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Č Á S T F Y S I K Á L N Í . 

An extension of the precise method of Kunzl and 
Koppel for determining the constants of a crystal 

grating. 
F. Bouchal and V. Dolejsek, Praha. 

(Recieved August 28, 1934.) 

Just as Kunzl and Koppel have derived and experimentally verified 
a new precise method for determining the constants of a crystal grating 
from the Pavelka's equation, we have applied the equation of Valouch and 
deduced from it a new precise method serving the same purpose. Thereby 
the scope of the Kunzl and Koppel's method has been greatly enlarged. 
Another advantage of the new method is that the same fictive values of 
the grating constant are derived, as it is done using directly the Bragg's 
law, but with greater accuracy. 

Some time ago, Kunzl and Koppel1) have worked out a new 
method for the precise determination of the constants of crystal 
grating which in some cases yields better results than other precise 
methods. The, principle of it — firstly used by Pavelka2) and 
Valouch3) —- consists in measuring the difference between two 
glancing angles instead of measuring the glancing angle itself, as 
it is usually done. Let us denote by <pmifJt the glancing angle corre
sponding to the spectral line of the wave length 1^ in the mth order 
and by <pUtV the glancing angle belonging to the line of. the wave 
length Xv in the nth order. Then we have according to the simple 
Bragg's law 

m?^ = 2d sin (pmyfi, nXv = 2d sin (pUiV, 

and from it the following equation for the grating constant d may 
be deduced 

nkv sin H 
sin <pntV = —T = _, (1) 

2d ya2 _ 2a cos H + 1 
*) V. Kunzl and J . Koppel: C. R. 196 (1933), 787; 196 (1933) 940; 

Casopis 63 (1934), 109; Journ. de Phys. 5 (1934), 145. 
2 ) A. Pavelka: Bull, de l'Acad. de Sc. de Boheme 28 (1927), 442. 
8) M. A. Valouch: Bull, de l'Acad. de So. de Boheme 28 (1927), 31. 
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where 
mXџ , 

a = — — a n d x = (pmф — (pП}V. 

Pavelka has measured the angle x in two different orders but using 
the same spectral line (m 4= n, X^ = Xv), while Valouch's measure
ments were performed in the same order but with different lines 
(m = n, XM 4= Xv). 

Owing to the fact that the Bragg's equation does not hold 
exactly and the values of the grating constant d derived from it vary 
with the spectral order, both these methods yield only approximate 
values of d. Pavelka's method gives the values depending not 
only on m and n but also on X and Kunzl and Koppel4) have de
duced an equation enabling us to calculate from approximate 
values of d obtained by the Pavelka's method the true values of 
a grating constant. They have determined by this method the 
constant of the rhomboidal surface of a quartz crystal (1011) 
measuring the angles x in a way similar to the Siegbahn's precise 
method for determining glancing angles. In this connection we 
wish to point out t h a t with the Kunzl and Koppel's method it is 
possible to determine directly the true constant of a crystal grating, 
without a knowledge of the index of refraction of the X-rays and 
without the aid of the theory of Lorentz. 

Values of d obtained by the Valouch's method (m = n, XM 4= Xv) 
depend only on n and are identical with the fictive grating con
stants dn derived from the Bragg's law 

nX = 2dn sin <p. m 

As we have shown elsewhere,5) they can be calculated directly from 
the measurements of the angle x by means of the equation 

4 - U ( * ^ ' + ( A ± i \ 7 . ,2, 
[\ sin \x J \ cos \x J J 

The true grating constant d^ is given by the known relation 
dn = £?« 

/ . 4cJ-«,3\ 

The equation (2) affords us a new possibility of precise deter
mination of constants of crystal grating. The precision of this new 
method may be seen from measurements made by us on the rhom
boidal surface of a quartz crystal. The results of these measurements 
are given in Tables 1 and 2; Table 1 contains the measurements 

*) V. Kunzl and J. Koppel: Casopis 68 (1934), 109; Journ. d. Phys. 5 
(1934), 145. 
. , ») F.;B6Uchal and V. DolejSek: C. R. 199 (1934), 1054. 
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Table 1. 

(ÎPlştв Л m m [ . e oc- X 1 Л x" ^18 « 1 8 m i d d l e 

ľ - 8 ' 0,68323 13' 02,2" 2° 49 ' 30,0" 1° 18' 13,5" 0,V' Г 18' 13,6" 
11 1 0,62698 I V 57,8" 2° 24 ' 14,6" 1° 18' 06,2" 0,1" 1° 18' 06,3" ' 

: 13 0^65273 12' 27,2" 2° 24 ' 54,4" 1° 18' 10,8" 0,2" 1° 18' 11,0" 
14 0,64888 12 '22,9" 2° 24 ' 07,1" V 18' 15,0" 0,2" 1° 18' 15,2" 
15 1,09765 2 0 ' 55,7" 2° 15' 24,3" 1° 18' 10,0" 0,2" 1° 18' 10,2" 
1 9 : 1,12812 2 V 3 1 , 3 " 2° 14 ' 40,0" 1° 18' 05,7" 0,1" 1° 18' 05,8" 

! 21 2,81391 53 ' 40,7" 1° 42' 34,0" 1° 18' 07,5" 0,1" 1° 18' 07,6" 
1 22 0,29452 5' 37,8" 2° 42' 06,0" .1° 18' 14,1" 0,2" V 18' 14,3" 

f 23 0,70308 13 '24 ,9" 2° 4 9 ' 55,0" Г 18' 15,0" 0,1" 1° 18' 15,1" 
1° 18' 11,0" 
± 0,9" 

U 0,78524 14 ' 58,9" 2° 5 V 27,9" V 18' 14,5" 0,1" 1° 18' 14,6" 

1° 18' 11,0" 
± 0,9" 

26 0,41440 7' 54,4" 2° 28 ' 28,0" V 1 8 ' H , 2 " 0,2" V 18' 11,4" 
29 0,38693 7 У 2 ,0" 2° 28 ' 51,4" • 1° 18' 07,2" 0,3" 1° 18' 07,5" 
30 0,55272 10 ' 32,7" 2° 46' 52,9" V 1 8 ' 1 0 , 1 " 0,2" 1° 18' 10,3" 

[-' 31 " 0,54455 10 ' 23,4" 2° 46 ' 45,2" V 18' 10,9" 0,2" 1° 18' 11,1" 

Table 2. 

ľІPlate | Л m m є (X X Лx" X18 xlв m i d d l e 

1- 62 0,53976 10 ' 17" 5° 28 ' 55,4" 2° 4 9 ' 36,2" 0,3" 2° 49 ' 41,5" 
Ь 63 0,61460 I V 44" 5° 27' 58,0" 2° 4 9 ' 51,0" 0,3" 2° 4 9 ' 51,3" 
- 64-' 0,5463 1 0 ' 2 5 " 5° 28 ' 59,8" 2° 4 9 ' 42,4" 0,3" 2° 4 9 ' 42,7" 

65 .- 0,7098 13' 32? 5° 25 ' 55,-2" 2° 4 9 ' 43,6" 0,3" 2° 4 9 ' 43,9" 
„ 66 0,75796 1 4 ' 2 8 " 5° 25' 12,0" 2° 4 9 ' 50,0" 0,3" 2° 4 9 ' 50,3" 
£-.67 .' 0,49797 .9' 30" 5° 29' 55,0" * 2° 4 9 ' 42,5" 0,3" 2° 4 9 ' 42,8" 
|\*tá ř- 0,7357 14' 02" ! 5° 2 5 ' 1 3 , 4 " 2° 4 9 ' 37,7" 0,3" 2° 4 9 ' 38,0" 
k 6 9 " 0,5222 ^9'58" 5° 29 ' 40,0" 2° 4 9 ' 49,0" 0,3" 2° 4 9 ' 49,3" 

b 70 - 0,7820 í :: ï ł r 55* - 5° 2 4 ' 3 5 , 2 " :- 2° 4 9 ' 4 5 , 1 " • 0,3" 2° 4 9 ' 45,4" 2° 4 9 ' 45,9" 
± . 1 , 6 " 

[ Г . . 1 1 • 0,49727 >.; Џ'Ж 5° 30 ' 07,0" 2° 4 9 ' 48,0" 0,2" 2° 4 9 ' 48,2" 

2° 4 9 ' 45,9" 
± . 1 , 6 " 

FЛ2-\ 0,72096 «^ïfr'íâ*-: . 5° 25'49,4" 2° 4 9 ' 46,2" 0,3" 2° 4 9 ' 46,5" 
Г 73 • 0,5253 ; U W tì2"i 5° 29'45,0" 2° 4 9 ' 53,5" 0,3" 2° 4 9 ' 53,8" 

74 ' 0 ,77096 c v ią '43" Г 24 ' 35,4" 2° 4 9 ' 39,2" 0,3" 2° 4 9 ' 39,5" 
75 0,5177 9 ' 5 3 " 5° 29 ' 46,0" 2° 49' 49,5" 1 0,3" 2° 4 9 ' 4 9 3 " 



n the first order, Table 2 those in the second order. In the first 
columns the numbers of the plates are given, in the second we 
have noted the differences A between both lines measured on the 
plates in millimeters, in the third the corresponding values e 
in degrees, in the^ fourth the values oc of the angles measured on 
the scale of the spectrometer, the relation between £, oc and x 
being given by the equation 

* = i(<* + £)-
The values of x thus obtained and corrected to temperature of 18°C 
are given in the following columns. The last column contains the 
middle value of x1B. For these measurements the following waves 
have been chosen: 

Cu Kx± X =.= 1537,395 X. U. 
Cu Kfix X = 1389,3 X. U. 

Values of the constants of quartz crystal grating calculated from 
these results by means of equation (2) are in good agreement 
with those found by Kunzl and Koppel as it is shown below: 

Bouchal-Dole j Sek Kunzl-Koppel 
dx = 3336,11 X. U. dt = 3336,09 X. U. 
d2 = 3336,46 X. U. d2 = 3336,49 X. U. 
d«> = 3336,62 X. U. dm = 3336,63 X. U. 

There are some special advantages in the measurement of 
crystal grating according to oud new method. The errors due to 
the displacement of the crystal caused by lack of adjustment or by 
temperature changes, or due to the displacement of the centre of 
gravity of spectral lines are eliminated to a much greater extent 
than in the method of measuring directly the glancing angles. They 
are ehminated even more than in the Kunzl and Koppel's method. 

The insignificance of the error due to a possible displacement 
of the reflecting stjrface can be seen from the following. We have 
purposely displaced the quartz crystal by 0,1 mm from the posi
tion i n which it had been fixed during the mentioned measure
ments, though such a big displacement cannot occur in a precise 
work. The deviation d of the angle H caused by the displacement x 
can be calculated by the equation 

. 4# (Xv + Xp) sin2 \x 
~~~T [{K — Xrf eoi* i* + (K + Xrf sin2 -J*]*' 

where r denotes the radius of curvature of the spectrograph. The 
deviations d from the values x contained in Tables 1 and 2 calcu* 
lated for r =-= 180,17 mtn} % =- 0,1 mm are given in the sixth column 
of̂  Table 3. The con^sponding measured differences between the 

m * 



Table 3. 
)rder Lines xx 

I Cu (K*! — Kßг) 
I I C u ( K Л l — Кft) 

1° 18' 11,0" 
2° 49'45,9" 

x* Лx — x —x% ô Л (p 

1° 18' 10,3" 0,7" 
2° 49' 43,6" 2,3" 

0,57" 112' 
2,47" 103' 

angles x (the third column) and the angles «* with a displaced 
crystal (the fourth column) are in the fifth column. The last column 
of Table 3 contains the corresponding deviations of the glancing 
angles cp. A comparison shows t h a t deviations of the angles x due 
to the displacement of the crystal are decidedly insignificant, 
when compared with deviations of the glancing angles. I n the same 
way it can be easily seen t h a t deviations of the angles x due to 
temperature changes are considerably less than those of the 
angles 99 under the same conditions. 

b u r method can also be applied for determining the accuracy 
of adjustment. Thus for instance Siegbahn and Dolejsek6) have 
obtained for the constant of the prism surface of quartz grating 
in the first order 

dx = 4246,64 X . U . , 

while Berquist7) using a new and very precise tubus spectrometer 
of Siegbahn has found 

dx = 4244,92 X. U. 

There is an unexpected difference between these values and it can 
be shown that it is due only to the displacement error in the Sieg
bahn and Dolejsek's measurements. They have determined the 
glancing angles for the K lines of Cu, Fe and Cr and obtained the 
following values: 

X 9̂ 18° c 

Cu Kx x 1537,30 10° 25' 39,7" 
Fe Kx x 1932,30 13° 8'56,1" 

• Cr K*! 2284,84 15° 36' 29,7". 

From them we can calculate the corresponding values of x in each 
case and with the help of equation (2) we get 

dx == 4244,26 X. U. 

This is in a fair agreement with the Berquist*s value for dx. There 
,is however one more point to consider: The values of the wave 

6 ) M. S i e g b a h n a n d V. Dolejsek: Zei tschr. f. P h y s . 1(T (1922), 159. 
7) o . B e r q u i s t : Zeitschr. f. P h y s . 66 (1930), 494. 
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lengths of Cu Kocx and Fe Ka^ used by Berquist are a little diffe
rent from those used by Siegbahn and Dolejsek. Taking it into 
consideration we obtain by equation (2) 

dx = 4244,92 X. U. 
This agrees within the limits of error of observation with the above 
mentioned Berquist's value. The accuracy of Berquist's measure
ments can be similarly controlled by our equation (2). 

When controlling the precision of some measurements with 
equation (2) we have to regard the following: In the case that the 
angles cpcu and (p$e have been measured each with a different 
adjustment or generally with different errors of crystal, the adjust
ment errors are not the same and cannot be eliminated. But even 
in this case, the difference between the results derived from equa
tion (2) and those derived from the equation where the glancing 
angle is used shows that there exists an error in the measurements. 
This condition is essential for the possibility of determining the 
angle x from two measured glancing angles q>, instead of directly 
measuring the angle x. We know from the data given by Siegbahn 
that the tubus spectrometer should be independent on adjustment 
and that in the vacuum spectrometer the possible accuracy of 
the adjustment of a crystal is about 0,001 mm or more. 

In the former case (Siegbahn-Dolejsek), where the adjustment 
was the same in all three cases (Cu, Fe, Cr), we can firstly deter
mine the adjustment error x by comparing the results calculated 
by equation (2) with those derived from the Bragg's equation. As 
a result we have found x = 0,018 mm. Of the two results, one 
obtained be equation (2) .and the other by the Bragg's equation, 
tjie former is nearly correct, in as much as in this case the adjust
ment error is practically eliminated, as shown in Table 3. 

By comparing the mentioned results with those obtained by 
Berquist with the tubus spectrometer, we see that the validity 
of our assertion is verified. By comparing the Berquist's results 
after equation ^2) with the results derived directly by the help 
of Bragg's Equation, we obtain two results which differ. This shows 
undisputably that there exists an error in the measurements. If 
it appeared from adjustment, the adjustment error should be 
0,004 mm. It cannot be verified if this error is due to an irregula
rity in the used crystal or to an error in the reading of the glancing 
angle or to same other errors. I t is certain that the difference of 
both results — equation (2) and Bragg's equation — can only be 
caused by the fact that different errors having influence on tjie 
measurements manifest themselves differently in both equations.. 

Our results prove that there are many possibilities for the 
improvement of the scope of the Kunzl and Kdppel's method. 

S8 



A new and analogous method for precisely measuring the wave 
lengths of emission lineš is being worked out by Mr. Inanananda 
in our laboratory. 

* 

Rozšíření precisní metody Kunzlovy-Koppelovy pro měření 
mřížkových konstant krystalu. 

( O b s a h p ř e d e š l é h o č l á n k u . ) 

Autoři užili rovnice Valouchovy a odvodili z ní novou 
metodu pro přesné určení mřížkových konstant krystalů podobně 
jako V. Kunzl a J . Kóppel vytvořili novou metodu na základě 
rovnice Pavelkovy. Stejně jako v metodě K. K. měří autoři rozdíl 
dvou úhlů sklonu. 

Místo měření rozdílu úhlů jedné linie ve dvou různých řádech 
měří rozdíl úhlů dvou linií různých vlnových délek v témže řádu. 
V tomto případě jednotlivé fiktivní mřížkové konstanty se rovnají 
mřížkovým fiktivním konstantám plynoucím přímo z Braggovy 
rovnice. Všechny výhody metody K. K. zůstávají při tom zacho
vány, jak autoři experimentálně dokázali měřením mřížkové 
konstanty rhomboedrické plochy křemene, pomocí vlnových 
délek Cu K ^ a K/^. Tuto mřížkovou konstantu měřili prvně K. 
a K. pomocí vlnové délky Cu K.ocx v prvém a druhém řádu. 

Příklad další možnosti použití této metody podali autoři 
srovnáním dřívějších měření prismatické plochy křemene metodou 
Siegbahnovou a přepočtením jich podle vzorce jimi udaného. Uká
zali tím, že užití jejich vzorce v daném případě ehminuje prakticky 
chybu justace krystalu. 

Srovnáním s novými hodnotami Berquistovými ukázali, že 
i tam, kde počítání podle jimi udaného vzorce nedá výsledek 
správnější, dovoluje srovnání výsledků počítaných pomocí něho 
a pomocí Braggovy rovnice kontrolu docílené přesnosti. 
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