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KYBERNETIKA —~ VOLUME 24 (1988), NUMBER 4

ON THE CONTINUOUS DEPENDENCE
OF TRAJECTORIES OF BILINEAR SYSTEMS
ON CONTROLS AND ITS APPLICATIONS

SERGEJ CELIKOVSKY

Special representation of dependence of trajectories of a bilinear time dependent system
on controls is obtained. On the basis of this representation an estimate for continuous dependence
of trajectories of a bilinear time dependent system with single input on controls is developed.
In the last section a numerical method for determination of optimal control in problems with
constant parameters and fixed time interval is suggested. This method is a modification of the well-
known gradient projection method and employs the developed estimate. IHustrative examples
are given.

1. INTRODUCTION

Let us consider the following control system:
(1 % = A(1)x + B(t)u(t) x + () u(t) + (1),
x(to) = xo, te[tpt] = R.

In the sequel, (1) will be called the bilinear time dependent system with single input
(BTDSSI). Here A(t), B(t) are (1 x n)-dimensional matrix-valued functions, (),
£(t) are functions with values in R". The scalar control (or input) u(t) is assumed
to be a measurabe function on every finite time interval [t,, #,] such that for given
real NUMbErs Upin, Upay U(t) € [Unmins Uy | almost everywhere (a.c.) on [to, 1;]. Such
a control will be called admissible. Finally, x € R" is the vector of state variables
and x, € R” is the given initial state of the system.

The aim of this contribution is twofold. First, to generalize the results of [3].
Second, to give some more elaborated examples of possible applications of this
kind of results. In [3] a time independent bilinear system was considered, namely,
the system (1) with A(f) = 4, B(t) = B, ¢(1) = ¢ and f(t) = 0. For this case'a re-
presentation of dependence of trajectories of system (1) on controls was obtained.
On the basis of this representation the following estimate for continuous dependence
of trajectories of system (1) on controls in certain norms was derived:

@ ,;[T:f:(,]“xl(t) = xo()]wn = K{é‘[’:a’f ]Ifié (ui(s) — uz(s)) ds| .
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Here x,(1) and x,(1) are solutions of the system (1) for controls u,(r) and u,(t),
respectively, K is a constant depending only on the parameters of system (1).

In this paper validity of the above facts is extended to the case of BTDSST under
some additional assumptions. Note that estimate (2) in fact establishes a Lipschitzian
dependence of the trajectories of BTDSSI on controls in norms max ||x(1)] - and

telta,t
max H:O u(or) dU.]. Estimates of type (2) are useful in order to study b;l]ilxear control
te[to,t)
s)[/sten]m as it was shown in [3].

In this contribution also a numerical method for searching the optimal control
of time independent bilinear systems is described, which is a modification of the well-
known gradient projection method. This modification is based on estimate (2) and
allows to obtain such an approximation of optimal control which has only two

values: u,;, and u,,, (although a very high number of switchings may occur).

min max

2. ANALYTICAL REPRESENTATION OF DEPENDENCE
OF TRAJECTORIES OF BTDSSI ON CONTROLS

Let us introduce the following notation

(3) w(t) = [, u(s)ds.
Let us remind that exp (F) (or ¢¥) denotes matrix-valued functions of an (1 x n)-
matrix argument F defined by:
; > F*
(4) f=exp(F) =Y —.
k=0 k!

Our aim in this section is to find a special representation of x(t), the solution of (1)
for a given u(1), which allows us to obtain the estimate (2). First we construct a special
representation for the fundamental matrix &(f) of system (1) and its inverse ¢~ ().
Let us recall that the fundamental matrix <1')(t) of system (1) is the solution of the
following matrix differential equation

) SX(0) = (40) + BO W) X, X(0o) = 1
and its inverse matrix @~ (1) is the solution of
©) C%Y(t) = ~Y(1) (A() + B)u(t)). ¥(io) =1,

where [ denotes the (n x n)-dimensional identity matrix.

We say that a matrix-valued function is integrable (absolutely continuous) if
each of its elements exhibits the appropriate property.

Throughout this paper it is assumed that B(t) is absolufely continuous and the
norm of its derivative is almost everywhere on [y, ;] bounded by a constant
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BPM,0 £ BP™ < c0. Moreover, it is assumed that for every ¢/, t” € [ 1, 1, | the matrices
B(") and B(1") commute, that is, B(t") B(t") = B(+") B(t'). This second requirement
is necessary in order to have possibility to represent the solution of the system
¥ = B()u(t) y, y(to) = vo, as y(t) = exp (fi, B(s) u(s) ds) yo. It is fulfilled, e.g.
when B(f) = g(t) B, where B is a certain matrix and g({) is a scalar function.

Theorem 1. Let us consider system (1), where B(¢) satisfies the above conditions
and A(r) is a function integrable on certain time interval [, #,]. Then we can repre-
sents the fundamental matrix of this system and its inverse on [, r1] as the sums
of the following infinite series:

(7)  o(t) = exp (i, B(s)us)ds) (I +k§1 flomer :;JI:Il{exp (—frerr=1 B(s) .

u(s)ds) Aty 1 - ;) exp (fis* =7 B(s) u(s) ds)} dr, ... d7})
and

6 0= 5 [ (- (2 86) ) 69 (- ACc).

-exp ([7 B(s)u(s) ds)} . dz; ... dz,) exp (—[i, B(s) u(s) ds) .

Proof. Let us consider the following sequence of matrix-valued functions of real
variable ¢ {®(£)}24:
®°(1) = exp ({7, B(s) u(s) ds),

dirqafﬂ(r) = B u(t) 07 (1) + AG) #0), B Mio) =1,

that is
() = exp ([t B(s) u(s) ds) (I + §i, exp (= §3, B(e) u(x) o) A(s) @Y(s) ds) ,
@) = exp (I, B)UE) )1+ 3 f (T ewp (=57 B ) ).
Aty - ) exp (Jiert- B(s) u(s) ds)) dr; ... dry) .
For the solution of (5) it holds clearly:
gb(z) = exp (I:o B(s) u(g) ds) + .l.;o exp (I: B(s) M(S) ds) A(S) (I)(s) ds.

”(piﬂ(t) _ ‘P(t)ﬂs < 3-:0 eBMup(t»s)AM"q,(s) _ (pi(s)”S ds

Hence

< 1 4 Yot = oolsas = LI max oty - 0%,

Here |+]|s denotes the spectral matrix norm,

M = PMurti=togM  pM . max |B(t)|s, AM = max [|4(1)]s.
te[to,t1] te[tg,11]

So we can see that in the spectral matrix norm the sequence {®%}{2, converges

to the solution of (5) as i tends to infinity. On the other hand, it is obvious that the
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series on the right hand side of (7) is just the limit of the sequence {&'} 7. Hence
representation (7) has been proved.

In the same way we can prove representation (8), the only difference is that the

appropriate sequence { @7 '} 2, is of the form:

@3 (t) = exp (— !, B(s) uls) ds)
d

g P = SR B u() — @7t Q). @) = 1 0

The following theorem gives a representation of the solution .\‘(l) of system (1)
in which x(1) depends only on w(t), t & [1o, t;], where w(r) is given by (3).

Theorem 2. Let us consider system (1) with a given initial state x(1,) = x, for the
control u(t). Let us assume in addition to the conditions of Theorem 1 that c(r)
is absolutely continuous and f(1) is an integrable function on [4,, t;]. Then for the
solution x() of system (1) the following formula holds:

(9) x(t) = ®(t) (xo + [1o @7 (s) A(s) E,(s) exp (B(s) w(s)) c(s) ds —
= 076) B exp (BE) w(o) (B6) w(6) c5) + () ds) +
+ E, (1) exp (B(t) w(1)) c(t) + (1) {1, @7 '(s) f(s) ds,

where E,(s) is the following matrix-valued function of a real variable s (depending
on w(a), x € 1o, t,] given by (3)):
00 509 = 5, TR 1y e S m) - 5o P e
and ®(t), ®~(t) are given by (7) and (8). Moreover, as we can easily see, it is possible
to replace everywhere in (7) and (8):
(1) Fi BUs)uls) ds = B(e) wle) — [ B(o) wlo) .

Proof. Let us first remark that the infinite series on the right hand side of (10)

evidently converge for any real matrix B(«), « € [t,, ¢;], real number s and function
w(a), a € [ty, t,]. Furthermore, the following relations hold:

(12) ;il—sz(s) = u(s)exp (= B(s) w(s)), Efto) = 0.

As it is known from the theory of ordinary differential equations (see e.g. [11], p.
135) the solution x(r) of system (1) has the following form:

(13) x(f) = () (xo + i, @7 "(s) (c(s) u(s) + f(s))ds .
Here ®(1) is again the fundamental matrix of (1). From (8) it follows that we can
write

(14) & 1) = 0 ,(r) exp (~ [, B(e) w(x) dor) ,
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where
(1) 0 =1+ 3R T forn (- [ B() u(a) ) (- ACR)).

exp ( [3i B(o) u(e) do)} dry ... drg.

By direct evaluation we obtain that

(16) ; B (1) = — (1) exp (= [*, B(#) () do) A(1) exp ( 1, Bz) u() dr)
(17) Pate) =1.
Using relations (11)—(12) and (14)—(17) we have
{1, @7 '(s) e(s) ufs) ds = §i ®,(s) uls) exp (— {5, Blor) u(er) dar) (s) ds
= i, @ 4{s) u(s) exp (= B(s) w(s)) exp ({3, B'(er) w(er) dor) ¢s) ds =
= i, 0u0s) (f Ewcv‘)) exp (£, B/(x) wlz) do) efs) ds =
= 0 B exp ([ B) w(a) d2) () — [l (—2.05)) exp (=, B(&) o) do).
- A(s) exp (3, B(o) u(2r) dor) E,(s) exp (3, B () w(2) der) c(s) ds —
— 1, @ (s) E(s) B'(s) w(s) exp ([5, B'(2) w(e) dat) c(s) ds —
(9 BS) xp (1, B (o) ) (5 s

The last equality is integration by parts. Let us remark that under the conditions
of Theorem 1

exp ([, B'(#) w(x) do) s exp (B(s) w(s) . B(s), Eu(s)
commute evidently with each other. So we can write
(18) o @71(5) es) u(s) ds = @ 4(1) E.(1) exp ([}, B'(2) w(a) dar) (1) +
+ 1, @7 (s) A(s) E..(s) exp (B(s) w(s)) c(s) ds — i, @7 *(s) E(s) .
-exp (B(5) () (B15) w(s) e(9) + ¢(5) .
When the substitution from (18) into the right hand side of (13) is performed taking

into account (14) and (11) we obtain representation (9). Theorem 2 is proved. [

Remark 1. Analyzing relations (7)—(11) we can find that x(r) depends on u(a),
a€[tg, 1,], explicitly only through the function w(s) = [5 u(x)da, se[to,1,].
This fact will be employed in Theorem 3 which establishes estimate (2). :

Remark 2. Note that there are no requirements on the commutativity between
A(t) and B(t), so the assumptions of Theorem 2 may be considered to be quite general.
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3. ESTIMATE FOR CONTINUOUS DEPENDENCE OF TRAJECTORIES
OF BTDSSI ON CONTROLS

In this section estimate (2) will be derived.

Theorem 3. Let us consider the BTDSSI (1) defined on the time interval [/, 1,].
We impose the following assumptions:
1) B(t), c(r) are absolutely continuous and almost everywhere on [1,, {,]

1B(]s =B" <o,
1B'(1]s £ B™ < o,
fe()gn €™ < oo,

l",(’”[xn <M <.

2) A(1), f(1) are essentially bounded measurable functions and almost everywhere

on[1,,1,]
la]s = 4" < oo [f(O)fen = 1Y < 0.

Let x(to) = x, be the initial state of system (1) and let x,(1) and x,() be trajectories
of this system for admissible controls u,(r) and u,(r), respectively. Then estimate (2)
is valid, where

(19) K = KKy|[xofn + 2K, K3 (K5 + K Ksu,(t; — 1)) K Ke(t, — to) +
+ KK (1 + K Ks(L + BMu,(t; — 1)) Ko(t, — 1o) +
+ K3K,(Ky + KyKsu(t, — 19)) BPMeM(1, — 15) +
+ Ko(1 + KKs(1 + BMu(t, — to))) ™ + 2K K31, — 15) /™.

Hete we used the notation

(20 Ky=(BM + (1, — 1) B™) (1 + AM(1; — 1,)) + BYAM(t, — 1)
(a1) Ky = M B -0

(22) K3 = {C(BMxl‘.(h“to)) _ 1}/3/&1

(23) K= P

(24) Ks = u,(t; — 1) B

(25) Ko = AMcM 4+ BPMcMy (1) — 1o) + P

(26) u, = max {|Uminls |Umax]} -

Finally, | +||s stands for the spectral matrix norm and |- ||z for the Euclidean vector
normin R".
Proof. Let us denote the fundamental matrices of system (1) for control u,(r) and
u,(7) by @,(1) and @,(1), respectively. First we establish the estimates for
max [|[®,(t) — ()]s and max [o7'(1) — &7 (1)]s.

togrsn [ ELE
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It is easily verified that for any square matrices X, X,,..., X;, Y1, Y5, ..., ¥; the
following identity holds

7 1= 7= ST - (1 X0

q
(We define that [[ D, = 1 for ¢ < p.)
i=p
Using this identity, formulas (7) and (11) we obtain:

-2

(9 ) = 0l = KO+ 3§ 3 (T DE A )
DT — DAY A(rm s y) (j]ij’;’J At ) exp (B(r,) w(z,) —
— {3 B(e) w(a) dar) dry ... dry +

ii =t (:D;-f Aln ) Fleg) dry ... dey,
where
D% = exp ([12*! B(s) uy(s) ds) = exp (B(rys 1) Wp(Tqs1) — Blrg) wy(zg) —
— [zt B'(s) w,(s) ds)
F(s) = exp (B(s) wi(s) — [}, B'(«) wi(«) do) ~

— exp (B(s) wy(s) — [5, B'(a) wa(e) dor) .
Further

[pf - pifs = DTZEI{HEXP(W*) [s} B(tgs1) waltgs1) — Blrg) wi(zg) +

+ fia, B(9) wils) ds — Blrgs 1) waltgs1) + B(zg) waltg) — [iz,, B'(s)wals) ds],

where
W* = (1 = 0) fir** B(s) uy(s) ds + O [i2* B(s) u,(s) ds .

So we can write

[Wels < (1 = 6) BYuplrysy — 7, + @B uplrgsy — 7 = BYu,ftges ~ 1.
Hence

D3 — Diffs < e erters=ral {B¥(fwy(rg1 1) — walrqu )] + [wilzy) — walzp)]) +
+ Bty — 1| max |w,(s) — wy(s)]}
seltg,tg+1]

Now we can write the estimate

” [Df — D3 < e™eltarrTHIQBY + B [r,, — <)
max |wy(t) — wy(t)] .
te[to,11]
Moreover,
(30) ”D:”S < Flneialin
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In the same way as for || D} — Dj|s we can obtain the estimate for | F(s)]s

(31) 1FG)[s < Pl =ol(BY L (s — 1) BPM) max [w,(1) — wy(1)] .
telto,te]

Using relations (28)—(31) we obtain

[0,(0) — @20 S (=D BY (1 — 1) BY¥) +
o ,(
+ (2BM + BPM(t, — to))kz_lk Jreer [ ePMun E rae TRl (gMYEeBMurtimto) gp g,
@ 13
(B 4 (1 = 1) BT Jiet e 4

LB dey o dy ) max [wi(1) — w,(1)]
tefto,14]

Let us observe that 7,., = T = ... = T, = Ty, hence

le‘cqﬂ - ‘L',l] =Ty — Ty == Ty
Thus
“(px(t) _ @2(0”5 < eBMup(r1 = to) {(BM + (11 _ fo) BDM) + (23M + BDM(t‘ _ 10))~
.’2 k(AM)kfilfc;i +(BM o+ (1, — tO)BnM)k§1(AM)k (L_TIO)‘\} max |w(r) — wa(t)| =

1 k telto.t:]

= eBMup(t1=t0) {CAM(H—IO)(BM + ([1 _ [0) BDM) +(2BM & (11 _ ,0> BuM).

@ V-t
1y — ) 3 @ O () — (o).
k=1 (k — 1)! refto,t1] o
Finally, we can write the following estimate
(32) max | @(t) — @,(t)]|s £ KK, max |w(1) — w,(1)],
te[to,t1] tefto,?1]
where K, K, are given by (20) and (21).
Analogously as for &(f) we can obtain the estimate for &~ '(1):

(33) max &7 (t) — &5'(1)]s £ KK, max Jwi(t) — wa(0)] .
tefto.t1] te[to,21]
We can also see that
(34 max |&(1)]s < K,
te[to,11]
and
(35) max ”fl) 'I(Z)Hs <K,.
telto, 1]

By similar arguments it follows from (10):

”EW(S)HS < (amfup(sfto) — 1)/BM 4 BMup(s=to) Ll;(s _ 10)3 BD’",
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that is,

(36) TEL(5)|s £ K5 + K Kqu,(s — 1)
In the same way as (29) we obtain:
(37) HEWK(.\') exp (B(s) w&s)) — EW:(\') exp (B(s) W:,(-‘))“s =

S Kol 4+ KK5(1 4+ BYu, (1, — t,))) max |w,(1) — walt)] -
telto,f1]

Now we can complete the proof of estimate (2) From (9) it follows that
x (1) = x5(1) = (0,(t) — @,(1)) (xo + [ig DT (5) A(5) E,, (5) exp (B(s) w,(s)) -
ce(s)ds — Ji, @7 H(s) Ey () exp (B(s) w,(s)) (B'(s) wi(s) es) + ¢'(s)) ds) +
£ 0,0 [ (B71(5) — B3 (5)) AG) Eu(5) exp (B wi(s) efs) ds —
= 0,(1) Tty (97 1(5) — B3 (5)) B () exp (BE) w,(5)) (B(5) wils) els) + ¢(9).
ds + ,(1) [1, @3 1(s) A(s) (., () exp (B(s) wi(s)) —
— E,(s) exp (B(s) w(s))) c(s) ds — &5(1) [i, @5 (s} (E...(s) exp (B(s) w(s)) —
— E,,(s) exp (B(s) wa(s))) (B'(s) w(s) c(s) + ¢'(s)) ds —
= @3(0) i, D71(5) Eu(s) exp (B(s) w2(s)) (B'(s) (w.(s) = wals)) e(s)) ds +
+ (B, (1) exp (B(1) wy(1)) — E,(1) exp (B(r) w(1))) ¢(1) +
+ (@4(t) — By(0)) 1, @5 1(s) £(5) ds + Po(8) i (@77 (s) — @5 7(s) f(s) ds .
Using estimates (32)-(37), the triangle inequality and the relation between spectral
matrix normof an(n x n)-dimensional matrix F and the Euclidean vector norm of some
vector y € R" (see e.g. [2]):
1 - 3le < 1Fs - sl
we obtain estimate (2) with K given by (19)—(26). The proof of Theorem 3 is com-
pleted. [

Remark 3. Theorem 3 is a direct generalization of Theorem 3 in [3]. I we take
BPM . fM . (DM — 0, we obtain the constant K, given by (19)—(26), which is
exactly the same as in [3].

4. MODIFIED GRADIENT METHOD FOR NUMERICAL SOLUTION
OF OPTIMAL CONTROL PROBLEMS

In this section we suggest some applications of estimate (2). In [3] some interest-
ing properties of the so-called attainable set of bilinear systems were derived on the
basis of the estimate (2). This properties can be evidently extended also to the case
of time dependent systems.

In [3] an attempt was made to use estimate (2) for numerical computations,
namely, an algorithm for determination of trajectories of a bilinear system with

286



arbitrary control u(r) was suggested. This algorithm was based on the following
femma.

Lemma 1. Let us consider any function u(s) mcasurable on a closed interval
[0, 1,], such that u(s) € [tun, Ungy] 2-€. 00 [, 1,]. Let us divide the closed interval
[t6-1,] into k closed subintervals [1o + (i — 1) I, tg + il], i=1,2,.. .k h=
=(t — to)/k. Then there exists a function w*(s) with the following propertics:

1) w*(s) is constant on each subinterval of the form {1, + (i — 1) h. 1, + ih]
2) u*(s) € {Upins Upax] forallse[1g, 1]
3) forallte[1,, 1]

% um:lx -
(38) mo u(s)ds — {3 u*(s) d,\‘i < -r 5

Hinin L

The proof of this lemma is performed in [3] in detail. The proof is constructive,
i.e., it gives a simple algorithm how to construct for any function u(s) the appro-
priate function u*(s). Moreover, by combining Theorem 3 and Lemma | we can
obtain:

Theorem 4. Let us consider an arbitrary admissible control u(s) for the system (1)
on time interval [, #,] and let us denote by x(f) the corresponding trajectory of
system (1) with initial condition x(t,) = x,. Further, let [1o, t,] be divided into k
subintervals as in Lemma 1, let u*(s) be the control constructed to the control u(s)
by Lemma 1 and let x*(t) be the corresponding trajectory of system (1) with initja)
condition x(f5) = x,. Then
(39) max [x(1) — x*(1)fge < K e Hwin L 7 To

tefto,t11 2 k

Here K is given by (19)—(26).

So we can see that x*(r) may be considered as a numerical approximation of x(1)
with the first-order accuracy. Furthermore, x*(f) may be computed in the following
way. (For the sake of simplicity we consider further only time independent case,
ie. A(f) = A, B(1) = B, c(t) = ¢, f(t) = 0.)

Let us consider two operators L} and L, which act from R* to R":

Ly x = exp (4 + Bugy ) ) x + ttp foexp (A 4 Bityg,) (h — 5)) c ds
Lyx = exp((4 + Btyo) 1) X + i [hexp (4 + Buy,)(h — 5))cds.

Then
(1o + i) = LLy ... Lix(1,), i=1,2,....k,
where
L= Ly, if w(s) = up, Tor seliy+(j—1)h 1o+ jh]
and

Ly= Ly, if w*(s)=um, for sefty+(— 1)hity+ jh].
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The matrices exp (4 + Bitye) ), exp (4 + Buyi,) h) and vectors
i exp (A + Biune) (= ) s, Jhexp (A + Buy) (h — 5)) ¢ ds

can be either computed analytically orin more complicated cases can be approximated,
e.g., for exp ((4 + Biigy) h):
exp (A4 + Butyae) 1) & I + (A + Bitu) B+ (A + Buupg)® /2!

Thus, the algorithm for determination of trajectories of time independent bilinear
systems is as follows. We choose h = (t; — t,)/k according to the required accuracy,
then compute L and L; . After these steps we construct for an arbitrary admissible
control u(s), s € [#,, t,], the function u*(s) according to Lemma 1 and then we can
compute x*(t,),#; = to + ih,i = 1, ..., k.In[3] the reader can find concrete examples
of applications of this algorithm.

Now we intend to use this algorithm in order to modify the gradient method
for finding the solution of the optimal control problem. We explore simple and well-
known method of the gradient projection which is described in [6] in detail.

Let us consider time independent system (1) with the performance index

(40) J(x(1), u(1)) = g(x(t,)) + fii (Kag, x) + {bg, x) 1 + cou)dt,
a,eR", byeR", c¢yeR, g(x)eC'(R")

which is to be minimized. Time interval is supposed to be fixed. Then, according
to [6], the following minimization method can be used:

(41) ujar = Pyl — J(u)) o),
where u;, is the ,,new* approximation, P, is the projection operator on set of all

admissible controls %, «;€ R is the stepsize, and J'(+) is the gradient of performance
index (40) given by

(42) J'(u) = (bg, x) + ¢o — <(Bx —+ C)> '/’(’v ”)> B

where

(43) Pt u) = (=A% — B¥u(t)) y(t, u) + ap + b u(t}).
Y(t,u) = — qu;(i)

x=x(1y)
In the other words, in order to obtain the approximation u;,; one has to solve the
system (1) with initial condition (or left-end condition) x(t,) = X, and for the control
u(t), t€[to,1,], then to evaluate the right-end condition y(t;, u;) = —V, g(x(t,))
and to solve the system (43) with this condition. After these steps it is possible to
compute J (1), to choose a stepsize and then according to (41) obtain the approxima-
tion ;.. In the same time it is necessary to check if J(u;.() < J(u;). This not
being the case the stepsize «; must be adjusted, e.g., by using bisection procedure,
until the condition J (u; ) < J(u;) is met.

Our modification of this method consists in constructing the control u}, , to the
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control u;,; by Lemma 1. Therefore we take u}“ﬂ instead of u;, , as an approxima-
tion of the optimal control. All these approximations are piecewise constant functions
with values in {Upin, Upna . Solution of systems (1) and (43) for these piecewisc
constant controls are obtained according to the algorithm which was described
earlier. On the other hand, the corresponding trajectory x7, (1), t € [#,, t,] approxi-
mates X, 4(1), £ € [t, t,], and ¥}, (1) approximates ;. (1) with first-order accuracy
with tespect to i = (t; — to}/k. When a certain h = (t; — f,)/k is chosen, we take
max and start the computation. After certain number of steps we find
that u},, = uj, because the difference between u;,; and u; is so small that for
given h we obtain, according to Lemma 1, the same 11,’-‘1, and uj. Then the use
of smaller & is necessary.

e.g Uy = U

As a practical criterion of stopping this procedure we take [J(u;,,) — J(uj}| <,
where ¢ is the required accuracy of approximation of optimal value of the performance
index. As a result of this procedure we obtain a suboptimal (in the described sense)
control which is a piecewise constant function with values in {um, U,

max; "
This modificated gradient method was tested on several examples. First, time
independent system (1) was considered:

ne=2, /l:(_?é), B:((I)(l)), C:(g)” Uppin = — |

Upas = 1, 1=0, 1, =4m, x®=(2,2)".

Two types of performance indices were investigated
Ti(x(8), u(6) = (xi(12) = 2)7 + (x2(1)))?,
Jo(x(0), u(1)) = = Ji xo(Du(r)de.

Theoretical optimal value of J, equals 2:0 and it can be obtained by an infinite
number of controls, e.g., (i) constant optimal controt u(f) = & = (2/n)In }, (ii)
bang-bang control u(r) =1, re[0,4n + {Ini]; u(ty = —1, te[dn + $Ind, in],
(iii) bang-bang control u(r) = —1,1€[0, 4 — Ind];u(t) = 1, 1e [3n — LI, in].
Approximations u} of optimal control converge in weak sense, i.c., in the norm
max | [+ u(s) ds|, to the first indicated case (i). The number of switchings of control
te[to, 1y
u% inz:reases to infinity. In fact, the sequence {u}‘} converges to a certain sliding
rule (relaxed control). Let us note that constant theoretical optimal control is a singu-
lar one.

Theoretical optimal value of J, is equal to —2-4423998 and can be achieved by
the unique optimal control of bang-bang type:

u(y =1, 1e[0,098226] and u(r)= —1, [0:98226,4n].

By the suggested method it was achieved J, = —2:442389 and the approximate
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optimal control was
a(ty=1, 1e[0,098104]; @)= —1, te[0, 98184, in]

During not included negligible time interval [0-98104, 0-98184] switching of #(t)
occurs. Total number of 7 iterations was needed:

2 iterations with I = 0-01, 2 iterations with /& = 0-001 and 3 iterations with
h = 0-0001. All these computations including use of rather slow grafics Calcomp
took about 5 minutes of CPU time on IBM 370/'135. Let us note that one iteration
with h = 0-0001 took about hundred times more CPU time than one iteration with
h = 0-01. In this case it was also necessary to use DOUBLE PRECISION because
of some integration procedures (especially for i = 0-0001).

Trajectories corresponding to the iterations of the method and to optimal control
are shown in Fig. 1 (J,) and Fig. 2 (J,).

[ - N
IX2 X2
2.0
- P -
\
\
\
Xpfth % \\
B
Fig. 1. Approximations of optimal Fig. 2. Approximations of optimal
trajectories for J. trajectories for J,.

Finally, the following bilinear time independent system (1) was considered:

0 00 —-1 100 /0
n=3, A ()40),3: 179(),0:(0,
0 00 0 00 0,

=0, t;=1, xX®=(1,0,0)", upye=1, tpy=0.

i

\

The performance index was taken as

I, u(0) = 5,1 + x0(1) + x(1) — 1.
This system arises in problem of optimal design of multifunctional catalysts for
chemical reactors (see [4], [5]). Optimal control for this system was computed and
comparison with results of [4] was performed. In Fig. 3 theoretical optimal control
as well as our approximation after 30 iterations (about 15 minutes of CPU time)
are shown. Theoretical optimal value of the performance index was achieved with
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accuracy about 1072, but approximation of the optimal control rather differs from
the theoretical optimal control. Tt is caused by fact that the value of performance
index changes very little in the neighbourhood of the optimal control and therefore
the convergence is slow (as well as in [4]). Moreover, the modified gradient method
computes very well two parts of optimal control which are of bang-bang type,
but it does not compute very well the part which is of singular type, as it can be seen
from Fig. 3. Let us note that the approximation in Fig. 3 was computed for h = 0-001.

‘, Ut
I
1.0 =
&\ st
Y .
N A Hoarti
021 WY '\/'A“/" t
T oo

Fig. 3. Theoretical optimal control and its approximation after 30 iterations for J.

The depicted values of control were obtained using certain averaging process (taking
always average of 40 neighbouring points). Let us also remark that 7 iterations with
h = 0-01 (performed in 15 seconds) suffice in order to achieve optimal value of the
performance index with accuracy 2.10”% Remaining 15 minutes are used for
improving accuracy to 107°.

We can now summarize some experience connected with the use of the modified
gradient method. It works quite well when we know a priori that the optimal control
is of bang-bang type. In this case it is advantageous to use this method. When the
optimal control is of a singular type, the method converges in certain sense to a sliding
rule. Then it is necessary to make a concrete decision about any particular case
and to use all a priori information in order to determine which kind of approxima-
tion is needed. (For example, il we know a priori that the singular part in Fig. 3 is
constant, we may take this constant as an average value of all u,,;, and u,,, through
this part of time interval.) Tt is also advisable to use this method when it is suitable
to have an approximation of the optimal control as a function of two values only
(although with possible very high number of switchings).

5. CONCLUSIONS
Two different aims were {ollowed in this paper. First, to show that the results
of [3] concerning a problem of continuous dependence of trajectories of bilinear

systems on control and their consequences can be extended to the case of time
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dependent bilinear systems. Second, to describe a modified gradient method for the
solution of optimal control problems with time independent parameters on the fixed
time interval. The modification was based on continuous dependence (in fact Lip-
schitzean dependence) of trajectories of bilinear systems on control. The method
was constructed for time independent systems only for sake of simplicity, there are
no theoretical obstacles to consider time dependent case, too.

(Received August 6, 1987.)
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