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Abstract
In the paper, closure MV-algebras (i.e. MV-algebras with additive
closure operators) as generalizations of topological Boolean algebras are
introduced and studied. In particular, closure M V-algebras determined
by idempotent elements, connections between closure M V-algebras and
induced topological Boolean algebras and closed ideals in connection with
congruences of M V-algebras are examined.
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The topological Boolean algebras (or closure algebras) have been introduced
and studied (see e.g. [6]) as natural generalizations of the topological spaces
defined by topological closure and interior, respectively, operators. The MV-
algebras which have been introduced by C. C. Chang in [1] and [2] are algebraic
counterparts of the Lukasiewicz infinite valued logic similarly as the Boolean
algebras are for the classical two-valued logic. Every M V-algebra A contains the
greatest Boolean subalgebra B(.A) which is formed by the additively idempotent
elements. Moreover, the operations “@” and “®” in B(A) coincide with the
lattice operations “V” and “A”, respectively. Hence the Boolean algebras can be
considered as special cases of M V-algebras. Therefore, in the paper we introduce
the additive closure and multiplicative interior, respectively, operators on M V-
algebras that in the case A = B(A) are exactly the topological closure and
interior, respectively, operators.

183



184 Jitif RACHUNEK, Filip SVRCEK

In the paper, the closure M V-algebras determined by the idempotent
elements of M V-algebras are studied, connections between the additive closure
operators of M V-algebras and the topological closure operators of the Boolean
algebras of idempotent elements are shown and connections between the con-
gruences and the closed ideals of M V-algebras are described. Recall the notion
of an MV-algebra.

Definition 1 An algebra A = (A,®,—,0) of signature (2,1,0) is called an
MV-algebra if it satisfies the following identities:

(MV1) z(y®z)=(zDy) D z;
(MV2) z0y=y®ux;

(MV3) 20 = z;

(MV4)

(MV5) z® -0 = —0;

(MV6) —(-z@y)dy=(z®y) ®z;

If A is an MV-algebra,set tQy =—(-z®-y),zVy=-(-zdy)®y and
Ay = —~(-zV-y) for any z,y € A, and 1 = —0. Then (A, ®, 1) is, among others,
a commutative monoid, (4,V,A,0,1) is a bounded lattice, and (A, ®,0,V,A)
and (4,®,1,V,A) are lattice ordered monoids. For further necessary results
concerning M V-algebras see [3] or [7].

The following definition of an additive closure operator on an M V-algebra
generalizes that of a topological closure operator on a Boolean algebra.
Definition 2

a) Let A = (A, ®,—,0) be an MV-algebra and Cl: A — A a mapping. Then
Cl s called an additive closure operator on A if for each a,b € A:
1. Cl(a®b) = Cl(a) ® CI(b);
2. a < Cl(a);
3. CI(Cl(a)) = Cl(a);
4. Cl(0) = 0.
b) If Clis an additive closure operator on 4 then A = (4, ®,~,0, Cl) is called

a closure M'V-algebra and Cl(a) is called the closure of an element a € A.
An element a is said to be closed if Cl(a) = a.

Lemma 1 Let A be a closure MV-algebra. Let Int(a) = —Cl(—a) for each
a € A. Then for any a,b € A we have Cl(a) = ~Int(—a) and

1’. Int(a ® b) = Int(a) ® Int(b);
2. Int(a) < a;

3’. Int(Int(a)) = Int(a);

4. Int(1) = 1.
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(Int(a) will be called the interior of a and Int: A — A is a multiplicative
interior operator on A. An element a € A is called open if Int(a) = a.)

Proof
1. Int(a®b) = = Cl(=(a ® b)) = ~Cl(—a & —b) = ~(Cl(~a) & Cl(=b)) =
=Cl(—a) ® ~Cl(=b) = Int(a) ® Int(b);
2. Int(a) = =Cl(-a) < ——a = q;
3. Int(Int(a)) = Int(—Cl(-a)) = ~(Cl(Cl(—a))) = ~Cl(-a) = Int(a);
£, Int(1) = =Cl(=1) = = Cl(0) = -0 = 1. O

Lemma 2 For any a,b € A, a < b implies Cl(a) < CI(b) and Int(a) < Int(b).

Proof Let a < b. Then Cl(aVb) = CI(b), hence CI((b® —a) ® a) = CI(b).
Therefore CI(b ® —a) & Cl(a) = Cl(b), and so Cl(a) < CI(b).
Similarly, from a < b we get Int(a) = Int(a ® —b) ® Int(b), hence Int(a)

<
Int(b). O

Remark 1

a) It is known ([1]) that any Boolean algebra can be considered as a special
case of an M V-algebra in which the operations ”@” and ”®” coincide with
the lattice operations ”Vv” and ”A”, respectively. It is then obvious that
the closure Boolean algebras (by Definition 2) are exactly the topological
Boolean algebras in the sense of the book [6], chapter III. Hence, closure
MV-algebras are natural generalizations of topological Boolean algebras.

b) If Ais any MV-algebra then the set B(A) = {a € A;a®a = a} of additive
idempotents in A is a sublattice of the lattice (A4,V,A) that is, moreover,
the greatest Boolean sublattice ([1], Theorem 1.17). Note that B(A) is,
at the same time, the set of multiplicative idempotents in A.

Lemma 3 If A is an MV-algebra and a € B(A) then
a) yOoa=yAa,
b) a0 (z@y)=(a0z)®(a0y),

for each z,y € A.

Proof

a) Lety <a. Thena <y®a < ada=a, thus y®a = a, and hence, by [1],
Theorem 1.15, y ®a=y =y Aa.

Let now y € A be an arbitrary element. Obviously y ® a < y,a. Let
z € A,z < y,a. Then, by the preceding, we have z = 20 a <y ©® a, and
hence y®@a=yAa.
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b) Since (aNz)® (aAy) = (ada)AN(zda)A(ady)A(zdy), by a),
a®(zdy)=(a02)®(a0y). ]

We will show that any idempotent element a in a closure M V-algebra A
determines a closure M V-algebra on the interval [0, a].

Theorem 4 Let A = (A,®,-,0,Cl) be a closure MV-algebra and a be an
idempotent element in A. If we put

(L'@ay:l'@y, Oa:(], ﬁam:ﬁ(z@ﬁa):ﬂJ,'@a, Cla(z):a(acl(m)

for any z,y € [0,a], then I(a) = ([0,a], ®a,—a,0a, Cla) is also a closure MV-
algebra. In I(a),z ©,y =z Oy and Int,(z) = a © Int(z ® —a) are satisfied for
any z,y € [0,a].

Proof
a) Obviously, ([0, a],®,,0) is a commutative monoid. We will verify the
remaining axioms of an M V-algebra.

(MV4) =4z = (mgz®—a) = 2(-(z@-a)d—a) = (zd-a)Oa=zAa==z.

(MV5) 2,0 =xzda=a.

(MV6) =4(maz@y) Oy = (7t ©y®a) Dy = ~(~(z®-a) Dy ©—a) Dy =
(r@-a)0a0~y)®y=((zAa)0y)By=(20y)dy=7Vy.
Similarly —,(z @ ~qy) Dz =2z Vy.

b) We will show that Cl, is an additive closure operator on the MV-algebra

([07 a’]7 ®a7 Tas O) Let x’ y E [07 a]'

1. By Lemma 3 we get
Cly(z) ® Cly(y) = (a© Cl(z)) ® (a © Cl(y)) = a © (CL(z) & Cl(y)) =
a® Clzdy) = Cla(z®y).

2. z=zNa< Cl(z) ©a= Cl(z).

3. Cl,(Cly(z)) =a® Cl(a® Cl(z)) <a® Cl(Cl(z)) = a® Cl(z) = Cl(z),
hence by 2 we obtain Cl,(Cl,(z)) = Cl,(z).

4. Cl,(0)=a® Cl(0) =a®0=0.

Therefore I(a) = ([0, a], ®a, 4,0, Cl,) is a closure M V-algebra.

At the same time, we have for any z,y € [0, a]:

T OaY = 7a(7aT o 7aY) = " (=(z ® —a) ® ~(y ® —a)) = ~(~(z ® —a)
(y®-a)®-a) =(z®-a)O(y®-a)Oa=(zAa)O(yAa)=z0yY;

Inty(z) = =4 Cla(—4z) = ~((a © Cl(=(z & —a))) & —a) = (-a & ~Cl(~(z ®
-a))) ©@a = (-a® Int(z® -a)) ®a=aAInt(z®-a) =a® Int(z ® —-a). 0O
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Definition 3 A subalgebra C of a closure MV-algebra A is called a closure
subalgebra if Cl(z) € C for every z € C.

Note Obviously, a subalgebra C is a closure subalgebra if and only if Int(z) € C
for every x € C.

Theorem 5 The Boolean algebra B(A) of additive idempotents of a closure
MV-algebra A is a closure subalgebra of A. That means, B(A) endowed with
the restriction of the operator Cl on B(A) is a topological Boolean algebra.

Proof Let a € B(A). Then Cl(a) ® Cl(a) = Cl(a ® a) = Cl(a), hence
Cl(a) € B(A). o

Let us now show that in the case of complete MV-algebras (i.e. such MV-
algebras which are complete lattices with respect to the induced orders), every
topological closure operator on the Boolean algebra of additively idempotent
elements can be extended to a closure operator on the whole M V-algebra.

Theorem 6 Let A be a closure MV-algebra and ¢ be a topological closure
operator on the Boolean algebra B(A). Then there is an additive closure oper-
ator Cl, on A such that its restriction on B(A) is equal to .

Proof Firstly we will show that B = B(A) is a complete sublattice of A. If
y; € B,i€I,and y = infg{y;;i € I}, thenydy = /\ielyi <) /\iEI yi, hence
y@y <y;@y; forevery j € I, and thus y® y < y; ®y; = y; for every j € I.
Therefore y @y < A;c;¥i =y, that means y € B.

Dually for suprema.

Now, let ¢ : B — B be a topological closure operator on the Boolean algebra
B. Let p(z) = ¢(A(a;a € B,z < a)) for any z € A. We will verify that @ is an
additive closure operator on A. Let z,y € A.

L. gz @y) = p(Ala;a € B,z y < a)),
?(x) @B(y) = ¢(A(b;b € B,z < b)) @ ¢(A(c;c € B,y < ).
It is clear that for any a € B satisfying t®y < a, we have A\(b;b € B,z <
b) < a and A(c;c € B,y < ¢) < a, hence A(b;b € B,z < b) ® Alc;c €
B,y <c) <a®a = a, therefore A\(b;b € B,z <b)d A(c;c€ B,y <c¢) <
N(a;a € B,x @y < a).
Conversely, @y < \(b;b € B,z < b) ® A(c;c € B,y < ¢), and thus
Na;a€ B,xdy <a) < A\(b;b€ B,z <b)® A(c;ce€ B,y <c).
From this we get B(z @ y) = B(z) ® P(y)-

2. z < @(z) by the definition of P.
3. 2(®(z)) = P(e(Ala;a € B,z < a)) = ¢(@(A(eg;a € B,z < a) =

¢(A(a;a € B,z < a)) = B(x).
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4. 0 € B, hence p(0) = ¢(0) = 0.
Let us denote Cl, = . Then Cl, is an additive closure operator on A
and its restriction on B equals ¢. m]

Let us recall that if A4 is an MV-algebra and ) # I C A then I is called an
ideal of A, if

(i) a®be I for any a,b € I and
(ii) z < aimplies z € [ for any z € A,a € I.

It is known ([1], Theorem 4.3, [3], Proposition 1.2.6) that ideals in M V-algebras
are in a one-to-one correspondence with congruences. If I is an ideal in A then
for the congruence 8 corresponding to I, (z,y) € 0y if and only if (z © ~y) &
(—z ®y) € I, for any z,y € A. Denote by A/I = A/0; the factor MV-algebra
of A by 0; and let T denote the class of A/I containing z.

Definition 4 Let A be a closure MV-algebra and I be an ideal of A. Then I
is called a c-ideal if Cl(a) € I for everya € I.

If A is a closure MV-algebra and I is an ideal of A, set CI(Z) = Cl(z) for
every ¢ € A.

Theorem 7 If A is a closure MV-algebra and I is a c-ideal of A then the factor
MV-algebra AJI endowed with Cl is a closure MV-algebra.

Proof Letz,y € A, T =7. Then (z,y) € 0y, hence (z®-y)®(-z®y) € I. Thus
also £ ® ~y,—z ©y € I, and therefore Cl(z ® ~y), Cl(—z ®y) € I. At the same
time, Cl(y)® Cl(z®—y) = Cl(y®d(z©—y)) = Cl(zVy) > Cl(z), and since A is by
[4], [5] a DRI-monoid, we obtain Cl(z® ~y) > Cl(z) — Cl(y) = Cl(z) ®~Cl(y).
And since Cl(z ® —y) € I, we also have Cl(z) © =Cl(y) € I.

Similarly —Cl(z)® Cl(y) € I, and hence (Cl(z)®-Cl(y))®(~Cl(z)® Cl(y)) €
I. That means (Cl(z), Cl(y)) € 81, and so the definition of the unary operation
Clon A/I is correct. (Therefore we have shown that 6; is also a congruence of
the closure M V-algebra.) Moreover, Cl : A/I — A/I satisfies all four conditions
of additive closure operators. ]

Corollary 8 There is a one-to-one correspondence between the c-ideals and
congruences of closure MV-algebras.

Definition 5 Let 4; and A2 be closure MV-algebras and let h : 4; — A3 be
a homomorphism of MV-algebras. Then h is called a c-homomorphism (or a
homomorphism of closure M'V-algebras) if

h(Cl(z)) = Cl(h(z))

for each z € A;.
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Note It is obvious that a homomorphism h of M V-algebras a c-homomorphism
if and only if
h(Int(z)) = Int(h(z))

for each z € A;.

Theorem 9 Let A be a closure MV-algebra, a an open idempotent element in
A and h : A — I(a) the mapping such that h(z) = a©z for every x € A. Then
h is a surjective c-homomorphism of A onto I(a).

Proof Let z,y € A. Then

Mzey) =a0(z0y)=(a0z)0(a0y)=h(z) o h(y) = h(z) Oq h(y),
—oh(z) = ~(h(z) ® a) = -((a®z) ®-a) ==(-aVz)=aAz,

and hence by Lemma 3, -,h(z) = a ® -z = h(—z). Moreover, h(0) =a©®0 = 0.
Hence h is a homomorphism of M V-algebras, and since z = a ©® z = h(z)

for each z € [0, a], h is surjective.

We will show that h is a c-homomorphism. Since a is open,

h(Int(z)) = a © Int(z) = Int(a) © Int(z) = Int(a © z) = Int(h(z)).

Let y < a. Then Int(y) = Int(aAy) = Int(a® (y®-a)) = Int(a) © Int(y®—a) =
a © Int(y & —a) = Int,(y).

From this we get Int(h(z)) = Int,(h(z)), and thus h(Int(z)) = Int.(h(z))
for each z € A. ]
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