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Abstract

The existence and uniqueness of solutions to the two point boundary
value problem for ordinary linear third order differential equations in the
Colombeau algebra are considered.
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1 Introduction

For a fixed j = 1,2,3 we will consider the boundary value problem
£@)(t) = 2" (t) + pL(H)2"(t) + p2(1)2' (1) + ps(D)2(t) = q(t),  (1.1)
L,J(.’E) = d,’, 1= 1,2,3, (1.2]')
where
Li(z) =2(0), Lix(z) =2(T), Lis(z)=2(T),

Lgl(l‘) = .'L'(O), Lzz(z) = z‘(T), ng(l’) == .’III(O),
L3 (z) =2(0), Li2(z) =2'(0), Lis(z)=2"(T)

and 0 < T < oo.
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108 Jan LIGEZA

We assume that p;, i = 1,2,3, and ¢ are elements of the Colombeau algebra
G(R) of generalized functions, d;, ¢ = 1,2,3, are elements of the Colombeau
algebra R of generalized real numbers, z(0), z(T), '(0), z'(T), =" (0), =" (T') are
understood as the values of the generalized functions z, ' and z" at the points 0
and T', respectively. The elements p;, d; and g are given. The multiplication, the
differentiation, the sum and the equality are meant in the Colombeau algebra
sense. We prove theorems on the existence and uniqueness of solutions of the
problems (1.1), ((1.2;). In certain cases they generalize some of the results given
in [1], [7] and [8].

2 Notation

Here we recall some basic definitions which are needed later on. For more details
concerning generalized functions and generalized real numbers as well as for the
proofs of the assertions mentioned in this section, see [2].

Let D(R) be the set of all C*® functions R — R with a compact support.
For ¢ € N, we denote by A, the set of all functions ¢ € D(R) with the following
properties:

o0 (o]
/ p(t)dt =1, / tho(t)dt =0, k=1,2,...,q.
—o0 —o0
Furthermore, £[R] is the set of all functions R : A; x R — R such that R(yp,.) €
C®™ for every ¢ € A;.
For R e E[R], ¢ € A1, t € R and k € NU {0}, we define
a*
DkR(QO7 t) = a—t'i;R((pa t)‘

(In particular, DoR(p,t) = R(yp,t).) Furthermore, if ¢ € D(R) and € > 0, then
e € D(R) is defined by

1 [t
t) = — - teR.
pe(t) = o (6> , tE€
R € £(R) is said to be moderate, if for every compact subset K of R and every
k € NU{0} there is N € N with the following property: for every ¢ € Ay there
are C > 0 and €9 > 0 such that

sup |DpR(p.,t)| < Ce™™ for all € € (0, €0).
teK

The set of all moderate elements of £[R] is denoted by Em[R].

By I' we denote the set of functions a : N - R* which are increasing and
such that lim;_,o a(g) = co. Furthermore, we define an ideal N[R] in & u[R]
as follows: R € N[R] if for every compact subset K of R and every k € NU {0}
there are N € N and a € T with the property: for every ¢ > N and ¢ € A,
there are C > 0 and €g > 0 such that

sup | DeR(pe,t)| < Ce* DN if ¢ € (0,60)-
teK
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The algebra G(R) (the Colombeau algebra) is defined as the quotient algebra

of Ey[R] with respect to N[R], i.e.
m(R]
GR) = NE]

Its elements are called generalized functions. For R € Ep[R], the corresponding
class G € G(R) (i.e. G = R+ NR]) is denoted by [R]. Vice versa, if G € G(R),
then its representative in £a/[R] is usually denoted by Rg. If Gy = [Rg,] € G(R)
and G2 = [Rg,] € G(R), then we define G1G> := [Rg, Rg,] (This definition does
not depend on the choice of R; and Rs.)

& is the set of the functions mapping A; into R and &£y is the set of all
moderate elements of &, i.e.

Ev = {R € & : thereis N € N such that for every ¢ € Ay there are
C >0, 7o > 0 such that |R(p.)| < Ce™" for e € (0,m0)}

The ideal A of &y, is defined by

N ={Re€ & : there are N € N, a € T such that for any ¢ > N, p € A,
there are C' > 0, 79 > 0 such that |R(g.)| < Ce*@~N for e € (0,7m0)}

and

— Eu
R=2="
N

It is known that R is an algebra, while it is not a field. The elements of R are
called generalized real numbers.

If R € Eu[R] and G = [R] € G(R), then for any ¢t € R the map ¥V : ¢ —
R(p,t) € R is defined on A; and belongs to £y. Furthermore, Y depends
only on G and t and we denote it by G(t). We say that G(t) is the value of
the generalized function G at the point t. G € G(R) is said to be a constant
generalized function on R if it admits a representative R(yp,t) which does not
depend on ¢t. With any Z € R we associate a constant generalized function
Z € G(R) which admits Rz(p,t) = Z(p) as its representative.

Throughout the paper [0,T] stands for the compact interval 0 < t < T.
For a given matrix M with elements from R, its transpose is denoted by M7,
Finally, for z € C*°(R) and n € {0,1,2,3} we put

n
IDnzllx = max [Dnz(t)] and |lz]|x,n = }:0 IDsz|| ¢
1=
We say that z € G(R) is a solution of the equation (1.1) if there is 7 € N[R]
such that for any representative R, of x the relations

£y (Ry)(t) — Re(st) = n(p, 1), (2.1)
where
£y(Rs)(t) == DsRqy(p,t) + Ry, (0,8) D2 Re(,t) + Ry, (p,1) D1 Re (9, 1)
+ Ropy (0, 1) Ra(p,) (2.2)

are satisfied for all ¢ € A; and t € R.
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3 Main results

In this section we will formulate several theorems on the existence and unique-
ness of the solutions to the problems (1.1), (1.2;) To this aim we will need the
following hypotheses:

Hypothesis (Ho) For every compact subset K of R containing 0 there is
N € N such that for every ¢ € An there are C > 0 and gy > 0 such that

t
sup l/ |Rp; (e, s)|ds| < C for € € (0,e0) and i = 1,2,3.
tek 1 Jo

Hypothesis (H;) There is N € N such that for every ¢ € Ay there exist g9
and v > 0 such that for all € € (0,¢¢) the condition

a;j Ioc(p1,p2,p3) <1 -7

is satisfied with

T
Toc (p1,p2,3) =/0 (1Rp: (9, )] + | Bpy (9e, )] + [ Bps (e, 1))t (3.1)

and

TGVE-1)+T+1 ifj=1lorj=2,
aj; = (32)

4 T+1 if j = 3.

Hypothesis (Gj) There is N € N such that for every ¢ € Ay there exist €
and v > 0 such that for all € € (0,&0) the condition

bj st S 1- Y h
is satisfied with
1 ifj=1,
if j =2, (3.35)
T (55— 11) if j = 3.

!

T
Tie= [ 1Ryy 0l and b=
0

We will also deal with the associated homogeneous problems
Lz)(t) =0, Lj(z)=0, i=1,2,3 (3.45)

Theorem 3.1 Let j € {1,2,3}. Assume that (Ho) is true and that x = 0 is the
only solution of (3.4;). Then the problem (1.1), (1.2;) has a unique solution in

G(R) for any q € G(R) and any (dy,d2,ds)” € R

Remark 3.2 The generalized function Rs(p,t) = ¢(t), ¢ € A;, satisfies (Hp).
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Remark 3.3 Under the assumption (Ho), the initial value problem (1.1),
z(to) = ro, z'(to) = 71, x"(to) = 7o, has for every to € R, ¢ € G(R) and
r = (ro,71,m2)7 € R a unique solution y € G(R). Moreover, it can be expres-

sed in the form
T =coto + 191 + coPr + Q, (35)

where for i € {0,1,2}, ¥; is a solution of the initial value problem

L)) =0, v (te) =1, ¥P(t) =0, ke{0,1,2}\{i},  (36)

Q is a particular solution of the equation (1.1) and ¢, ¢; and ¢ € R. Moreover,
z is the class of solutions R, of the problems

etP(Rz)(t) = Rq((p7 t)) p e Al’
Rﬂl((pa tO) = Rro((p)7 DlRl(‘pa tO) = Rn (QD), Dsz(Lp, tO) = er((p)a @Y € Al?
where £,(z)(t) is defined by (2.2). For the proofs, see [11, Theorem 3.3].

Theorem 3.4 Let the assumptions of Theorem 3.1 be satisfied and let ¢ € G(R)
and d; € R, ¢ = 1,2,3. Then the problem
lo. (2)(t) = Ry(pe,t), Lji(2) = Ra(pe), i=1,23, p€ Ay,  (3.7)

has for any N € N sufficiently large and any € > 0 sufficiently small ezactly one
solution z = z,,. If, in addition, we define z,(t) = 0 on R for the remaining
p €A and

R(p,t) = 2,(t) for (p,t) € A x R,
then R € Em[R] and x = [R] is a solution of the problem (1.1), (1.2;).

Theorem 3.5 Let j € {1,2,3} and let (Ho) and (H;) be satisfied. Then the
problem (3.4;) has in G(R) only the trivial solution z = 0.

Theorem 3.6 Let j € {1,2,3} and let (Hy) and (G;) be satisfied. Then the
problem '

" (t) +p; )z () =0, z(0)==z(T)=2'(T)=0 3.8;
has in G(R) only the trivial solution z = 0. :

Remark 3.7 If

T? _ bsp(t)
by =—(BVv5-11) <1 A, tER,
3= (Vo-11) <1, Rylpt) = T e P e e

and p3 = [Ry,], then ps3 verifies the assumptions of Theorem 3.6 for j = 3.

Theorem 3.8 Let (Hy) be true. Furthermore, assume that p3 admits a repre-
sentative Ry, with the following property: there is N € N such that for every
@ € An there exist 9 > 0 such that

Ry, (pe,t) >0 for allt € [0,T] and € € (0,¢0).
Then the problem (3.83) has only the trivial solution in G(R).
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4 Proofs

Proof of Thorem 3.1

Let to € R, let Q be an arbitrary particular solution of (1.1) and let 1,
i =0,1,2, be solutions of (3.6). Using [11, Theorem 3.3] (see Remark 3.3) and
inserting (3.5) into (1.2;), we get that z € G(R) is a solution to (1.1), (1.2;) if

and only if  is given by (3.5), where ¢ = (c1,¢a,¢3)7 € R’ satisfies the following

system of linear algebraic equations in R
Hgyc=b, (4.1)
where
Hijy = (LiW0")) imass b= (b1,b2,89)7, bi=di = Li(@Q), i=123.
Similarly, y € G(R) is a solution to (3.4;) if and only if y = 1€ + 12C2 + 13Cs,
where ¢ = (¢1,¢,¢3)7 € R’ satisfies the corresponding homogeneous system
Hi;c=0 (4.2)

Under our assumptions (4.2) has only the trivial solution. Furthermore, by

[12, Theorem 3.1], (4.1) has a unique solution for any b € R’ and this completes
the proof of Theorem 3.1. O

Remark 4.1 Notice that under the assumptions of Theorem 3.1, det(H;)) is
invertible element of R (see [13, Corollary of Theorem 51]).

Proof of Theorem 3.4
Let to € R, and let Ry, (¢, t), 2 = 0, 1,2, be solutions of the family of initial
value problems for ordinary differential equations

1if r =1,
etpe (R¢i) =0, Rd}E:—ll)(ﬂoe,tO) = {0 i r 75 i @Y e A1, €>0. (43)

Then, every solution z,, of (3.7) can be expressed in the form

2o, (t) = c1(epe) Ry, (pes t) + c2(pc) Ry, (e, 1) + c3(pe) Ry, (e, t) + Q(‘PE(a t) )
4.4
with ¢i(¢:) € Rfori =1,2,3,

Q(pe,t) = W_l(ﬂoeas)U(t: 8)Rq(¢e, s)ds, (4.5)

to

U(t» 3) = Rlﬁo (Soeat) D31(5) + R¢1 (‘pmt) D32(3) + sz (‘peat) D33(3)a

W (pe,t) = exp(—— At Ry, (cps,s)ds>, (4.6)
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and

D31(s) = Ry, (e, 8)Ryy (e, s) — w1 (P, 8) Ry, (e, 8),

D33(s) = Ry (e, 8) Ry, (e, s )— 0(<p5,s)R¢2(aps,s) (4.7)

D33(3) R'I’o (‘pm S)va ((PE, ) Rz/jo (<P67 S)le (‘Pea )
Inserting (4.4) into the boundary conditions in (3.7) we obtain that z,, will
verify (3.7) for a given ¢ € A; and € > 0 if and only if

Agj) () elpe) = by (pe) (4.8)
is true, where
Agy(pe) = (Lji(Ry,_, (¢, 1)) =123,
and
by(#e) = (Rays(92) = Lis(Q(pe, 1)) 1)

Now, since we assume that (3.4;) has only the trivial solution, it follows that
det H(j is an invertible element of R. From this we can deduce that there is
N € N such that for every ¢ € Ay there are C' > 0 and €9 > 0 such that

| det A(jy(e)| > Cel, foralle € (0,e0). (4.9)

This means that for ¢ € Aq, ¢ > N and € € (0,¢0) the problem (3.7) has exactly
one solution z,,, which is given by (4.4), where

cilipe) = (det Ay (p)) ™" det AGyalps), i=1,2,3,  (4.10)

and A(j),i(¢<) denotes the matrix obtained from A;)(¢:) by replacing its i-th
column by b;)(p.). Now, if we extend the definition of ¢; on the whole A; by
setting c;(¢) = 0 in the cases that det A(;) () =0, we get ¢; € Ey[R],7=1,2,3.
Similarly, for ¢ € A; such that det A¢j)(¢) = 0 put 2,(t) =0 on R. It is known
(cf. [11]), that
Ry, (p,t) € Em[R] forr=0,1,2.
Now, define
R(p,t) := 2z,(t) for (p,t) € A1 x R.

Then R € Eu[R] whefrom the proof of Theorem 3.4 already follows. a

In the proof of Theorem 3.5 we will make use oi the Green functions G;(t, s),
j =1,2,3, of the bouridary value problems

"'=0, Lji(z)=Lj(x) = Ljs(z) =0,

which are respectively defined by the following presciptions:

G(t S) {32%1’"1‘—4)2_%(3—02 if OStSsST
1\Y, =

411
e f0<s<t<T, -
l1_ s ;
Ga(t,s) = { 52( ST) f0<t<s<T, (4.12)
FA=s5) —st+ 12 if0<s<t<T.

and
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—is fo<t<s<T,
(t.s) = (4.13)

—st+1s® f0<s<t<T.

The properties of the functions G; needed later on are described by the
following lemma.

Lemma 4.2 Let j € {1,2,3}. Then

9G;
sup |Gj(t,s)| = ajo, sup #(t,s)‘ =aj1, (4.14)
t,s€[0,T) t,sefo,1)! Ot
02G(t, s)
sup |—3—| =1,
t,sE[O,T]‘ ot
where )
= L(5v5-11) forj=1,2,
0=
! T; forj=3
and

% for3=1,2,
a1 = .
T forj=23.

Remark 4.3 Notice that

a0 = az = |G1(T — $0,50)| = |G2(s0,T — s0)],
where 1
so=5(-T+ V5T).

o= = |26 (0. 5)] - 2 (e )]

a0 = 1G(@T) and  an = |22 (7,0)]

Similarly,

Proof of Theorem 3.5
Let j € {1,2,3} be given and let = [R;] be a solution of (3.4;). Then

g‘P(RZ) = UJ(W’t) a’nd LJl(Rl‘) :ﬁ]1(¢)7 l = 172737 4 € Ala
where 7; € N[R] and 7;; € N, i = 1,2, 3. Hence

T
Ru(p,1) = - /0 G (t, 5)Ma(p, 5)ds + A; ()12 + Bj(@)t + Ci(p),  (4.15)

where

Ma: ((/’a 3) = —Rpl (<P, 3) Rz” (‘P, 5) - sz (‘P, 3) Rz’ (‘pa S)
— Ry, (10, 5) Ra(ep,8) — mj (0, 5) (4.16)
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and Aj, Bj, C; € N. In virtue of (4.15), (4.16), (H;) and Lemma 4.2 for
sufficiently small € > 0, sufficiently large n € N and ¢ € Ax we have

|1 Rz (e t)llo,7) < @jo Toe (P1,P2,P3) [| Rz (e, )0, 1,2

T
+010/0 nj (e, 8)ds + |4 (@)IT? + | B (pe)IT +Cj(pe)l,  (4.17)

| Rer (@e, )lljo, 11 < @jy Toe (P1, P2, 3) || Re (025 )|lj0, 1,2

T
+an / 105 (e, 8)1ds + 2|45 (o )IT + | B () BNREY

and
| Rz (@, t)ljo,7) < Lo (P1, P2, P3) | Re (e s t)lj0,77,2

T
+ / 10 (e ) ds + 2|45 (02, (4.19)
0

where Ioe (p1,p2,ps) are defined by (3.1).
Now, taking into account the relations (4.17)—(4.19), it follows that

1Rz (@e, t)lljo, 11,2 < Toe (P15 P25 P3) [| R (e, t)ljo, 71,2 + 1 ()

where 77 (p) € N. This means that there are C > 0, N1 € N and &o > 0 such
that .
1R (e, t)llj0,77,2 < Cae®@~M (4.20)

is true for ¢ > Ny, p € Ay and € € (0,e0). If to € (0,7'), then (4.20) implies that
Ry = (p,t0) € N for n = 0,1,2. On the other hand, z = R,(¢,1) is a solution
of

Lo (2) =mj(pe,t),  2(to) = Ra(pe,to),

Zl(to) =Ry (‘Psa tO)a Z”(tO) = Ry (4,05, tO)
on R. So, by virtue of Remark 3.3 and [11, Theorem 3.3] we obtain

Ry (p,t) € N[R] (4.21)
and this proves Theorem 3.5. ]
Proof of Theorem 3.6.

a) Let j =1 and let z = [R,] be a solution of (3.8;), i.e.
T
Re(pert) = = [ Ga(t.8) By (00,90 Ror5) = n(pe, ) ds
+ Ai(pe)t* + Bi(pe) + Ci(pe),

where G is defined by (4.11), n € N[R], Ay, By and C, € N. For some C > 0,
N € N and g9 > 0 we have

”Rz”(<pevt)”[0,T] .<_ 660‘((1)_1\[7 q Z Na "2 € A(n €€ (O,Eo).
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Since

t
R (e, 1) =/ Ry (pe,5)ds + Ry (e, T),
T

t
Ry(pe,t) = / Rur (2, 8)ds + Ra(9250),
0

R, (p,T) € N and R,(p,0) € N, R.(p,t) has properties (4.20) and (4.21),
which completes the proof of Theorem 3.6 for j = 1.

b) Let j =2 and let = = [R,] be a solution of (3.82), i.e.
Ry (pe,t) = —Rp, (e, ) Ror (e, t) +71(pe, 1),
and
Ro(:,0) = m(p:), Ralp:,T) =ma(pe), Ra(pe,T)=ms(pe),
where n € N[R], n; € N, i =1,2,3. Hence

T
Rz (905’ t) = /0 G2 (t7 S)(sz ((piﬁ 3) R.’E’ (‘péy S) - 7)(905; S) ds
+ ZZ (‘Ps)t‘z + F2 (pe)t + —0—2 (e)s (4.22)

where Gy is given by (4.12) and A (), B2(p) € N, C2(¢) € N. According to
(4.14) we have

”RZ' (‘pm t)“[O,T] < J2e(p2)5“Rz’ (‘Pev t)”[O,T] + M4 (905), (423)

where 94 € N. By (3.6) and (4.23) there are N € N, o > 0 and C > 0 such
that for ¢ > N, ¢ € A, and € € (0,¢€0)

| R (0, t)ljo, 7 < Cex@—N (4.24)

Applying the Schwarz inequality to the equality

t
Ro(pet) = / Ry (e, 8)ds + Ry(¢2,0)
0

we obtain that there are 5’1 >0, N; € Nand €; > 0 such that
| Re (e, t)ljo,r) < Cre®@ ™™ for all ¢ > Ny and € € (0,¢,). (4.25)

Similarly, the relations (4.22), (4.24) and (4.25) yield the existence of Cy >0,
N> € N and €2 > 0 such that

[|Rar (e )lljo,m < Cp eX(@ N2

is true for ¢ > Ny, ¢ € A, and € € (0,e2) and we see that R, has the property
(4.20), i.e. Ry € N[R], which completes the proof of Theorem 3.6 for j = 2.
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c) Assume j =.3, let z € G(R) be a solution of (3.83) and let there are
n € N[R], n; € N, i = 1,2,3, such that the relations

Ry (p,t) = —Rp, (0, 1) Re (0, t) + (e, 1),
R:(,0) =m(p), Ra(p,T) =m(p), Re(p,T)=mn3(p)

are satisfied for all ¢ € A;. Applying (4.15) with j = 3 and G3 given by (4.13)
we can see that

(4.26)

1Rz (e, t)ll0,1] < b3 J3e(p3) [|Re (e, t)ljo, 1) + n(e),

where n € N, ¢ > 0 is sufficiently small and b3 and J3. are defined by (3.33).
As in the proof of Theorem 3.4 we conclude that R, has property (4.21), which
completes the proof of Theorem 3.6. O

Proof of Theorem 3.8
As in the proof of Theorem 3.6, assume that there are n € N[R], n; € N,
i = 1,2,3, such that the relations (4.26) and

R:(0,0) = m(p), Ru(p,T) =m(p), Ra(p,T)=mn3(p) (4.27)

are true for all ¢ € A;. Any solution R, of (4.26) can be expressed in the form
(4.4), where Ry,, ¢ = 1,2,3, and @ are respectively defined by (4.3) and (4.5),
where R, is replaced by 7, ¢; € Em[R] for i = 1,2,3 and to = T. Consequently,
for ¢ € A;, we have

Ry (e, t) = c3(ipe) Ry, (e, t) + na(0e), (4.28)

where 74 € NR].
Now, we will prove that c; € N. Indeed, y = Ry, is a solution to

y" = =Ry, (pe,t)y, y(T)=y'(T)=0, y"(T)=1. (4.29)

Multliplying the differential equation in (4.29) by y and integrating-by-parts
from T to t, we get

t ¢ .
/ y"’(s) y(s)ds = —/ Rpa ((pe, S) y2(3)ds = y"(t) y(t) _y z(t).
T T

Thus,

y" () y( t) / Ry, (s)y*(s)ds >0 fort € [0,T). (4.30)

Hence, for ¢ € An, t € [0,T] and sufficiently small € > 0, we have

— )2 T (+ — )2
v =55+ [ R ayay TS
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By virtue of (4.27), (4.29), (4.30) and (4.31) we conclude that

y0) > 2 (432)

and

m (‘Ps) = Rz(‘PEa 0) = C3(()0€) y(O) + 774(‘/76)7 (433)

where 7y € N. Relations (4.32) and (4.33) imply that there are C1 > 0, N; € N
and €1 > 0 such that for ¢ > Ny, ¢ € Ay, and € € (0,e1) the following
inequality is true

T2
les(pe)l - < lea(pe)lly(0)] < G gl =N

i.e. c3 € N, which completes the proof of Theorem 3.8. O

9 Relations between Carathéodory’s and Colombeau’s
concepts of solutions of differential equations

In this section we denote the product of g; and g2 € G(R) in G(R) by g1 ©® g2. If
g1, 92 € C™, then their classical product g; g2 and the product g; ® g2 in G(R)
give rise to the same element of G(R). Hence we have the following assertion.

Theorem 5.1 Let j € {1,2,3},
pr,q € C®, r=123 di; €R, i=1,2,3. (5.1)

Furthermore, assume that the problem (1.1), (1.2;) hos a generalized solution
z1 € G(R) in the Colombeau sense and let the zero function be the only classical
solution of the problem (3.4;) Then the problem (1.1), (1.2;) has also a classical
solution x5 and x, and x, give rise to the same element of G(R).

Proof The existence of the classical solution x5 of (1.1), (1.2;) is evident. In
particular, we have

by, (Rzy)(t) = q(t) + n(pe,t),  Lji(Rey) = dji + nji(e), (5.2)
and .
U(z2) = q(t), Lji(z2) = dji, (5.3)
where ) € N[R], nji € N, ¢ € Ay and i = 1,2,3. Furthermore, for
Ry (e, t) = z2(t) — Ry (pe,t), p€ A1, t€R and i=1,2,3 (5.4)

we get
Z(Rz((péit)) = “U(‘Ps,t), Lji(Rm(.(pEat)) = —nji(SDE% (55)
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On the other hand, R;(ge,t) is given by (4.4) and (4.5), where R, is replaced
with 7. Taking into account (4.4), (4.6)—(4.9) and (5.5) we deduce that ¢, € N
for r = 1,2,3 and consequently

Ty — Rz; € N[R],

as well. This completes the proof of Theorem 5.1. m]

Remark 5.2 It is known that every distribution is moderate (see e.g. [3, Propo-
sition 2.2]). In general, the multiplication in G(R) does not coincide with the
usual multiplication of continuous functions (see [2]). As a consequence, so-
lutions of ordinary differential equations in the Carathéodory sense and in the
Colombeau sense are different (in general). To ”repair” the consistency problem
for multiplication we give the definition introduced by J. F. Colombeau in [2].

A generalized function u € G(R) is said to admit a member w € D'(R) as the
associated distribution, if it has a representative R, with the following property:
for every ¥ € D(R) there is N € N such that for every ¢ € Ay we have

(o 9]

lim Ru(ﬂoea t)¢(t)dt = ’U)(’(/))

e=0 J_

If f € Lioc(R), we define
Rie) = [ 1t +ulpldu=(fxo)0), ve A

Obviously Ry € Ep[R].

Theorem 5.3 Let j € {1,2,3}, pr € Lioc(R) for r = 1,2,3,4 and let the zero
function be the unique solution of the problem (3.4;) in the Carathéodory sense.
Let z denote the solution of the problem (1.1), (1.2;) in the Carathéodory sense.
Furthermore, assume that there exists a solution T of the problem (1.1), (1.2;)
generalized in the Colombeoau sense. Then T admits an associated distribution
which equals x.

Proof follows from the fact that p * ¢ — px and g * e — ¢ in Lioc(R)
as € = 0+ for £ = 1,2,3 and from the continuous dependence of x on the
coefficients p;, p2, ps and ¢. Indeed, let Ry,(@e,t), Ry, (¢e,t), Ry, (pe,t) be
solutions of the problems (4.3). Then for every ¢ € A; and r,i = 1,2,3, we

have
lim BTV (., 1) = "7V (1) (5.6)

Sy

almost uniformly on R. This yields

lim [det Aj| =g #0, g€k, (5.7)
for every ¢ € A;, det A(j)e is defined by (4.9). Let Rz(¢e,t) be a solution of
the equation (3.6) satisfying the conditions

Lji(Ry (e, t)) = dji, i=1,2,3. (5-8)
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Thus, by virtue of the relations (4.5)—(4.7), (4.10) and (5.6)—(5.8), for r = 1,2, 3
and for every fixed ¢ € A1, we get

lim Ry (e ) = (1)

almost uniformly on R and z is a solution of (1.1), (1.2;) in the Carathéodory
sense. On the other hand, T = [R,] is a generalized solution of (1.1), (1.2;) (we
put Ry (pe,t) = 0 if det A(j)e = 0). This proves Theorem 5.3. a

Remark 5.4 If p; € Li,c(R), then

Banloestl = | [ pr0ptts] < Ryt - [~ mitiioturau

< / 1P+ €2) — p(0)] () du,

—00
i.e. py satisfy (Ho).
Corollary 5.5 Letj € {1,2,3,}, pr € Lioc(R), r =1,2,3, and

(Z / ' Ipr(®)ldt) <1,

with a; given by (3.2).
Then the problem (3.4;) has only the trivial solution in the Carathéodory
sense.

Corollary 5.6 Let j € {1,2,3,}, pj € Lioc(R) and

T
bj/() |pj(t)|dt <1,

with b; given by (3.4;). Then the problem (3.8;) has only the trivial solution in
the Carathéodory sense.

Corollary 5.7 (cf.[8]) Letj € {1,2,3,}, pr € Lioc(R), r =1,2,3, and ps(t) >0
a.e. on [0,T]. Then the problem (3.83) has only the trivial solution in the
Carathéodory sense.

Remark 5.8 The concept of generalized solutions of ordinary differential equa-
tions can be considered also in other ways. See e.g. [4], [5], [6], [9], [10], [14],
[15], [16] or [17].

Remark 5.9 The definition of Colombeau generalized functions on a given
open subinterval of R is analogous to the definition used in this paper (see [2]).
It is not defficult to observe that if reformulated our assumptions (Ho), (H;) and
(G;) in a proper way, the results of this paper would remain true also in the
case when the generalized functions are considered on some open subinterval
(a,b) of R.
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