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Quadratic Extensions of Quintic Fields of signature

3.1

Schehrazad Selmane

Abstract. This paper enumerates number fields of degree ten having discrim-
inant less than 4 - 10'! and containing a quintic field of signature (3,1). It
considers coincidences of discriminants and other interesting aspects of these
fields.

In a supplementary section, we give examples of the first coincidence of
discriminant of a maximum number of non-isomorphic fields with the same
discriminant for each signature.

1. introduction

We enumerate all number fields of degree ten of discriminant smaller than 4 - 10!
in absolute value containing quintic fields having three real places. To establish
such lists we have constructed all quadratic relative extensions of quintic fields, of
signature (3, 1) and of discriminant smaller than 632391 in absolute value, using the
number-geometric methods. For each one of the 2570 (resp. 12224, 14844, 4658)
found number fields of signature (0,5) (resp. (2,4), (4,3), (6,2)) of discriminant
smaller than 4 - 10!! in absolute value, the field discriminant, the quintic field dis-
criminant, a polynomial defining the relative quadratic extension, the corresponding
relative discriminant, the corresponding polynomial over @, and the Galois group
of the Galois closure are given. We examined, in detail, the existence of several
non-isomorphic fields, of composite fields, of unramified extensions as well as other
characteristics.

Finally, in a supplementary section, we give for each signature of degree ten
number fields containing a quintic field of signature (3, 1) having a fixed class num-
ber and narrow class number, the first coincidence of discriminant with a maximum
number of non-isomorphic fields with the same discriminant, with a value of the
discriminant out of the originally chosen bound.
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If L is a number field of degree n, we denote by ¥, its ring of integers, by
dy, its discriminant and by hy (resp. h} ) its class number (resp. narrow class
number). For 8 € L, we denote the corresponding conjugates by g1, ..., 8™ and
set Ty(B) = 3.0 | |82

2. The method

To define a number field it is sufficient to give an irreducible polynomial a root
of which is a primitive element of the field. We will show how to construct such
polynomials using methods of the geometry of numbers which allowed us to find
bounds for the coefficients of the searched polynomials.

Let K be a number field of degree [K : Q] = 10, of signature (r,s) and of
discriminant dg such that |dy| < 4-10'! containing a quintic field ' having three
real places. Theorem 2.8 of J. Martinet [3] asserts the existence of an integer 6 € K,
6 ¢ F such that

e K=F()
e Min(6,F)=Pz)=x2+ar+be Ipz)
1
10 2 Lo 2 ldk] \®
® ()2 « = 2
S0P < 55 P + (1) M

where o; (1 <1 < 5) denote the distinct Q-isomorphisms of F into C. Moreover
the signature of K must be compatible with that of F, namely, s > 2.

To construct all polynomials P a root of which generates one of the searched
fields K over F, we will work in the field F.

As the discriminants of K and F are related by

(2) dg = (=1)* - d} - Npyo(Sx/r),

where g/ is the relative discriminant of K over F', we must consider all quintic

fields whose discriminant satisfy |dp| < 2- 10% (all used quintic fields were taken
in the tables of F. Diaz y Diaz, M. Pohst and A. Schwartz [2]). We assume that the
discriminant dp and an integral basis W = {wy = 1,w,,...,ws} of F are already
known and let g be the minimal polynomial of g, where F = Q(p).

Choice of a

As inequality (1) remains valid by translation by an element of ¥z, we only
have to make o run through a system of representatives of ¥ modulo 29p, and
therefore only 32 values should be considered for a :

a= Zle z;w; withz; € {0,1} fori =1,..,5.

The running time for the computation of the possible b's, for a fixed value

of a, strongly depends upon the size of the real constant k = %Z?:l loi(a)]? +
1

(10” ]dp|"l) " . Let us show that the coefficient a can be chosen such that « is

minimal.
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Indeed, as inequality (1) remains valid if we exchange 6 by 8+~ for an arbitrary
v € JF, and as 6 + v is also a generator of the extension K/F, then if we set
B =-Trk/r(8 +7) = a— 2y and represent it by means of the basis W of F as

5
B = Zﬁiwiv

=1
then T2(8) becomes a positive definite quadratic form
qB)=p-A-p
in the coefficients 8, ..., 85 (¢ = (Bi,...,Bs)), where A = B-B7 and B is the matrix

whose (1, 7) entry is wf”. Moreover there exists at least one choice of v which makes

T>(B) minimal.
To obtain such an integer v, we start by computing the coefficients of the real

5
symmetric matrix A = (m; ;) (m,j =3 wﬁ*’@;‘*) 1<i,j< 5) of the qua-
k=1

dratic form g, then we decompose the matrix A into a sum of squares by Cholesky’s
method [4]

2
5 5
Q(ﬁ)=zmu Bi + Z mqﬂj)
=1

J=i+1
finally, we make f3, ..., A5 run through the integer values for which ¢(8) < & and for
which the relationship 8 = a (mod 29F) is satisfied. We shall attach to a the
value of B for which ¢(8) is minimal and we shall set C = %Z?:] loi(a)|® +

(10ll ldpr‘)% .

Remark 2.1. The choice of a is independent of the signature of K, it is also inde-
pendent of the chosen bound, it depends only on the field F.

Choice of b
Once a convenient value of a is determined, we evaluate the possible values of
b from the inequality

5
S leits2)l? < €?
i=1
which comes from inequality (1) and the inequality

5
3" loi(s2)] < T2(6)
=1

5
where s, denotes the second relative symmetric function. As Y- |oi(s2)|? is just the
i=1
quadratic form g(y) in the variables y, ...,ys (¥ = (1, ..., ¥s)) where we represented

5
s by means of the basis W in the form s; = Y y;w;. Then, as we have already

i=
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computed the coeflicients matrix A and decomposed it into a sum of squares, we

compute all y € Z° subject to ¢(y) < C? and such that s; = e®?mod29r. Thus we
obtain the set of suitable values for b = (a? — s2)/2.

For each of the polynomials constructed, we computed the conjugates of the
polynomial discriminant A = a® — 4b, on the one hand to determine the signature
of the field K and on the other hand to eliminate polynomials having too large
value of T5(#) by checking whether the inequality

5
So1at <2 (10 |dF|")
i=1

10 5
is fulfilled since T5(6) = 3 |02 = 1 3~ (Ja@] + |AM)]).

As the polynomial I; ils irreduciblel, ;t remains us to compute the discriminant
dk to see whether K lies within the limits of the search. The determination of the
relative discriminant allows us to obtain the value of dg directly. For each value
of dg such that |dg| < 4-10'" we found several polynomials. To determine sets
of polynomials generating isomorphic fields we used the function OrderIsSubfield
implemented in KANT-Kash [1].

1
5

3. Description of results

In this section, we describe our experiences provided by the computation and we
give several tables illustrating some of the obtained results.

In Table 1, we present the number of fields that were constructed, the smallest
discriminant, and the number of discriminants for which there are exactly k£ non-
isomorphic fields having the same discriminant.

The number nb of fields K containing, in addition to the quintic field F, the
quadratic field L and the number nb, of composite fields K (K = F-L and FNL =
Q) are given in Table 2.

In Table 3 we present the number nb of fields having discriminant of the form
m! (1 > 2); for i > 3 the values of discriminants are given.

Proposition 18. For each quintic field F of signature (3,1), of discriminant less
than 2-10% in absolute value, having class number 1 and narrow class number 2
(resp. class number 2) there ezists a relative quadratic eztension K/F of absolute
discriminant di = d} and signature (2,4) (resp. (6,2)).

(hr h})  Number of quintic fields Number of unramified eztensions

(6,2) (2,4)
1,2) 1140 0 1140
(2,2) 28 28 0
(2,4) 8 8 0

Proposition 19. For ecach quintic field F of signature (3,1) and of discriminant
dp such that |dp| < 19015 in which 2 remains inert there exists 6 (resp. 6, 2,
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1) non-isomorphic fields K of signature (2,4) (resp. (4,3), (0,5), (6,2)) and of
discriminant di = (—1)* - 210 d%..

Remark 3.1. The polynomials f defining the fields K, in proposition 3.2, are even
and the corresponding f(z":!‘) are just the polynomials defining the quintic subfields.

TABLE 1
signature (6,2) (4,3) (2,4) (0, 5)
number of fields 2570 12224 14844 4658
dx minimal 15417264029 | —3120654523 | 836077225 | —379908823
k Number of k non-isomorphic fields
2 98 1484 1763 204
3 3 249 249 6
4 3 30 50 2
5 - 8 5 -
6 - 41 42 -
7 - 2 1 -
8 - 1 1 -
12 - 3 3 -
TABLE 2
(6,2)
dr 5 8 13 17 29
nb | 38 5 1 2 1
nby | 14 - - — -
(0,5)
dp | -3 | -4 {-7|-11{-19
nb | 376 | 196 | 28 6 2
nb; | 89 | 31 1 — -
TABLE 3
(r, ) | (0,5) [ 29 ] (4,3) T (6,2)
ml
nb_| 409 [ o ] 818 [ 175
’"1,3
nb 2 2 1 1

dx | —117865222327 | 71421719949 | —399826899863 | 218275947261
—399826899863 | 71421719949

md
nb 1 0 1 [ 1

I 1 [
dx | —256992219136 | - | —256992219136 | 256992219136

4. Supplement

Although Hermite showed that the set of isomorphism classes of number fields of
given discriminant is finite, however, for a fixed degree and signature, the maximum
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number of non-isomorphic fields with the same discriminant is not known generally.
We especially are interested in the determination of a maximum number of number
fields of degree ten having a given discriminant containing a quintic field of signature
(3,1) having a fixed class number and narrow class number. With the chosen bound
S = 4-10'"" we have obtained up to 12 non-isomorphic fields for the signatures
(4,3) and (2,4) as a maximum number of non-isomorphic fields with the same
discriminant. The obtained 12 non-isomorphic fields have a value of discriminant
of the form
[dg| = 210 pfs d%

where p is a prime number such that pdy = H::_l p¢ with N(p;) = p/* and where
2 remains inert in the quintic field F.

In the table below, we give, for each possible value of (hp, h,,t), the number of
fields of the first coincidence of discriminant.

Number of Fields with the same Discriminant dy = 21 p.d%

(hp b} Tdr P 0,5 149 @3 162 |
(1,10 7367 277 10 29 30 10
(1,2) —39231 173 12 28 28 12
(2,2) -550151 709 12 36 36 12
(2,4) —936823 137 16 32 32 16

To obtain such number of non-isomorphic fields, we looked for the first prime
number which splits completely in a quintic field of discriminant |dp| < 10° where
2 remains inert and such that p - d% is as small as possible.

Notice that the maximum number 7 of non-isomorphic fields with the same
discriminant 2'° - p - d% is obtained with the signature (r,s) such that |r — 3| = 1.
For the corresponding signature, namely (6 — r, %r + 2) we obtain 3 (4 < 7) non-
isomorphic fields. Moreover, it is not necessary to do the computation for the
determination of polynomials defining the # non-isomorphic fields with the same
discriminant of signature (6 — r, %T + 2). Indeed, if we denote by

fi(x) = 2% 4 a2 +a22® + a2t + ez’ vas (i=1,..,7)
the n non-isomorphic fields with the same discriminant of discriminant |dg| =
2'9. p. d%, then among the n polynomials g; (1 <i <7)

gi(z) = 2'° — ay2® + apz® — azz® + ayz? - as

S polynomials define non-isomorphic number fields with the same discriminant of
signature (6 —r, 37 +2) and discriminant |dx| = 2'°-p-d} and (n — 8) polynomials
define non-isomorphic fields with the same discriminant of signature (6 —r, i +2)
and discriminant |dg| = p- d%. Moreover f,v(x%) and the corresponding gl(x%) are
just the polynomials defining the quintic subfield F.

We summarize below results given in papers [6], [7] and the present one
(L.B.O : denotes the Odlyzko lower bound for |dx|*/*° [8)).
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Quadratic £xtensions of Quintic Fields

(r,8) (10,0) (8,1) (6,2)
(r1, s1) (5,0) (5,0) (5,0 (3,1)
chosen bound 1077 107 107 410"
number of fields 313 2845 7579 2570
dx minimal | 443952558373 | —70952789611 15417264029
|dx | 14.613 12.165 10. 442
LB.O 13.744 11.805 10.182
(r,s) (4,3) (2,4) (0,5)

(r1, s) (5,0 3.1 [(G,00] 3,1 | (1,2) | 5,0)] (3,1) | (1,2)
chosen bound | 103 [ 4.10™ | 107 | 4.10™ | 10™ | 10" {4.10™ | 10"
number of fields | 7420 | 12224 | 3950 | 14844 | 18142 | 770 | 4658 | 21452

dyx minimal | —3120654523 799905449 209352647
|d |10 8.9007 7.7679 6.7934
LBO 8.824 7.685 6.730
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