I,(u) = fol fa(t,u) dw and I(u) =
fol f(t,u) dw exist. In the second step we prove I(u) = B(u) where B(¢) =

fo1 f(t,&) dw(t) ie. that the usual definition of the integral and the definition
given in the first section give the same result and that B(u) is Bochner type.
The last step is the application of Theorem 1.

(4)

Let AS: ) be the partition given by the Bochner property of f. Choose zp
from AS: ) as in the previous sections. Since

faltyu) = Z_ Falt, 20X 40 (u) ®)

and u is Fo measurable we conclude that the process fn(t,u)hs is F; adapted
and measurable for every hy € Hy. Using the inequality

{ /0 BN el < /0 Bl
the existence of I, (u) is ensured by the inequality
S = /01 E[tr fu(t, )W £x(t,u)]P/? dt < 0o
(see the inequality from [4] Prop. 1.9 or [3] Lemma 1). Certainly we have
S = /0 1 E[Y - tr fult, 28)W £3(8 250)x 40 (W)]P/? .
Since
D tr fult, Z)W £3(8, 25 [x 0 )]P7P] X [ g0 ()] 2/P}P/2 <

< DIt Falt, ZDYW £ (8 2N x a0 (@)] X [ x 0 (P27
i i

~ < Yt falt, ZYW (20N x g0 (w)]

we have

1
S< /0 > Bltr fult, 2)W fat, 25 D g (w)]

and since 1
K' = sup stgptp(f)—lE/ 1 fn(t, O dt < oo
n 0

(consider (2), the facts that fr(.,£) € Ly(Q, X3) and fr(.,£) are stochastically
independet of u) we deduce similarly as in previous sections

1
S<K' / > Ep(z)x 4o (w) dt < K'E(p(u) + 1) < oo.
0 n
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We conclude that the integrals I,(u) exist and due to ()

1 1 .
L) = [ fatwde = xu00) [ f(t20) du = Buw)

where

1
m@=£ﬁ@am

f(t,u) is defined in the first section. Since fn(t,u) converges to f(¢,u) in the
space L,(f2, X2), the processes f(t,u)he are F; adapted measurable for every
¢ € H; and fulfils

1
E/0 Hf(t,u)”’l’:dt < 00.
Further .
B [ 1) - fatt w2 de 0
0

It follows that I(u) exists and the well-known inequality (see [3])

1 1
Ewﬂumw—nmwmw&gwxéwwmw—hmwmwawz

1
sawlzmn~ﬂ&w

is valid where the constant C(p) depends only on p. It follows I,(u) — I(w)
and due to definition of B(u) we have By, (u) — B(u) in the space L,(Q, H3).
We proved I(u) = B(u) and the statement follows from Theorem 1.

2.2 Cylindrical Wiener processes

Assume now that w(t),t € T is a cylindrical Wiener process with values in Ho.
Let (Q, F,{Ft}s, P), Hi, i = 1,2,3, I,p,u,9,0 be the same as in the case of
the Wiener process with nuclear covariant operator.

Let K(H2, H3) be a space of linear operators A from H, to H3 which is
equipped with the Hilbert-Schmidt norm ||A||2 = tr{AA*} where tr is the
trace of the given operator from Hjs to Hs. Let f also fulfil the conditions from
the previous section (£ is substituted by K).

Denote X; = Hy, Xy = Ly(I,K(H2, H3)), p > 2.

Theorem 4 Let the assumptions of this section be fulfiled then the integral
J(u) = f01 f(t,u) dw erists and

Elo(u, J())|Fol() =¢(u)()  P-ae.

is valid.
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Let Jnp(u) = fgl fn(t,u) dw. We need to prove the existence of the integral
Jn(u). To do this it is sufficient to prove

[1ENr@igr dt < o ©)

Since

' 5
([ B’ < [ e o opa,

(and due to inequality from [5] Prop. 1.3 or [3] Lemma 1) the proof of (9) is
analogous to the proof of S < co. The rest ot the proof of Theorem 4 is almost
the same as the proof of Theorem 3 we only use the space X(H>, H3) instead of
L(H, Hs).

Corollary 3 Let Hy be a real Hilbert space. Let g : R x Hy — H3 be contin-
uous and Lipschitz continuous in the second variable. Assume that z(t,&) are
Fi adapted and measurable stochastic processes for every & € Hy which form
Bochner type mapping as a mapping

X3 = Ly(Q, Lp(I, Hy))).

Denote B(£) = fol g(t, z(t,€)) dw(t). If o fulfil the condition of Theorem 1, u is
Fo measurable, the processes w(t), z(t,&) are stochastically independent of Fo
then B(&) are Bochner type and Theorems 1 and 8 can be applied.
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