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Summary. We define digraphs minimal, critical, and maximal by three types of radii.
Some of these classes are completely characterized, while for the others it is shown that
they are large in terms of induced subgraphs.
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1. INTRODUCTION

All digraphs considered in this paper are finite, without loops or multiple arcs.

Let D be a digraph. Then V(D) denotes the node set of D and E(D) the arc set
of D. If u,v € V(D) then dp(u,v) denotes the length of a shortest path from u to
v in D. If there is no path from u to v, we set dp(u,v) = oo. We note that co >k
for all natural k.

In what follows we recall definitions of probably the most usual radii in digraphs.

Let D be a digraph and u € V(D). Then:

out-eccentricity of the node u is eh(u) = max (dp(u,v));

veV(D)
in-eccentricity of the node u is ep(u) = né,a()[()) (dp(v,u));
ve
eccentricity of the node u is ep(u) = max (eE(u),eB(u)).

The out-radius r*(D) (in-radius r~(D), radius r(D)) is the minimum value of
e} (u) (ep(u), ep(u)), v € V(D). We note that an upper bound for the number of
arcs in digraphs with a prescribed number of nodes and a finite out-radius is given
in [4].

Now we recall the definitions of minimality, criticity, and maximality:
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Definition 1.1. Let D be a digraph (graph), and let f be an invariant of D.
Then D is called:

minimal by f, if f(D —e) # f(D) for every arc e of D;

critical by f, if f(D —u) # f(D) for every node u of D;

mazimal by f, if f(D + e) # f(D) for every arc e of the complement of D.

For the sake of brevity, instead of writing out-radius, in-radius, and radius we use
the symbols r+, r~, and r, respectively. We remark that the exact value of the out-
radius, in-radius, and radius in the digraph D is always denoted by r+(D), r—(D),
and (D), respectively.

The graphs minimal, critical, and maximal by connectivity, edge-connectivity,
being block, arboricity, and chromatic number can be found in books [1] and [3].
A survey on graphs minimal, critical, and maximal by diameter and radius can be
found in (2]. Here we recall the results on graphs minimal, critical, and maximal by
radius.

Only for this paragraph, let r denote the usual radius in graphs. The classes of
graphs minimal by r, critical by r, and maximal by r have been studied already.
Trees are the only graphs minimal by 7, see [5]. The graphs maximal by r with
radius 2 are characterized in [7]. In [5] and [6] it is shown that each graph may be an
induced subgraph of a graph that is critical by r, maximal by r, and has a prescribed
radius ¢, 3 < t < co. Here the research is continued for digraphs. We examine the
digraphs minimal, critical, and maximal by out-radius, in-radius, and radius.

Deleting an arc e from a digraph D we cannot decrease distances between any
two nodes. Hence, r*(D —e) > r¥(D), r~(D —€) > r~(D), and r(D - e) > r(D).
Analogously, adding a new arc e to D we have r*(D +e) < r7(D), r (D +e¢) <
r=(D), and r(D +e) < r(D). Thus, in the definition of digraphs minimal by r+ (r—,
), the symbol # can be replaced by >, and in the definition of digraphs maximal
by 7+ (77, r), the symbol # can be replaced by <.

The following assertion enables us to restrict our considerations to radii r+ and r
only.

Proposition 1.2. Let D be a digraph and let D' arise from D by reversing the
orientation of all arcs. Then r+(D) =r=(D’).

Proof. We have e}(u) = uér:/«':\()é)(dp(u,v)) = vs}/%‘)(do«(v,u)) = ep(u).
Thus, r+(D) = uemvi(nD)eB(u) = ug{}i(%l)e;" (w) = r=(D"). a

In this paper we characterize some classes of minimal, critical, and maximal di-
graphs, while for the others we show that they are large in terms of induced sub-
graphs. Further results on minimal and critical digraphs will be presented in [8].
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Since a single node is the only digraph with out-radius (radius) zero and it is
minimal, critical, and maximal by r* and r, too, we restrict our considerations to
digraphs with out-radius (radius) greater than zero.

The outline of this paper is as follows. In Section 2 we show that almost no
digraph can be a subgraph of a digraph minimal by r. In Section 3 we show that
each digraph may be an induced subgraph of a digraph that is critical by r with
radius two. Moreover, in Sections 3 and 4 we describe all digraphs critical by r,
critical by 7%, maximal by r, and maximal by r*, for radii 1, 2, and oo, except the
digraphs critical by r with radius 2 on odd number of nodes. Finally, in Section 5
we show that each digraph may be an induced subgraph of a digraph that is critical
by r*, critical by r, and maximal by r* (maximal by r), and has a prescribed value
t of out-radius or radius, 3 <t < oc.

Let D be a digraph. Then D denotes the complement of D. By idp(u) we denote
the input degree and by odp(u) the output degree of a node u € V(D). Ifu € V(D),
we denote

Nit(u)={veV(D):dp(u,v) =i} for i=0,1,2,..;
N7 (u)={veV(D):dp(v,u) =i} for i=0,1,2,....

Definitions and notation not included here can be found in Buckley-Harary 2] or
in any other elementary book on Graph Theory.

2. MINIMAL DIGRAPHS

This section is devoted to minimal digraphs. Note that there are no digraphs
minimal by r+ (r) with out-radius (radius) infinity, by Definition 1.1.
In [8] Ky3 gives the following characterization of digraphs minimal by r+:

Theorem 2.1. A digraph D is minimal by r* if and only if D is a directed
rooted out-tree (i.e. acyclic digraph with idp(z) = 1 for all z € V(D) except the
root u for which idp(u) = 0).

Hence, the digraphs minimal by r* are very simple. In what follows we consider
only the digraphs minimal by r.

Proposition 2.2. A digraph minimal by r with radius one consists of a collection
of oriented two-cycles that share a node.

Proof. Let D be a digraph minimal by r and »(D) = 1. Then there is a node
u € V(D) such that ep(u) = 1. Thus, uz,zu € E(D) for all z € V(D), z # u. Since
D is minimal by r, D contains no more arcs. a
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Let D be a digraph minimal by r. As mentioned above we have r(D) < oo,
and hence, D is strongly connected. On the other hand, if D is minimal by strong
connectivity (i.e. D is strongly connected, but D — e is not strongly connected for
every e € E(D)), D is minimal by r.

Let D consist of a collection of oriented cycles, having some common nodes,
that have a tree structure. (See the digraphs in Proposition 2.2.) Then for each
u,v € V(D) there is a unique u-v path in D, and hence, D is minimal by strong
connectivity. However, there are other digraphs minimal by strong connectivity (see
Fig. 2.1). Moreover, there are digraphs minimal by r that are not minimal by strong
connectivity (see Fig. 2.2 and Fig. 2.3).

Fig. 2.1 Fig. 2.2 Fig. 2.3

Up to now we have not been able to characterize the digraphs minimal by = with
radius greater than 1. However, we have the following proposition:

Proposition 2.3. A digraph minimal by r does not contain the complete sym-
metric digraph on three nodes as a subgraph.

Proof. Let D be a digraph minimal by 7. As mentioned above, D is strongly
connected. Let v € V(D) such that ep(u) = r(D). Then there are oriented paths
from u to each node of D, and also paths from each node of D to u. Thus, there is
a directed out-tree T, in-tree 7, rooted at u, which is a spanning tree of D. We
can assume that r*(T+) = et (u) and r=(T~) = e~ (u).

Suppose that there is an arc e in D such that e ¢ E(T") and e ¢ E(T~). Then
e:rD_g)(u) = e} (u) and 5(_0-3)(”) = ep(u), which contradicts r(D — e) > r(D).
Hence, each arc of D belongs to either 7% or 7.

Let z, y, and z be three distinct nodes of D. Since each forest on three nodes
contains at most two arcs, there are at most four arcs between the nodes z, y, and
zin D. a

Since almost all digraphs contain the complete symmetric digraph on three nodes
as a subgraph (see e.g. [9]), we have the following corollary of Proposition 2.3:

Corollary 2.4. Almost no digraph can be a subgraph of a digraph minimal by r.
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3. CRITICAL DIGRAPHS

This section is devoted to digraphs critical by out-radius (radius).

Let G be an unoriented graph critical by radius. Let the digraph D arise from G
by replacing the edges of G by pairs of opposite arcs. Then, clearly, D is critical by
7, and also by r* and by r~. However, there are digraphs critical by r* () which
do not correspond to unoriented graphs.

In the first section of this paper we have shown that r¥(D —e) > r*(D) and
r(D—e) > r(D) for each e € E(D), and also that r* (D +e) < r¥(D) and r(D +e¢) <
r(D) for each ¢ € E(D). Now we give analogous conditions for r+(D — u) and
r(D — u), where u € V(D).

Proposition 3.1. Let D be a digraph and u € V(D). Then
r(D —u) 2 (D) —1ifr(D) < o0;
rt(D—u) 2rt(D)~1ifrt (D) < oo and idp(u) > 1.

Proof. Let r(D) < oo. Suppose that there is u € V(D) such that 7(D—u) <
r(D)—2. Then there is 2 € V(D—u) such that ez”D_u)(z) < r(D)—2and €D (2) <
r(D)—2. Since r(D) < co, D is strongly connected. Thus, idp(u) > 1 and odp(u) >
1. Hence, ef,(z) < r(D) — 1 and ep(z) € r(D) — 1. Thus, (D) < r(D) -1, a
contradiction.

By an analogous argument the second part of the lemma can be proved using
idp(u) > 1. a

The digraphs critical by r* (r) with out-radius (radius) infinity are characterized
in Proposition 3.3 (Proposition 3.6). Hence, the following assertion characterizes the
remaining digraphs that do not satisfy Proposition 3.1.

Proposition 3.2. Let D be a digraph with r*(D) < oo, and let vo € V(D)
be such that idp(vo) = 0. Then D is critical by v+ if and only if V(D) =
{vo,v1,...,v.+(py} and N (vo) = {vi}, 1 i< rH(D).

Proof. Clearly, D is critical by r* if D satisfies the conditions in the assertion.

Now suppose that r+(D) < oo, idp(vo) = 0, and D is critical by r*. Since
dp(z,v0) = oo for every z € V(D), z # vo, we have ef(vo) = (D) < co. Hence,
there are nodes vy,vy,...,v-+(p) such that v; € Nt and v;i_qv; € E(D), 1 <i <
rt(D).

Suppose that [V(D)| > r7(D) + 1. Let j = max{i : [Nj"(vo)| > 2}, and let
z € Njf (o), z # v;. Since |Nj, ()| < 1, we have eh_,(v0) = eb(vp). Hence,
N (vo) = {v:}, 1< i <r (D) o
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The following class of digraphs critical by r+ demonstrates Proposition 3.1 for the
out-radius. Let D, consist of two oriented cycles of length n that are joined by a
pair of opposite arcs. Then D, is critical by r+ and {r*(D, —v) : v € V(D,)} =
{n—-1,n+1,n+2,...,2n—2,00}.

From now on we consider only the digraphs with radii co, 1, and 2. We remark
that the unique graph critical by radius with radius oo consists of two isolated nodes.
Further, the unique graph critical by radius with radius 1 consists of two nodes joined
by an edge. Finally, a graph G with radius 2 is critical by radius if and only if either
G is a path on four nodes or G is a complete multipartite graph Ks o
K3), see [5].

First we characterize the digraphs critical by r+.

2 (except

Proposition 3.3. Let D be a digraph critical by r*. Then
D consists of two isolated nodes, if r*(D) = oo;
D consists of two nodes joined by one or two arcs, if rt(D) = 1.

Proof. Suppose that r+(D) = co. Then obviously, D contains at least two
nodes. Let u € V(D). Since D is critical by r*, there is a node, say v/, such that
e} _.(u') < co. Thus, for each z € V(D) — {u, '} we have dp(v’,z) < oco. Since
r¥(D) = oo, we have idp(u) = 0. Analogously, idp(z) = 0 for each z € V(D), and
hence D is a discrete digraph. Since D is critical by r*, it contains just two nodes.

Suppose that r* (D) = 1. Then there is u € V(D) such that uz € E(D) for every
z € V(D), z # u. Since D is critical by r+, we have [N (u)] = 1. [m]

Now we describe the digraphs critical by r* with out-radius 2.

Theorem 3.4. Let D be a digraph such that r* (D) = 2 and |V(D)| > 5. Then
D is critical by rt if and only if the complement of D consists of a collection of
oriented cycles.

Proof. Just for this proof we write that a node a is friend-but(b) if az € E(D)
for every x € V(D), z # b, and ab ¢ E(D).

Suppose that D is critical by v+, r+(D) = 2, and |V(D)| > 5. First we prove that
r*(D - z) = 1 for every z € V(D).

Let ¢ be a node such that e},(c) = 2 and z € N (c). Since D is critical by r* and
e?’u_z) (c) < 2, we have r+(D — z) = 1. Thus, there is a node u that is friend-but(z).
Since dp(c, 2) < oo, there is a node v such that vz € E(D). Then v € Nj (u) and
2 € Nf (u). Clearly, e?’D_I)(u) < 2 for every z € Ni (u) such that  # v. Thus,
r*(D — ) = 1 for every € V(D) such that z # u and = # v.

Suppose that r*(D — v) > 2. Since |V(D)| > 5, we have |[N; (u)| > 3. Thus,
there are two distinct nodes in Ny (u), say w; and we, such that w; # v and we # v.
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As shown above, we have r™(D — w;) = 1, 1 < 4 < 2. Thus, there is a node
w) that is friend-but(w;), 1 < ¢ < 2. Since wy # wy, we have w] # wj. Since
ww; € E(D), we have w} # u, 1 < i < 2. Since ef,_\(2) < 2if zu € E(D), we
have w} # z, 1 € i < 2. Thus, w} € Nif(u), 1 < i < 2. Since w] is friend-but(w;),
we have wz € E(D), 1 < i < 2. Since w}| # wj, we have ez'D_v)(u) =2, and hence
r+(D —v) = 1, a contradiction. Thus, 77 (D —z) =1forallz € V(D), z # u.

Since r+ (D —v) = 1, there is a node, say y, that is friend-but(v). Since z # v, we
have u # y. But using an analogous argument as above, we obtain that e(*‘D_u) (y) €
2, and hence r¥(D — u) = 1. Thus, r*(D — z) = 1 for every = € V(D).

Now we describe the structure of D.

Since r*(D) = 2, we have odp(x) > 1 for every z € V(D). Since r*(D —2) =1
for every z € V(D), for each z € V(D) there exists ' € V(D) that is friend-but(z).
Since the zs are mutually distinct (the V' (D)), also the z's are mutually distinct.
Thus, the set of 2's is just V(D). Hence, odp(z) = 1 for every x € V(D).

Suppose that there is y € V(D) such that id5(y) = 0. Since rt(D - y) = 1,
there is a node y' that is friend-but(y). Thus, y'y € E(D), a contradiction. Since
od(x) = 1 for every z € V(D), we have |E(D)| = |V(D)|, and hence id5(z) = 1
for all z € V(D). Thus, idp(z) = odg(z) = 1 for every z € V(D), and D consists
of a collection of oriented cycles. :

Clearly, if id(z) = odp(x) = 1 for every z € V(D) and |V(D)| > 3, then D is
critical by r* and r*(D) = 2. [m]

—>

QOO P

Fig. 3.1

There are just three digraphs D whose complement consists of a collection of
oriented cycles and 3 < |V(D)| < 5. One can verify that there are just seven digraphs
critical by r+ with out-radius 2 that do not satisfy the conditions in Theorem 3.4,
namely the digraphs in Fig. 3.1. Thus, we have the following corollary:

Corollary 3.5. Let D be a digraph critical by r* with out-radius two. Then
either |V (D)| 2 3 and the complement of D consists of a collection of oriented cycles,
or D is one of the seven digraphs pictured in Fig. 3.1.
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Now we characterize the digraphs critical by r with radii oo, 1 (Proposition 3.6),
and the digraphs critical by r with radius 2 on an even number of nodes (Theo-
rem 3.7).

Proposition 3.6. Let D be a digraph critical by r. Then
D consists of two nodes and at most one arc, if r(D) = oo;
D consists of two opposite arcs, if r(D) = 1.

Proof. Suppose that 7(D) = co. Then D is not strongly connected. Thus,
D has at least two strongly connected components. Since r(D — u) < oo for every
u € V(D), D has just two strongly connected components, each consisting of a single
node.

Suppose that 7(D) = 1. Then there is u € V(D) such that uz,zu € E(D) for all
z € V(D), z # u. Since D is critical by r, we have |V(D)| = 2. ) ]

The digraphs critical by r with radius 2 are rather complicated. However, the
following theorem characterizes those of them that have an even number of nodes.

Theorem 3.7. Let D be a digraph on an even number of nodes such that
r(D) = 2 and |V(D)| > 6. Then D is critical by r if and only if the complement of
D consists of a collection of independent arcs and oriented two-cycles.

Proof. Clearly, D is critical by r if D consists of a couple of independent arcs
and two-cycles.

Just for this proof we write that a node a is friend-but(b) if az,za € E(D) for
every z € V(D), z # b, and ab or ba are not in E(D). (We remark that the definition
in the proof of Theorem 3.4 is slightly different.)

Let D be a digraph critical by 7, such that |V/(D)| > 5 and r(D) = 2. First we
describe the structure of D if D contains two nodes, say u and v/, such that ' is
friend-but (u).

Since v’ is friend-but(u) and D is strongly connected, we have ep(u’) = 2. Since
|V(D)| > 5, we have [V(D) — {u,u'}| > 3. Thus, there is a node v € V(D) such
that dp_yy(w',u) < 2 and d(p_y)(u,u') < 2. Since D is critical by r, we have
r{D —v) =1 and there is v’ € V(D) that is friend-but(v).

Clearly, u, v, and v are distinct nodes. Obviously, v’ # v’ and v’ # v. Since u is
friend-but(v) implies that uu',uw'v € E(D), we have v’ # u. Hence, u, v/, v and v
are distinct nodes.

Since |V(D)| > 5, there is one more node z € V(D) distinct from the u, v', v, v'.
Since v'u, wv’ € E(D), we have e(p_.)(u') = 2 > r(D—2). Hence, thereis 2’ € V(D)
distinct from all u, v/, v, ¢/, z that is friend-but(z).
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Thus, «’ is friend-but(u), v’ is friend-but(v), and z' is friend-but(z). Continuing
these considerations we obtain that V(D) = {u;,u}; 1 < i < k} for some k > 3,
where v} is friend-but(u;), 1 <i < k.

However, e(p—;)(u3) < 2, since ujuz,upuy € E(D). Thus, r(D —u}j) = 1, and
there is a node z that is friend-but(u}). Since uj is friend-but(u,), we have z = u;.
Analogously, u; is friend-but(u}), 1 < i < k. Thus, the complement of D consists of
a collection of independent arcs and two-cycles as required.

In what follows we suppose that D contains no pair of nodes z, 2’ such that &’ is
friend-but(z). Then r(D — z) # 1 for each z € V(D).

Let u be a node such that ep(u) = 2, and y € N (u). Since 2 > e(p_yy(u) >
(D — y) if dp(y,u) = 2, we have yu € E(D). Thus, for every y € N (u) we have
yu € E(D).

Suppose that there is z € Nj'(u) such that zy ¢ E(D) for every y € N (u),
moreover, let zu ¢ E(D) whenever possible. Then e(‘D_z)(u) < 2and e?'D_E>(u) <2
Hence r(D—z) = 1, a contradiction. Thus, for each z € Ni (u) there is y € N (u)
such that zy € E(D).

Suppose that |NjF (u)| > (N5 (u)|. Since for each z € Ny (u) there is y € N; (u)
such that =y € E(D), there is w € Ni (u) such that e(p_uw)(u) = 2. Hence, r(D —
w) = 1, a contradiction.

Suppose that | Nt (u)] < |Nj (u)]. Then thereisw € Ny (u) such that e(p_,y(u) =
2, a contradiction.

Thus |Nj (u)| = |N; ()], and hence D has an odd number of nodes. m]

Hence, the class of digraphs critical by r with radius 2 on an even number of nodes
is pure in terms of induced subgraphs. However, for odd number of nodes we have
the following theorem:

Theorem 3.8. Let D be a digraph. Then there are infinitely many digraphs
critical by r with radius two on an odd number of nodes, containing D as an induced
subgraph.

Proof. Let V(D) = {uvy,vz,...,vn} and let k > n+1l. Let V(H) =
{u,v1,v2,--.,Vk,21,22,..., 2} and let E(Hy) consist of E(D), wvi, viz, 2z,
1 € i € k. In what follows we show that H; satisfies the conditions in the
theorem.

Clearly, |V (Hy)| = 2k+1, and Hj, contains D as an induced subgraph. Since
k > n, we have ef,(v.—) =ep(z)=4,1<i<k, and ey(u) =2.

Since id(g—v;)(2:) = 0, we have r(H —v;) = 00, 1 < i < k. Analogously, r(H —z) =
0 if € {U,Zn+1, Znt2,- .., 2k} Since dig_z,)(v1,u) 2 3, e?fﬁ_z‘)(w) > 3, and
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e(_H_zl)(zi) > 4,2 < i<k, wehave r(H — z) > 3. Analogously, r(H — z;) > 3,
1<i<n. a

4. MAXIMAL DIGRAPHS

In this section we characterize the digraphs maximal by r+ (r) with out-radii
(radii) oo, 1, and 2.

We remark that a graph G with radius co is maximal by radius if and only if G
consists of two complete graphs. Further, a graph G with radius 1 is maximal by
radius if and only if G is a complete graph on at least two nodes. Finally, a graph
G with radius 2 is maximal by radius if and only if the complement of G consists of
a collection of (at least two) stars (i.e. the complete bipartite graphs K s, s> 1),
see [7].

In what follows we characterize the digraphs maximal by r+.

Proposition 4.1. Let D be a digraph and r*(D) = co. Then D is maximal
by rt if and only if V(D) can be partitioned into A;, 1 < i < 3, such that Ay # 0,
Az # O, the digraph induced by A; is complete, 1 < i < 3, and for all a1 € Ay,
ay € Ay, az € Az we have a,a3,a2a3 € E(D) and there are no other arcs in D.

Proof. Clearly, if D satisfies the conditions in Proposition 4.1, D is maximal
by r+ with out-radius oo.

Now suppose that D is maximal by r* with out-radius co. Denote by 51,52, ..,
Sm the strongly connected components in D. Since r*(D) = oo, we have m > 2.
Since D is maximal by r+, each S;, 1 < i < m, is a complete symmetric digraph.
Moreover, if z,z’ € V(S;), y,y' € V(S;), and zy € E(D), we have a'y’ € E(D).

Let D’ be obtained from D by contracting every S; to a single node s, and
s:s; € E(D') if and only if there are z € V(S;) and y € V(S;) such that zy € E(D),
i# ]

Since r*(D) = oo, we have r*(D’') = co. Since D’ contains no oriented cycle,
there are at least two nodes in D', say s; and s, such that idp(s1) = idp/(s2) = 0.
Suppose that |V (D')| > 3. Since D is maximal by r*, we have |[V(D')| = 3 and
E(D') = {s183, 8253} ]

Proposition 4.2. Let D be a digraph maximal by r*. Then
D is a complete symmetric digraph on at least two nodes, if r* (D) = 1;
|V(D)| > 3 and od(z) = 1 for every node z of D, if r*(D) = 2.
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Proof. Suppose that r+(D) = 1. Then D contains at least two nodes, and
there is u € V(D) such that uz € E(D) for all z € V(D), z # u. Since D is maximal
by 7+, D is a complete symmetric digraph.

Suppose that r+(D) = 2. Clearly, |V(D)] > 3. Since D is maximal by r* and
r+(D) = 2, for each z € V(D) there is a unique node y of D such that zy € E(D).
Thus, odp(z) =1 for every z € V(D). 0

An acyclic digraph that arises from a complete bipartite graph K¢, s > 1, by
replacing the edges by arcs (arbitrarily directed), we call an oriented star. The
following assertion characterizes the digraphs maximal by r with radii oo, 1, and 2.

Proposition 4.3. Let D be a digraph maximal by r. Then

D consists of two complete symmetric digraphs Hy and H,, and the arcs zy,
z € V(Hy) and y € V(Hy), if r(D) = o0;

D is a complete symmetric digraph on at least two nodes, if r(D) = 1;

the complement of D consists of a collection of oriented stars, if r(D) = 2.

Proof. Suppose that r(D) = oo. Denote by S;,S5,...,Sm the strongly con-
nected components in D. Since r(D) = oo, we have m > 2. Since D is maximal by
r, each S;, 1 < i € m, is a complete symmetric digraph. Moreover, if z,z’ € V(S;),
¥,y € V(S;), and zy € E(D), we have z'y’ € E(D).

Let D’ be obtained from D by contracting every S; to a single node s;, and
s;s; € E(D') if and only if there are z € V(S;) and y € V(S;) such that zy € E(D),
i # j. Clearly, D' contains a node, say s, such that idp/(s;) = 0. Since D is
maximal by r, D' consists of just two nodes s; and sz and the arc s;s2.

Suppose that 7(D) = 1. Then D contains at least two nodes, and there is u € V(D)
such that uz,zu € E(D) for all z € V(D), z # u. Since D is maximal by r, D is a
complete symmetric digraph.

Suppose that r(D) = 2. Then for each x € V(D) there is a node y € V(D)
such that zy € E(D) or yz € E(D). Since D is maximal by r, zy € E(D) implies
that yz ¢ E(D). Moreover, either zz,2z ¢ E(D) for all z € V(D) — {z,y}, or
yz,zy ¢ E(D) for all z € V(D) — {z,y}. u]

5. EXISTENCE THEOREMS

In this section we show that the classes of digraphs critical by r*, r~, r, and
also the classes of digraphs maximal by r+, r~, and r, are large in terms of induced
subgraphs. Namely, we prove the following two theorems:
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Theorem 5.1. Let D be a digraph, and let t satisfy 3 <t < co. Then there is
an infinite number of digraphs H such that

(1) D is an induced subgraph of H;

(2) Tt H)=r"(H)=rH)=¢

(3) H is critical by rt, r~ and r;

(4) H is maximal by r* and r~.

Theorem 5.2. Let D be a digraph, and let t satisfy 3 < t < co. Then there is
an infinite number of digraphs maximal by r with radius ¢, which contain D as an
induced subgraph.

In this section, K, and C, denote a digraph that arises from a complete graph or
cycle on n nodes by replacing the edges by pairs of opposite arcs. By x we denote the
Cartesian product. Moreover, we use the following conditions: Let S be a digraph
and u € V(S). We say that u satisfies (*) if and only if

(@) Vz € Ny (u) 3y € Ni (u), = #y, such that zy ¢ E(S),
and v satisfies (*') if and only if
*" Vz € Nif(u) 3y € Ny (u), z #y, such that yx ¢ E(S).

For each t and m, 3 <t < oo and 1 < m < oo, we construct digraphs H ., and
Fy p from D:

(1) Let a digraph D, arise from D by adding one new node u, for each u € V(D).

(Hence, |V(D1)| = 2 - |V(D)|.) Moreover, if idp(u) > 1 we add the arc uu;

to D1, and if odp(u) > 1 we add the arc uju to D;. Clearly, each node

u € V(D) satisfies (*) and (*') in D;.

Let a digraph D, arise from D by adding m isolated nodes, and let a digraph

Dy arise from D, by adding one new node w and the arcs zw and wz,

x € V(D,). Since m 2 1, the node w satisfies (*) and (*') in Ds.

(3) Let Dj be a copy of D3. Denote by ' the node of D} corresponding to the
node u of D3. Let V(Dyg) = V(D3)UV(D}), and let the arc set of Dy consist
of E(D3), E(Dj), and moreover for every z,y € V(D3) let us have

(2

**) yz', y'z € E(Dy) < zy ¢ E(D3),

except the case z = y, where z'z,zz’ ¢ E(D4). It is easy to check that
all nodes of Dy satisfy (*) and (*'). We note that a mapping ¢ such that
p(u) = u' and @(u') = u for every u € V(D3) is an automorphism of Dy.
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(4) Finally, let Hs,m = Dy, Hym = Dy X K2, and Hyn = Dg x Caqe—3) if t > 5,
Note that 2(t —3) > 4 if ¢t > 5. Clearly, all nodes of Hy n satisfy (*) and (*),

(5) Let a digraph Dj arise from D4 by adding the arcs zy’, 2 € V(Ds) and
Y € V(Dg).

(6) Finally, let F3m = D5, Fym = D5 x Kz, and F} ;n = D5 x Co(s—3) if £ 2 5.

In what follows we prove two lemmas about Hypm.

Lemma 5.3. Let u € V(H;,,). Then there js v € V(Hym) such that
du, . (4,v) = du,..(v,u) = t. Moreover, dg,,, (u,z) < t and du,..(z,u) < t
for every x € V(Hm), T # v.

Proof. First suppose that t = 3. We can assume that u € V(Ds).

If z € V(Ds), we have dp,(u,z) < 2, since uw, wz € E(Dj3).

Let z = 2’ € V(D3), 2’ # «'. Suppose that uz’ ¢ E(D4). Then zu € E(Ds) by
(**). Thus, there is y € V(D4) such that uy € E(Dy4) and zy ¢ E(D,), by (*). Thus
yz' € E(Dy) by (**), and hence dp, (u,z') < 2.

Analogously, using (*) instead of (*) we obtain that dp,(z,u) < 2, if ¢ # o',

Clearly, uu' ¢ E(D,). If uy € E(Dy), we have yu' ¢ E(D4) by (**). Thus,
dp,(u,u’) = 3. Analogously, dp, (uv',u) = 3.

Now suppose that t > 4. Since rt(K;) = r~(K,) = r(K2) = 1 and r+(Cy) =
r=(Ca) = r(Cy) = I, we have 7+ (Hy ) = 1~ (Hym) = r(Hym) = t. Note that both
K and Cy satisfy the lemma (each node has a unique node at the greatest distance).
Thus, also the Cartesian products Dy x K, and D4 x Cy satisfy the lemma. O

Lemma 5.4. Let u € V(Him), and let v € V(H, ) be the unique node such
that dp, , (u,v) = du, . (v,u) = t. Then dy, . (v,2) +dg,,,(z,v) = dn, .. (v,2) +
dp, . (z,v) =1t for every € V(He,m).

Proof. First suppose that ¢ = 3. We can assume that u € V(D3). Then
v=1u € V(D}). If uz ¢ E(D4) and = # ', we have zu’ € E(D4) by (**).
Suppose that ur € E(Dy). If dp,(x,u’) > 3, we have z = u by Lemma 5.3. Thus,
dp,(u,z) +dp,(z,u') = 3 for every x € V(D). Analogously, dp, (v/,z)+dp,(z,u) =
3 for every z € V(D,).

Now suppose that ¢ > 4. Clearly, the Cartesian product of two digraphs, satisfying
Lemma 5.4, satisfies the lemma, too. Since both K3 and Cy; satisfy Lemma 5.4, Hy
satisfies the lemma as well. [m]

Now Theorem 5.1 can be proved.

Proof of Theorem 51. We show that H;,, satisfies the conditions in
Theorem 5.1.
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(1) Constructing the digraph H, , we have never added an arc between two nodes
of D. Hence, D is an induced subgraph of Hy m.
(2) By Lemma 5.3, r¥(Hym) =77 (Hem) = r(Hym) = ¢
(3) Let u € Hym. By Lemma 5.3 (the first part), there is a unique node v €
V(H,m) such that dg,,.(u,v) = dg,,,(v,u) = . Hence, we have e?’Hw___“) (v) =
€ty (V) =1=1Dy Lemma 5.3 (the second part). Thus, H,,, is critical by r+,
r~, and r.
(4) Let uz ¢ E(Hym). By Lemma 5.3 there is a unique node v € V(Hym) such
that dg, ,, (u,v) = t. Since du,,,(u,2) + dg, . (2,0) = t by Lemma 5.4, we have
€t rury(w) S ¢ — 1. Hence, Hy p, is maximal by r¥. Analogously, ey,  ..)(?) <
t—1if uz ¢ E(He,m). Hence, Ht r, is maximal by r=.

Since |V (Hym, )| # IV (Hem)| if my # ma, the theorem is proved. [}

The digraph Fi,m is not maximal by r in general, however, we have the ‘folluwing

lemma:

Lemma 5.5. The digraph Ds is maximal by v with radius 3.

Proof. Letu € V(D;). Then dp,(v',u) = 3 by Lemma 5.3. Suppose that
dp,(u',u) € 2. Then there is an arc 2y’ € E(D5)—E(D4) such that dp,(v',z) +
dp,(y',u) = 1, a contradiction. Hence, r(Ds) = 3.

Let zy € E(Ds). Then c?’uﬁw)(w) < 2and e, () < 2 by Lemma 5.4.
Suppose that e(_Ds+:y)(”') > 3. Then z € V(D3), and hence y € V(Dj3), too. Thus,
estﬂy) (y) < 2 by Lemma 5.4. Thus e(p;+zy)(y) < 2, and hence Ds is maximal
by r. a

Now Theorem 5.2 can be proved.

Proof of Theorem 5.2. Suppose that t = 3. Clearly, Fj , contains D as
an induced subgraph. Moreover, F3 ,, is maximal by r with radius 3 by Lemma 5.5.

Now suppose that ¢ > 4. Then F; ,, is not necessarily maximal by r. However,
from each digraph H with radius ¢’ we can construct a digraph maximal by r with
radius ¢/, simply by adding arcs that do not decrease the radius. Let F,, be a
digraph maximal by r that is constructed from F},, by adding arcs that do not
decrease the radius.

Since r(Ds) = 3 by Lemma 5.5, we have r(F} ») = t, and hence r(Fy ) =t

Suppose that there is an arc 2y € E(F} )~ E(F,m) such that z,y € V(D). Since
r(Ds+zy) < 2 by Lemma 5.5, we have r(F},,,+zy) < t—1 by Lemma 5.3. Hence, D
is an induced subgraph of F ,,.

Since |V (F{ ., ) # [V (F{ ., if mq # g, the theorem is proved. ]
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