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On integral Witt equivalence of algebraic
number fields

ALFRED CZOGALA

Abstract. Two algebraic number fields K and L are said to be integrally Witt equivalent
if there exists a Witt ring isomorphism W(K) — W(L) mapping the Witt ring W (Ox)
of the ring of integers Ox of K onto the Witt ring W(Or) of the ring of integers OL
of L. The paper connects integral Witt equivalence with Hilbert-symbol equivalence of
number fields, and gives a complete classification of quadratic number fields with respect
to the integral Witt equivalence.

1991 Mathematics Subject Classification: Primary 11E81, Secondary 11E12

1 Introduction

The notion of the Witt ring of a field plays a central role in the algebraic theory
of quadratic forms. While asking for a description of the isomorphism type of the
Witt ring W(K) of a general field K as an exclusive question, asking for criteria
differentiating between nonisomorphic Witt rings turns out to be a menageable
problem. Two fields with isomorphic Witt rings are said to be Witt equivalent and
the problem consists in classifying fields with respect to Witt equivalence.

When K is an algebraic number field, there is another Witt ring to be considered,
the Witt ring W(Ok) of symmetric bilinear forms over the ring Ok of integers of
K. We call W(Ok) the integral Witt ring of K.

The extension of scalars yields the ring homomorphism W (Og) — W (K) which
is known to be injective (cf. [4, Cor.3.3]). For this reason we will view the integral
Witt ring of K as a subring of the Witt ring of K.

In this paper we consider Witt equivalent number fields K and L and the iso-
morphisms ¢ : W(K) — W(L) of their Witt rings inducing isomorphisms of their
integral Witt rings W(Og) and W(Op). If for fields K and L such an isomorphism
¢ of Witt rings exists, then we say that K and L are integrally Witt equivalent.
We will be even more restrictive and will consider only the so called strong isomor-
phisms of Witt rings, i.e., isomorphisms preserving the dimensions of anisotropic
forms. It follows from the Harrison’s Criterion (see [6]) that strong isomorphisms
of isomorphic Witt rings always exist.

In [6] there has been introduced the concept of a reciprocity equivalence of two
number fields as a necessary and sufficient condition for the fields to be Witt
equivalent. Following [9] and [2] we will use the name Hilbert-symbol equivalence
instead of reciprocity equivalence.



8 A. Czogala

Recall that two algebraic number fields K and L are said to be Hilbert-symbol
equivalent if there is a pair of maps (¢,7'), where

t:K/K?— LJL?
is a group isomorphism and
T:Q(K) — QL)

is a bijection of the set all primes of K onto the set of all primes of L, preserving
Hilbert symbols in the sense that

(a, b)p = (ta, th)pp

for all a,b € K/K? and P € Q(K). One of the main results in [6] (see also [8],
[9]) asserts that two global fields are Witt equivalent iff they are Hilbert-symbol
equivalent.

In this paper we give a necessary and sufficient condition for integral Witt equiv-
alence of number fields. The condition, called here the even-order-preserving
Hilbert-symbol equivalence (EOP-Hilbert-symbol equivalence, or EOP equivalence,
for short) is a special type of Hilbert-symbol equivalence defined as follows.

For a number field K we set

['X'el, ={z € K :ordpz =0 (mod 2) for every finite prime P of K }.

We say that a given Hilbert-symbol equivalence (¢, T') between two number fields
K and L is even-order-preserving, whenever

t(Key/K?) = Ley /L.
In Section 2 we prove the following result.
Theorem 1. Two algebraic number fields K and L are integrally Witt equivalent

if and only if they are EOP-Hilbert-symbol equivalent.

For a number field K, let o(K) be the set of all infinite and all dyadic primes of
K, and let Kp be the completion of K at the prime P.

The following theorem gives a finiteness condition for the integral Witt equivalence.
For a proof, see Section 3.

Theorem 2. Two number fields K and L are integrally Witt equivalent if and
only if there is a bijective map T : Qo(K). — Qo(L) and a group isomorphism
t: Key/K? — Ley/L? satisfying the following conditions:

1. P is infinite real iff TP is infinite real.
2. P is dyadic iff TP is dyadic; moreover [Kp : Q2] = [Lrp : Q1]
3. t(-1) = —-1.
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4. x is positive at P iff tx is positive at TP, for all z € K and all infinite real
primes P.

5. For every dyadic prime P of K, the map t induces a Hilbert-symbol preserv-
ing group isomorphism

t: ]{m [\p/]\']“; —3 Lo L']‘})/L%ﬂp.

Theorem 2 allows us to give a complete classification of quadratic number fields
with respect to integral Witt equivalence (EOP-Hilbert-symbol equivalence).

For a number field K, we write g(K') for the number of dyadic primes of K, r(K)
for the number of real embeddings of K, N(K) for the norm group of the extension
K/Q, l(K) for the number of distinct prime divisors of the discriminant of K.
Theorem 3. Let K and L be quadratic number fields and let P and @ be arbitrary
dyadic prime ideals in K and L, respectively. The fields K and L are integrally
Witt equivalent if and only if the following nine conditions are satisfied:

~l1eK? & —1€l2
r(K) = r(L).

9(K) =g(L). _
) —lek} < 1€l

0)
)
)
)
V) I(K)=1(L).
)
)
)
)

I

—_— e~ T
)

(
(1
(

o~ —

V) —leN(K) < —1¢eN(L).

2 is prime in K or 2 € [IN(K)| <= 2 is prime in L or 2 € |[N(L)|.
If —1¢ N(K), then —2€ N(K) <= —2¢€ N(L).

Ifg(K) =2 and — 1€ N(K), then (2, a)p = (2, d')g

==

(VII
(VII

where a, a’ are elements of Ke,, and L., , respectively, with negative norms.

Theorem 3 implies that there are infinitely many classes of integrally Witt equiva-
lent quadratic number fields because fields with distinct numbers of prime factors
of the discriminants are not integrally Witt equivalent. However, if we fix the
number of prime factors of the discriminant, then from Theorem 3 it follows that
there are at most 18 classes of integrally Witt equivalent quadratic number fields
with the given number of prime factors of the discriminant. For example, the fol-
lowing fields Q(\/(_l), d=—1,-2,-7,2,17,41, represent quadratic number fields
with exactly one prime factor of the discriminant.

The integral Witt equivalence of fields K and L is a sufficient condition for the
existence of a strong isomorphism of Witt rings W(Ok) — W(Or). Unfortunately,
this condition is not necessary. We know from [5] that the integral Witt rings of
the fields (Q)(\/_) and Q(/7) are strongly isomorphic but, on other hand, these
fields are not integrally Witt equivalent, according to Theorem 3.
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EOP-Hilbert-symbol equivalence of number fields is closely related to tame
Hilbert-symbol equivalence. We recall the definition. Let P € Q(K) be any
finite prime. The Hilbert-symbol equivalence (¢,7') is said to be tame at P if

ordpa = ordrpta (mod 2)

for all a € K/K?. The equivalence (¢,T) is said to be tame when it is tame for all
finite primes of K.

It is clear that a tame equivalence is also an EOP equivalence. A preliminary
version of the paper [6] contained the proof of the fact that tame equivalence
implies integral Witt equivalence of number fields. This result has been omitted in
the printed version of the paper. We also remark that an analogue of Theorem 2
for Hilbert-symbol equivalence has been proved in [1, Theorem 3.1} and for tame
equivalence in [3, Theorem 2.1].

2 Hilbert-symbol equivalence versus integral
Witt equivalence

If K is an algebraic number field, then we have the Knebusch-Milnor exact se-
quence (cf. [4, p.93, 3.3, 3.4]):

0 — W(Ok) — W(K) 2 STW(Ep) — C(K)/C(K)? — 1
P

Here the sum runs over all finite primes of K, whereas K p and C(K) denote the
residue class field of the completion Kp of K at P and the ideal class group of K,
respectively. The additive group homomorphism § = dk is the direct sum of the
second residue class homomorphisms dp : W(K) — W (K p).

Although the homomorphism dp depends on the choice of the local uniformizer
at P, the kernel ker Op doesn’t depend on that choice. Hence the kernel of the
homomorphism Jdg doesn’t depend on the choices of local uniformizers. Through-
out the paper we will identify the ring W(Og) with the kernel of dg. Recalling
the definition we can say, that two algebraic number fields K and L are integrally
Witt equivalent iff there exists a strong isomorphism ¢ : W(K) — W(L) such
that ¢(ker Ox) = ker J.

In the proof of the Theorem 1 we use the following .

auxiliary facts from [7, Prop.2.4]. Let ¢ € W(K) and a € K. Then:

(1) ¢eW(0Ok) = disq € Ko,

(2) (a) e W(Ok) <= a€ Key.

PROOF OF THE THEOREM 1: (Necessity). Let ¢ be a strong isomorphism of Witt
rings of K and L such that ¢(W(Ok)) = W(OL). The isomorphism ¢ induces
canonically a Harrison map t, such that ¢((a)) = (tga) for all a € K/K?. From
[6] it follows that there exists a Hilbert-symbol equivalence (¢, T') from K to L
satisfying ¢t = t5. Now a € K., implies that ¢((a)) € W(OL), hence ta € L,,.
This proves that the equivalence (¢,T') is even-order-preserving. 0
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To prove the converse statement we need some auxiliary results. Lemmas 2.1, 2.2

and Proposition 2.1 have been reproduced from the unpublished preliminary 1989
version of [6].

Let (t, T') be a Hilbert-symbol equivalence of algebraic number fields K and L.
Pick a prime P of K. There exists a natural group epimorphism K/K2 — f{p/[{}%
whose kernel is ker; = {a € K/K?; (a, z)p = 1 forevery z € K/K?}. Consider
the diagram

kery, ——— K/K? —— Kp/K} — |

lf. ;tp

A

ker, —_— L/L2 LTP/L%p — ]

The map ¢ preserves Hilbert symbols, hence ¢ sends ker; to kery and we obtain
the following result.

Lemma 2.1. The map t induces a local Hilbert-symbol-preserving isomorphism

tp: I&’p/]\’lz;» —_— LTP/L%p.

From the above lemma and Harrison’s Criterion (see [6]) it follows that ¢ induces

a global Witt ring isomorphism ¢ = ¢; and a local Witt ring isomorphism ¢p
making the following diagram commute

W(K) —— W(Kp)

l¢ l ép
w(L) ——— W(Lrp)

The horizontal arrows are the canonical ring homomorphisms and the vertical
arrows are ring isomorphisms mapping the class of (a) to the class of (ta) (resp.

(tpa)).

Lemma 2.2. If the Hilbert-symbol equivalence (t, T') is tame at P, then there

ezists an isomorphism ¢p : W(Kp) — W(Lrp) such that the following diagram
15 commutative

W(K) — W(Kp) o, w(

l ¢ l ép
orp

w(L) —— W(Lrp) —— W(Lrp)

=

P)

-—
S|
-

(with appropriate choices of the uniformizers).

PrOOF: Assume that the finite prime P is non-dyadic. Choose a local prime
square class 7 € Kp /K3, that is, the square class of a local uniformizing parameter
at P. From the congruence ordp 7 = ordrp tpm (mod 2) it follows that tpm is
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a local prime class in LTP/L%P. We choose the prime class tpm in LTp/L%P to
define the map drp. '

The map 9p is a left inverse to the injection jp : W(Kp) — W/(Kp) mapping
(@1, .., Uy in W(Kp) to (muy, ..., Tu,) in W(Kp). We define $P = Orpodpojp.
Then ¢p produces the desired commutative diagram.

Now consider a dyadic prime P. Then TP is also dyadic (see [6]), and the Witt
rings of the residue class fields are isomorphic to Z/27Z. The second residue class
homomorphism becomes 9dp(¢q) = ordp(disq) (mod 2). In this case we define
¢p = id to be the identity map. Since tp preserves orders modulo 2, this produces
the necessary commutative diagram. ]

Corollary 2.1. Assume that the Hilbert-symbol equivalence (t, T) is tame at P
and ¢ € W(K). Then dp(q) =0 iff Orp(q)=0. O

Proposition 2.1. If the Hilbert-symbol equivalence (t, T) of K and L is tame,
then the integral Witt rings W(Ok) and W(Oy) are isomorphic and ideal class
groups modulo squares C(K)/C(K)? and C(L)/C(L)? are isomorphic.

Proor: It suffices to consider the following commutative diagram obtained from
Knebusch-Milnor sequences and Lemma 2.2:

0 — W(Ok) — W(h K S pW(Lrp) — C(K)/C(K)? — 1

|¢ '$
0— W(O0L) — W(L) —> S pW(Lrp) — C(L)/C(L)? —1
Here ¢ =3 pép. O

Proposition 2.2. If P is a finite non-dyadic prime of K with -1 ¢ I.x”%, then the
Hilbert-symbol equivalence (t, T') is tame at P.

Proor: From [6] it follows that the prime T'P of L is finite and non-dyadic and
—1 is not a local square at T'P. The quadratic extensions Kp(y/—1)/Kp and
Lyp(v/—1)/Lrp are unramified. Then we have

(—1, a)p = (__l)ordpa and (_L ta)TP - (;l)ordTpta

for every a € K. Now the equality of Hilbert symbols (—1, a)p = (=1, ta)rp
proves that the equivalence (¢, T') is tame at P. ]

ProoF oF THEOREM 1: (Sufficiency). Let (¢, T) be an EOP-Hilbert-symbol
equivalence between K and L, and ¢ = ¢; be the Witt ring homomorphism induced
by t. Consider ¢ € W(Ok) and assume that ¢ is anisotropic over K. Then
disq € K, implies dis ¢q € Le,.

Now we show that drp(dq) = 0 for all finite primes P of K.
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(1) First consider a dyadic prime P. Then TP is also dyadic, and the Witt
ring of the residue class field Lyp is isomorphic to 7/27. The second residue
homomorphism Opp yields

Orp(dq) = ordpp(dis¢g) mod 2 =0

(2) If P is nondyadic with —1 ¢ I{',Q’, then from Cor. 2.3 and Prop. 2.2 it follows
that a'pp((ﬁ (]) = 0.

(3) Finally consider a finite non-dyadic prime P at which —1 is a local square. If
q=01in W(Kp), then drp(¢q) = 0.

Now suppose that ¢ # 0 in W(Kp). Let ¢ = (a1, ..., a,). The square class group
of K'p consists of 4 elements, hence after renumbering ay, ..., a, (if necessary) we
have the following decomposition over K

qg="{ay, ..., ag) L (aggr, argo) L {an_1, an),

where 1 <k < 4, the square classes of ay, ..., ax are pairwise distinct in lx"p/l.{:f)
and a; = a;4; mod K% fori=k+1,k+3 ....,n—1.
The form q; = (ay, ..., ax) is anisotropic over K'p and all {(a;, a;41) are hyperbolic

over Kp. Thus we can decompose the form ¢ over K into the sum ¢ = ¢; L ¢o,
where ¢; and g9 are anisotropic and hyperbolic over Kp, respectively (of course,
dimg < 4). It is clear that dp(q2) = 0, and this implies dp(q;) = 0. Analyz-
ing the anisotropic forms over K lying in the kernel of the second residue class
homomorphism we deduce that ¢; can be written as (a), (b) or (a,b), where
a,b € K are P—adic units modulo squares and a € Ii’%, b ¢ ]\IZ> We also have
the decomposition ¢g = ¢q1 L ¢go over the field L. Moreover, ¢g; and ¢qy are
anisotropic and hyperbolic over Lpp, respectively. Thus dis(¢q2) is a local square
at T'P. Hence ordyp(disgq,) is even. When ¢ is a one-dimensional form, we get
drp(pg1) = 0. If ¢1 = (a, b), then ¢q, = (ta, tb). Because ordpptath is even and
(ta, th)rp = ((1, I))p =1, we get (')Tp(rf)(“) = 0.

In both cases we have drp(pq) = drp(dq1) = 0.

Now consider the EQOP-Hilbert-symbol equivalence (! T~'), and let 1 be the
Witt ring isomorphism induced by ¢~!'.  From the above it follows that
(W (OL)) C W(Og). As aresult we get (W (Ok)) = W(Oy,). m]

3 Integral Witt equivalence

In this section we prove the characterization of the integral Witt equivalence given
in Theorem 2. According to Theorem 1, we can switch to even-order-preserving
Hilbert-symbol equivalence. We begin with introducing some notation. For a
number field K let K} denote the set of totally positive elements of K and let

Kyg={x € Kep: z € K} foreveryprime P € Qo(K)}.

We write p = p(K) for the 2-rank of the ideal class group C'(K) of K, o = o(K)
for the 2-rank of the subgroup of C'(K’) generated by the classes of dyadic ideals
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of K and ¢ = ¢(K) for the number of infinite complex primes of K. According to
[3] we have
dimp, Ko /K% =r4c+p,

dimp, K_W/I'{2 =p-—o.

Proposition 3.1. Let (1,T) be an EOP-Hilbert-symbol equivalence between K
and L. Then t induces the following group isomorphisms.

(a) KeyNKy/K22 Loy N Ly/L%

(b) Kyo/K?= Ly, /L2

Proor: . This follows from [6]. (i

Clearly EOP equivalence preserves all those properties of fields which are preserved
by a plain Hilbert-symbol equivalence (the degree over (), the number of real
embeddings, the number of dyadic primes, etc; cf. [6]). Now we apply Prop.3.1
to show that an EOP equivalence preserves some additional arithmetic properties
of fields.

Corollary 3.1. If K and L are EOP-Hilbert-symbol equivalent, then
(1) the ideal class groups of K and L have the same 2-ranks;
(i1) the narrow ideal class groups of K and L have the same 2-ranks;
(111) the subgroups of ideal class groups of K and L generated by the classes of
dyadic ideals have the same 2-ranks.

Proor: (i) and (ii1) follow from Prop. 3.1. If K is a number field and p(K) denotes
2-rank of the narrow ideal class group of K, then [4] states that the order of the
group K., N Ky /K? is equal to 2°9)5(K). Thus (ii) follows from Prop.3.1. O O

PROOF OF THEOREM 2: (Necessity.) Let (¢, T') be an EOP-Hilbert-symbol equiv-
alence between K and L. Restricting T to Qo(K) and t to K., /K? we obtain the
maps { and T" as stated in Theorem 2. Then, according to [6], (1) - (5) are satisfied.
]

In the proof of the sufficiency part of Theorem 2 we use the concept of a small
equivalence (cf. [6]). According to [6] we say that a finite set S of primes of K
is sufficiently large when S contains all infinite and dyadic primes, and when the
class number 1% (K) of the ring of S—integers of K is odd. We write Uk (S) for
the group of S-units of K. The S-unit square class group Uk (S)/Uk (5)? will be
identified with its image under the natural embedding Ug (S)/Uk (S)2 — K/K?2.
The following statement follows from [6, Lemma 5].

If S is a sufficiently large set of primes of K, then a square class a in K/K2 is
represented by an S-unit iff ordpa =0 (mod 2) for every finite P € Q(K) \ S.

Corollary 3.2. If S is a sufficiently large set of primes of K, then the group
Koo/ K? is a subgroup of Uk (S)/Uk (S)?.
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Let S be a sufficiently large set of primes of K and consider the direct product of
the groups Kp/K% over all P € S,

G(S) = [[ kr/K3.
PesS

The Lemma 5 in [6] states that the map i, : Uk (S)/Uk(S)? —> G(S) which
maps the square class of y € K to the tuple (y, ..., y) where the P—th coordinate
represents the image of the global square class y in Kp/K3, is injective.

In the sequel we use the same symbol for ¢ € K and its canonical image in K /K?.
We will do the same with cosets of K modulo some other subgroups of K.

ProoFr oF THEOREM: 2. (Sufficiency.) Let ¢ and T' denote maps satisfying the
conditions (1) — (5) in Theorem 2. We first observe that K and L have the same
degree over Q and r(K) =r(L), c¢(K)=c(L), 9(K) = g(L). Thus p(K) = p(L).
From (4) and (5) it follows that ¢ induces the isomorphism K,q/K? = L,,/L%.
Therefore we have o(K) = o(L). Writem =p—0, n=r+c+o. Let {a;,...,an}
and {b1,... b} be bases for K¢, /K4 and K,q/K?, resp., where we choose b; =
—1 whenever —1 € I{sq\li'z. Then the set Bx = {ai1,...,an,b1,...,bn} is a basis
for Kev/Kz and the set By, = {tay, ..., tan,tb1,...,tby} is a basis for LeU/LZ, and
moreover, {tay, ..., ta,} isa basisfor Le, /Lyg, {tb1,...,tby} isabasis for Ly,/L?
and thy = —1 whenever —1 € L4\ L2,

We pick up non-dyadic prime ideals Q1,...,@m in K and Ry,..., Ry in L such

that
b,’ _ tb,‘ _ 1 X _ tx -1
<Qi> B (R,~> o (Q,-> - (Ri) -
for each z € B\ {b;}, i =1,2,...,m.
From [3, Lemma 2.6] it follows that the sets of primes
S =Q(K)U{Q1,...,@m} and " = Qo(L) U{Ry,..., Ry} are sufficiently large
in K and L, respe(nvely Thus the groups I\e,,/[\ and Leu/L2 are subgroups
of Uk (. )/UK( 5)% and Up(S")/UL(S")?, respectively. We extend T to a map T :
b' — S’ by putting T(Q;) = Ri. Then our choice of Q;, R; implies that ¢ induces
a group isomorphism

tPIKEUKp/K}% — LeULTp/L%p

for each P € {Q1,...,Qm}

From [3, Lemma 2.9] it follows that, for P € S, the group isomorphism tp can
be extended to a group 1somorph1sm tp : IxP/KP — LTP/LTP in a symbol
preserving way. In this situation, the pair S, S’ is called a suitable pair for K and
L, according to [1].

Let 75 be the product of isomorphisms tp for P € S. We have the following
diagram
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| ——— Uk(9)/Uk(S)? ——s G(5)

TS

| —— UL(S)UL(S)? —— ()

According to [1] we put
Hs = {a € Uk (S)/Uk (5)%; ro0i () €is/(UL(S")/UL(S)?)},
Hs = i3 oTs ois(Hs),
dss: = dimp, Uk (S)/Uk (S)*/Hs.

We have 15 0is(a) = is:(ta) for each a € ]'(M/]'\»z_ Therefore the groups I'{M,/K2
and LeU/LZ are subgroups of Hg and Hg/, respectively. By the Obstruction-
Killing Lemma (see [1]), there exists a suitable pair 57,S5] for K and L with
S C 51, S C St and dssr < ds,s:. An analysis of the proof of [1, Obstruction-
Killing Lemma] shows that

TS, © 2'51 ((l) = 1'5{ (t(l)

for each a € [.{gv/ll{z.

Indeed, in the proof Sy = S U{P} and 51 = S’ U{P{} where P, and Pj are
suitably chosen primes in K and L, respectively. Moreover, it follows from the
proof that each element of Hg is a local square at P; and each element of Hg: is
a local square at P{. Thus putting

G(S) = G(S) x Kp, [Kp, . G(S)) = G(S") x Lp /L
and
Ts, = Ts X tp,,

we have
75, 015, (a) = 75, (is(a), 1) = (15 o is(a), 1) = (is:(ta), 1) = is! (ta)

for all a € Ko, /K2.
Continuing the process (at most dgs/ times) we obtain a suitable pair Sq, S’ for
K and L such that
Hs, = Uk (S4)/Uk (Sa)°
and

TSq4 Oigd((l) = l.szl(t(l)

for all a € K,,/K?.
Now we put t = i§,1 oTs,0tg,. Then we have the following commutative diagram
d
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Uk (Sq)/Uk (Sq)? ————  ((Sq)
{ ‘ TSa
Up (S UL(S))? ——————  G(S))

and moreover fa = ta for every a € [.(m,/]'\"z.

In this situation we say that there is a small Sy-equivalence between K and L.
From [6] it follows that the Sg-equivalence can be extended to a Hilbert-symbol
equivalence of K and L which is tame outside 4. The equivalence is even-order-
preserving. This proves Theorem 2. 0

4 Integral Witt equivalence of quadratic number
fields

In this section we prove Theorem 3. As in the previous section we use Theorem
| to replace integral Witt equivalence by even-order-preserving Hilbert-symbol
equivalence. From [6] it follows that the field )(v/=1) constitutes a singleton
class of Hilbert-symbol equivalence. Thus in this section we assume that K and
L are quadratic fields distinct from Q(v/=1).

The proof of Theorem 3 will be based on some properties of the following groups:
Kew/K? Key/KewNKy and Ko, N K,/ K7

Assume that K = Q(V/d), where d is a square-free integer # 1. Let {p1,...,pi}
be the pairwise distinct prime divisors of the discriminant of K; we agree that
p1 = 2, whenever d =3 (mod 4). The order of the group K., N Ky /K? is equal
to 2°=1 and one of the sets

{=Lp,...,pi-1} if d<0,

{p],...,pl_l} if d>0,

forms a basis for Ke, N K4 /K2, (cf. [4]). From [3, Prop.3.3] it follows that the
2-rank o (K') of the subgroup of the ideal class group of K generated by the classes
of dyadic ideals is equal to 0 when 2 is prime in K or 2 € |[N(K)|, and is equal to
1 otherwise.

The Gauss Genus Theory states that the 2-rank p(K) of the 1deal class group of
K is equal to ! — 1 when K is non-real or —1 € N(K), and is equal to [ — 2 when
K is real and —1 ¢ N(K).

Lemma4.1. Let K = Q(v/d) be a real quadratic field with —1 ¢ N(K), o(K) =0
and let P be arbitrarily chosen dyadic prime in K. Then
~1€ (Kew NK4)KE/KE iff =2 € N(K).

Proor: From —1 ¢ N(K) it follows that there is a prime divisor p of the dis-
criminant of K congruent to 3 or 7 mod 8. If p=7 (mod 8), then —p is a local
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square at P. If p =3 (mod 8), then 2 ¢ N(K). It follows that 2 is prime in
K (i.e,d=5 (mod 8)). Thus —p is a square in the field Kp = Q5(V/d).

Now assume that —2 € N(K). Then every prime divisor of d is congruent to 1,
2 or 3 mod 8. Therefore d = 1,2,3,6 (mod 8). Moreover, a =1,2,3,6 (mod 8)
and da = 1,2,3,6 (mod 8) for each a € K¢, N K4. This proves that —a ¢ K2
for each element a of K, N K. o

If K is non-real, then K¢, = KeyNK4. If K isreal, then the group Key/KeoNK 4+
is 2-element with basis {—1}, or is 4-element with basis {—1,a} depending on
whether —1 € N(K) or —1 € N(K), where a is an element of K with negative
norm.

PROOF OF THEOREM 3: Assume that (¢, T) is an EOP-Hilbert-symbol equivalence
between K and L. The conditions (0) — (III) are consequences of Hilbert-symbol
equivalence of K and L (cf. [6]).
The condition (IV) follows from Prop. 3.1.
The map ¢ induces a group isomorphism Key/Key N K4 = Ley/Ley N Ly hence
(V) holds.
Corollary 3.1 and Gauss Genus Theory imply the condition (IV).
The condition (VI) follows from Cor. 3.1.
From Theorem 2 and Prop. 3.1 it follows that the map ¢ induces a group isomor-
phism

(Key NKp)Kp/K3 2= (Loy N Ly)Lop/L3p

for every dyadic prime P. Since T'P is dyadic, (VII) follows from Lemma 4.1.
Now we prove (VIII). First we show that the Hilbert symbols in question do not
depend on the choice of elements a and a’ and on the choice of dyadic primes P, Q.
Let a be an element of K with negative norm. Then N(a) € —(Q? and

(2, "’)P = (27 ﬁ)f’ = (21 _a)F' = (27 (l)p

(here P is the conjugate ideal of P and @ is the conjugate element of a). The
assumptions in (VIII) imply that every prime factor p of the discriminant of K is
congruent to 1 mod 8. Hence K¢, N Ky = Kyy. If @) is any element of K., with
negative norm, then *aja € K., N Ky. Thus ¢y = %a in fx"p/[i'}z,. This implies
the equality of the Hilbert symbols

(2, a1)p = (2, £a)p = (2, a)p.

To prove (VIII) we can assume that TP = @ since, as we have already shown, the
Hilbert symbols in question do not depend on the choice of dyadic primes. Let a
be an element of K, with negative norm. The Prop. 3.1 implies that the element
ta of Le, has negative norm. The above yields that without loss of generality we
can assume a’ = ta. Thus we get

(2, a)p = (2, ta)rp = (2, d')q
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Now we prove the sufficiency of (0) - (VIII) ibr K and L to be EOP equivalent.
Thus, we assume that A' and L satisfy (0) - (VIII), and we construct two maps T
and t satisfying the hypothesis of Theorem 2.

If —1 (E N(K) we define T to be an arbitrary bijection that sends infinite real
primes and dyadic primes of K onto infinite redl primes and dyadic primes of L.
respectively.

Now assume that —1 £ N(K). First we choose elements a and a of Ke and
Le, resp., with negative norms. We write Pogy Poo, *™* Qoo Qoo, '° the two
infinite real primes of A and L, respectively. We can assume that a is positive at
Pnoi and negative at POQ, and sirnilarly that a' is positive at Qog and negative at
Qoo,- We put rPoo, = Qoo, and 7\Poo, = Qooy>

Hg(K) — i and P, Q are the unique dyadic primes in /| and L, respectively, then
we put TP — Q.

Let ~(/f) = 2 and let P, P and Q, Q' be distinct dyadic primes of K and L,
respectively. By Hilbert reciprocity (—1, a)p/ = —(—1, a)p and (—1, a)g' =
-(—1, (INQ. Wecan assume (— 1, a)p — (—1, a*g = 1, Then we put TP — Q and
TP' — Q. The elements a and a chosen above will be uSed in the construction
oit.

The isomorphism t will be defined on a suitably chosen basis of the group Ke / K.
We construct this basis in the samé way as the basis in the proof of [3, Thm 1].
We use the isomorphism

Ka/K? = KofKey O K+ 0 Ko N K+/Kg 0 Kgfl<*

The conditions (I) - (VII) irnply that the orders of the direct surnmands are equal
to the orders of the corresponding direct surnmands in the decomposition

Le/L> ~ Levilev H Ly O Lo n L+/lgg O Lyl

First we define t on Kg/K% Let {6i,...,6p} and {6i,...,6") be bases for
Kg/K? and Lg/L?% where & = 6 = — 1, whenever —1 E A's;. Then we put
i6j =6 for7— 1,2,...,m.

The group Kao/Ke, D A+ is non-trivial only when /i is red and has basis { — 1}
when -1 £ AMA", and {-1,a} when -1 e A'(A"). We put /(-1) = -1 and
ta—a"

Now we choose a basis P of /ie;, O K+/Kg. We consider two cases depending
on the number of dyadic primes.

Part I. g(K) — 1. The group A’ fi K+/Kg is canonically isornorphic to (A'ey O

K. )KI/ki.
11 If A is non-real, the group A'y, O K+/Ky has a basis {v} or {v, 4} depending
on whether a(K) is equal 0 or I. In both cases we can assume that v — -T,

whenever —1 is not locally a square at P.

12. When -1 £ N(K), the group Ke, D K+/Kg is nontrivial only if cr(A) = 1
and it has order 2. Let {u} be a basis of Ko C\ K+/Kg in the nontrivial case.
The Hilbert reciprocity implies that ( —1, d)p — (—1, —a)p — —1, thus { —I,a}
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are independent in K’p/f(}?;. Moreover (—1, u)p = (a, u)p = 1, hence —1, a, u
are independent in Kp/[i’,%, if o(K) = 1.

I.3. Now assume that K is real and —1 ¢ N(K). The group Ke, N K+/qu has
a basis {v} if 0(K) = 0, and {v,u} if ¢(K) = 1. If ¢(K) = 1, then the subspace
of the dyadic unit square class group Up/U% (with the Hilbert symbol as inner
product) generated by —1, u, v is totally isotropic, hence —1, u, v are dependent
in Kp/f{}%. Thus we can assume that v € —K% whenever —1 is not a square at P.
When o(K) = 0, the Lemma 4.1 guarantees that we can assume v € —K% when
~2¢ N(K) and =1 ¢ K%, and v ¢ —K?} in the remaining cases.

Part II. g(K) = 2. In this case o(K) = 0iff 2 € |[N(K)
II.1. Assume that K is non-real. When 2 ¢ N(K), there is a prime divisor p of
the discriminant of K congruent to 3 or 5 mod 8.

Take py = £p="5 (mod 8). Thus K¢y N K4 /K,q has the basis {—1} or {—1,p;}
depending on whether 2 € N(K) or 2 € N(K), respectively.

I1.2. Assume that K is real and —1 ¢ N(K). Then there exists a prime divisor
p of the discriminant of K congruent to 3 or 7 mod 8. When 2 ¢ |N(K)| there
exists a divisor ¢ of the discriminant of K congruent to 5 mod 8. We choose
p1 = p or pg, whichever satisfies py = 7 (mod 8). Then {p1,¢} is a basis of
the group Koy N Ky/Ksq. When 2 € N(K) or =2 € N(K) we find a basis {p;}
of Key N K4 /Ksq, where py is congruent to 7 mod 8 when 2 € N(K) and p; is
congruent to 3 mod 8 when —2 € N(K).

I1.3. Now assume that —1 € N(K). The group K., N K} /K4 is nontrivial when
2 ¢ N(K). In this case we choose a basis {p} of K¢, N Ky/K,q, where p =5
(mod 8). The equality (—1, a)p = 1 implies that a is equal to 1 or 5 in the group
Kp/K%. In the case when 2 ¢ N(K), by replacing a with pa, if necessary, we get
a=1in Kp/K% (thena=—1in Kp//K2,). in case 2 € N(K) we have a equal
tolorbin I‘&'p/f{f; depending on whether the Hilbert symbol (2, a)p is equal to
1 or —1, respectively.

Analogously we construct a basis By, of the group Ley N L1 /Lsq and we define the
mapping ¢ by assigning elements of Bg to corresponding elements of By. This
definition guarantees that ¢ induces the group isomorphism

KeKp/K% — LeyLrp/Lip,

for every dyadic prime P. Moreover, in the case g(K) = 2, it follows immediately
from the construction that t preserves the Hilbert symbols for dyadic primes. And
in the case g(K) = 1, it follows from the construction that ¢ preserves the Hilbert
symbols for all infinite primes and all non-dyadic primes. The Hilbert symbols for
dyadic primes are equal by Hilbert reciprocity (cf. [3]). 0O
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