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EXAMPLES FROM THE ‘CALCULUS OF VARIATIONS
II. A'DEGENERATE PROBLEM

JAN'CHRASTINA, Brno

(Received February 5,:1998)

Abstract, Continuing the previous Part I, the degenerate first order variational integrals
depending on two functions of one independent variable are investigated.

Keywords:. Poincaré-Cartan form, degenerate variational integral, realization problem

MSC 1991:-49-01,°49K17, 58A10, 49N45

Degenerate variational integrals have been (with the only exception of the para-
maetrical case) entirely neglected in-all monographs and we should like to discover
the reasons here. To this-aim, the simplest possible degenerate ‘density
&) a = fl@whwdulwd)de. BE = (1)
in the underlying space M(2) equipped with the contact diffiety 0(2) will be ana-
lyzed. (In elementary-terms, we shall deal with the first order degenerate integrals
depénding on two variable functions w§, w2 of one independent variable 2. Recall
that the subscripts denote the order of derivatives.) We shall see that in spite of some
quite explicit results, too'many rather discomposing-events may occur and a complete
discussion of them is hardly possible at the present time. Inthis sense, the difficul-
ties that appear might bring some new stimuli‘into the development of a somewhat
uniform calculus of variations. Concerning the notation and terminology, we refer to
Part T,
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DETERMINED EXTREMALS

1. First order problems, see I 3. We recall the space M(m) with diffiety Q(m).
Let us consider a density a = f{z,w}, ..., wi, wi,...,wi)dz. Owingto I(8;),
there are ‘initial forms 7% ='w{ (i = 1,.7.,m) and one can find the (well-known)
classical 2% form & = fdz+ 3 fiws. Then

(2) d&:Zeiwé/\ dz+Za5jwé/\wé+fo{w§/\wg

with & coefficients ¢f = f§ — Xfiand a¥% = L(fi — f1)] Recall that f3] =
82 f [OwiOwd and fH = &2 f/0widw] in accordance with the notation I 3. for the
contact diffieties. One can observe that the forms :

) Sty SO fHwh, eide N aul =3 Al

generate the submodule Adj d& ¢ ®(M(m)) defined (in full generality) in I (4).

In this article, we will be interested in the degenerate case when det( f{{) =.0and
m = 2. So.we shall deal with density (1). Since the particular f linear in variables
wi, w? seems to be quite easy to investigate, we shall moreover suppose fii # 0
from now on:

2. The generic degenerate problem. One can verify the formula
(4) dd = ewd A dz+wo AE
with: abbreviations

e=e”—bel,
we =Wk Fbwd

E=eldr+awd — fliiw

where a = f2 — f31(= 2012), b = 12/ £} (= [/ F7 o fi2 # 0). Tt follows that
Adj dé-is generated by forms edw, ewd, wo, £. The £ conditions el = e? = 0
are clearly equivalent to e} = e = 0 where e is of the first order at most (easy
verification).

Let us deal with the function e in more detail.

Employing dwi = dz Awl,,; dvs = da Awst1 + db A w?, one can obtain the
congruence

41

(5) 0= &= (de+awy, + el db) Awi A dz— fit db AW Awy . (modwo)
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hence
db A wd Awr 20 (moddz,wo), de Awg A dz 20 (mod-db, w1)

which yields

(6) db =0, de = 0 (mod dz;wo, wi, wi).

Let us assume de # 0 for a moment. Then, in the domain where e # 0, obviously
) Adjda= {daswo,wd,wr ) = {de, dwp, dwd, dwl +bdw?}

and therefore db, de € Adj d#, consequently d(wi +bw?) € Adj d&.  Note that
congruences (6) are equivalent to the identities

(8) b3 =b by, €= be

which will be of frequent use. They are valid in the total space (even at points where
e=0).

In principle, e need not depend on variables w}, w#. This is the case if and only
if e = (e — be'); = O -which (expressed in terms of coefficient, f) is a Tather clumsy
result. However, a‘more explicit identity e} = {1 Xb — ble! — a-ecasily follows from
(5) by looking at the summands w'A w2 A dz and yields a simplified but equivalent
formula

e = o wlbh + ) — 87— Fh —wl )~ wi ) o
It follows that e} is identically vanishing only.for exceptional densities (to be still
specified below). :

Let us assume e} # 0 for amoment. Recall that the @-curves satisfy the equations
et =0 and e =0, hence Xe = 0.. Tt follows that also the function fii Xefel + et
briefly denoted by

g e i :
o= I, wuded uied) + £ - A — wisl —uir
of the order at most-one (use (82)) vanishes on all 6 -curves.
Let us deal with the function & in:more detail.

To this aim, using developments of the kind

9) dg = Xgdz + gowo + (9 ~ bgd)wg +gien + (97 —bghwi + ..,
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formula (4) can be rewritten as

11
a0 A = ewl A dz +wo A (Fde + Awf ~ fe‘—} de)
- 1
where 4 = a + fi{ (e —be})/el. On the subspace where e = 0 is satisfied, clearly

0= d*a= dwo A (Eda + Awd) —wo A (dEA do+ dAA WS + Ada Aw)).

By inserting dwp == w; A dz + dbA wi and the developments (9) for the functions
9 ==¢,9=A, ¢ =0, onecan obtain the identities

(1 & —bel= A A} -bA}=0 " (whene=0).

In general A # 0 and then (111,8;) imply de A dé # 0 (mod dz,wo,w3). It follows
that the system’'e = & = 0 is equivalent to the primary &.% equations e* = €* =0
and can be-uniquely brought into-the shape

(12) w] =g} (2, wg, wh), Wi =g (@ wg,w3)

with derivatives separated on the left. We have assumed e} # 0, A # 0 in this generic
case.

3.. The extremality in the generic case, see also 1.5 (iv)-.and 1 6. Since
the &% subspace e: E C'M (2) is defined by the equations X*(w! — ¢*)- = 0 'with
the vector field T (8) where m = 2, the functions , w}, wf may be used for the
coordinates on E. Let us consider a-%-curve P(t) € E(0 € ¢ < 1). Let moreover

(13) Q1) = (=), wp (1), w5 (1), wi(h), wi (D), ..) € M(2), 0 << 1,

be a near o-curve (hence Q*w! = 0) with the same end points Q(0) = P(0),Q(1) =
P(1). Denoting by

R(t) = (2(1), w5 (1), wh (1), r1 (1), 11 (1), ) € B, 0K L L,
its projection into E (hence ri = X*7g'evaluated on Q(t)), then
14 /a—/a:/a—/&+/d—/&
a4 Q P ( Q R ) ( R P )

(since [pa = [ &, cf alsoI(25)) with the summands

(15) [ga—L&:f&dw,L&—L&:/ Awg Aw?
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where
a6)e= o whwd) S f ) = ST k) (wl =)

(- = z,w},wd and the variable ¢ is omitted) is the common Weierstrass function,
moreover the Green formula and (10) evaluated at e = & =0 were employed in (152).
One can observe that

(17) dd = Awg Awd = A(dwd = ¢* dz) A (dwi — ¢®de) = dun do

nvirtue of (10) with e =€ = 0 substituted, where u, v are appropriate first integrals
of the system (12).

Let us briefly look at the result.. Concerning (15:), the graph of the function
f=f(whwd)with. .. =, w§, w3 kept fixed represents a surface in the space of
the variables f,w}, w?, and the sense of & is well-known: it is the oriented vertical
distance between the surface and its tangent planes. A certain difficulty lies in the
fact that we have a developable surface (cf. (1)) therefore & = 0'is vanishing along
the generating lines. ~Otherwise the strong inequalities & > 0 or- & <0 can.be
clearly ensured in favourable cases and then the constant sign of (15;) is guaranteed.
Concerning the summand (15;), it measures “the number of €-curves”. going through
the loop which consists of the arc, R(¢) and'the reversely oriented arc P(t); see (17)
and especially (174). One can therefore see that the value of this summand can be
made quite arbitrary by  an appropriate choice of the curve Q(t); see also T 2 (even
with ¢:= 1) for-an analogous situation,

Altogether taken, the behaviour of each summand (15) is clear, alas, the sign of
the total sum (142) seems to be ambigous and neither the negative nor the positive
conjecture concerning the extremality can be stated at. this place. We will return’to
this remarkable problem in Part III:

4. Non-generic densities (1) such that either e} =0, or e} # 0 but A =0 can
occur, see the next Section for the realization.

In more detail, assuming e} ‘= 0 but e = e(z,w};w3) 7 0 then the (possible) %=
curves explicitly given by e =0 must also satisfy the equation e!'=0. It seems that
they are very exceptional and rather mysterious.  On'the contrary; the case when
e = 0is identically vanishing will be discussed in more detail below: then the &.%
system is underdetermined and consists of the single second order equation e* = 0
for two unknown functions wh,wé.

Assuming el # 0 but A = 0, it is necessary to distinguish the subcases when
either & # 0 or & =0 on the subspace of M (2) given by the‘equation e = 0. Both
subcases may-actually occur. The first seems to be rather unpléaﬁant and we are not
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able to state any reasonable result, however, the second leads to an underdetermined
&% system consisting-of the single first order equation e = 0 which can be. easily
investigated.

5. The realization problems. If we wish to find examples ‘of various kind of
degenerate densities, it is not appropriate to start from the primary formula (1) since
it gives rather.complicated requirements for the coefficient f. Instead, it is better to
deal with the relevant, 2% form & and use the results of Section 2.

‘We shall' suppose ‘de # 0-this time. “Then d& can be expressed by means of
four adjoint functions z,wd, wg and a certain z = z(z, w}, wd, wi, w?) where dzis
proportional to either of forms

& 2w X dwl +bdw? (mod dz, dwj, dw?)

as follows from (7). (It would be.possible to choose either of the functions b, e, w} +
bw? for this z. More precisely, ¢t can be expressed in this manner in the subdomain
where e # 0, the behaviour at e =0 easily follows by the continuity argument.) So
we may assume the formula

(18) &= Pdr + Qdwh + Rduwl +Sds — dW,

where P,..., W are functions of z,w}, w}, z. . Then a comparison-with (1) implies
S = OW/ 9z, so we may suppose-S-=W =0 in (18) by a mere change of notation.

Let us find conditions for the remaining coefficients P, @, R ensuring that the right
hand side of (18) indeed is a 2% form. By wirtue of condition 1-(12) with ¢ = 1,2
and 7; = w§, it is necessary to ensure :dd 2.0 (mod QA Q, w§, wd). This is a possible
approach but instead:we shall follow an alternative and quite simple method.

Inserting z = z(x, w§,wd,wt, w?) into formula (18) with .S = W = 0, one can
obtain the expression

(19) a=fdrtgedtred  (f=p+gud+rud)

in terms of primary variables and contact forms. The change of the type of letter
denotes here the results of substitution, e.g.,

2= Plowh, g, 2(z, w5, w,wp))

and analogously with g and 7. Clearly (19) is a 2% form if and only if ¢ = flandr =
f2.-One can verify that these conditions are equivalent to the identity

(20) P+ Qi+ Rw} =0 ('=0/02).
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So we have a rather explicit view of ‘all densities (1): the functions P,Q; R can
be arbitrarily chosen, and - (20):may be regarded: as the implicit definition of the
function z (assuming P + Q"w} + R"w} # 0, hence not all P, @, R vanishing,
for' certainty). Since we are interested in densities (1) with fil = gl # 0, the
condition Q' # 0 should be satisfied.

6. Continuation:  the genericity. Using the explicit' representation (19,) of
the coefficient f of the density (1), one can then directly find the formulae

(21) el = Py + Rjw! = Q. — Qbwi —Q'Xz,
(22) e* =P} + Q3w — R, —Rbw} —~ R'Xz,
(23) e= P~ R +b(Qc = Fy) +c(Ry — QF), b = R'/Q', c = P/Q,
3
(24) E= %(EI + Blwt 4 Eiuw?) + Pt — Q. + (RY — Q2)w?,
- ol Y
(25) ,AzRé—Qang(QE%—REé)

More precisely, z = z(z, w§, w3, wl, w}) should be moreover inserted into the right
hand sides of (21-25) to obtain full accordance of variables. In particular, the func-
tion E = E(z, w},w?, z) may be exactly identified with the right hand side of (23),
and then e = E(z,w}; wd, z(z, ..., w})) follows by the substitution. Recall that we
have assumed el # 0 (hence B’ # 0) in (24, 25).

Owing to-these results, the existence of various kinds of densities satisfying 4 = 0
(either identically, or along the subspace where E' = 0) immediately follows. The
reasoning ‘can be a little simplified by an appropriate choice of the function z.

For instance, let us choose z = @, hence Q' = 1,Q, = Q% = Q% = 0. Then the
condition A = 0reads RYE' = B3~ R'E} and admits a lot of solutions.-For this case,
one can moreover observe an interesting fact: assuming e} =0 (hence E’ = 0) then
E? = R'E} which means €2 = be} (use R' = b) and consequently (Xe)} = b(Xe)}.
This is like (82) and it follows that the function

11
(26) &= fJTl X2+t
€

(a substitute for & which does not exist) of the order ot most one vanishes on all
& -curves.

Recall that e} # 0'but € =0 identically vanishing (possibly only along the subspace
where e = 0) implies A = 0. In this a little peculiar but favourable case, using (14)
with the last summand vanishing, the extremal properties become quite clear.
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UNDERDETERMINED EXTREMALS

7. The realization once more. We shall suppose e = 0 identically vanishing
from now on. Then Adj dé = {wy, £} ={du, dv} for appropriate adjoint functions
u, v:-Moreover,

@7 dd =wo A€ = duA dv; & =udo~ dW
in the space of independent variables 2, w}, w3, wi, w?. Since (272) may be regarded

asia particular:case of (18), the resultsof the preceding Section 5 remain true. In
particular, (23) gives the relevant condition

(28) 0= Q'(F —R.) + R(Qu ~ Fy) + PRy = Q)

for the coefficients ensuring e = 0. Choosing z = @, one can find a lot of solutions
but:we shall mention a more effective method below. On this occasion, let us note
that (28) can be expressed in a very concise manner: denoting & = P'dz +Q'dw) +
R dwd, clearly &' A dd = Q'Edz A dwd A dw?, hence (28) means that &' A dd = 0.

We are passing to a better alternative method.  Employing (27), the requirement
dd = 0(mod QA 'Q,wh, wd) ensuring that we deal with a P% form yields the condi-
tions

(29) ulXv —viXu=ulXv ~ viXu=10

for the sought functions u,v.Then the top order terms of (29) imply uiv} = viui,
so we may assume v = V (z,wl, w3, ). With this assumption, (29) reduces to the
single requirement

(30) Ve +wlVy +wlVE = 0.

Choosing V= V(z,w}, w?,u) quite arbitrary, then (30). may be regarded as the
implicit equation:determining u, and. (27;) with this function'v =V and a (little
specialized) W = Wi(z,w},wi, u) gives the sought density o = f dz where

(1) f=uVe = Wa + whuV - W3) + wh Vg — W3).

the function W must be chosen such that udV/du = OW/du, hence

(32) VV:/uVudu:uV—/Vdu
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in quite explicit terms.

Altogether, formulae (30-32) provide all. densities (1) with-¢ = 0 identically van-
ishing (at the same time we have resolved the-equation &’ A d& = 0). Note that the
result can be directly verified: both el and e? are proportional to Xu, hence the £.2
system is equivalent to the single equation u =const.

*8. The parametrical subcase. Choosing in particular V.= V(w}, w32, u) inde-
pendent of the variable 2, then (30) clearly determines a function u homogeneous of
zeroth order in variables w}, w?, and (31, 32) determine a function'f homogeneous
of the first order in w}, w}. (More explicitly: the well-known identities

Flwg,wi, Mwl, Med) = Af(wg, w3, w],wi),
(33) - wi fi+wiff =1,

o1l 2412 112 a2 22
wifiy Fwifil = w fiy Hwifii =0

are satisfied.) So we have the familiar parametrical integrals. It may be interesting
to mention the relevant 2% form:

&= 1} dub + 7 aud,

dd = (dwd +bdwd) A (g dw? — 1 (dw! +bduwd))

by easy calculation. It follows that ! = aw? — fi (w} +bw}) and e = 0. by comparison
with (4,53).

The results can be carried over to more general integrals (1) with the function
f=F(g,h,Xg,Xh), where g = g(z,w},wd), b = h(z, w},w) and F is homogeneous
of the first order in the variables X g, Xh. :

9. On the Jacobi least action principle. Let us mention a Riemannian mani-
fold with the first fundamental form g..-Then (in'rough terms) the geodesics are
€-curyes for the parametric (hence degenerate) variational integral f () 2 4z, and
at the same time, geodesics are 6 -curves for the nondegenerate (kinetic energy) vori-
ational integral [ g dz. The parametrization is uncertain in the first approach, unlike
the second where the resulting. parameter is proportional to the length. The gener-
alization in mechanics of conservative systems is also well-known as the Maupertuis
principle. “We shall however carry this result over to many other variational integrals
(1) with e = 0 identically vanishing (which includes the parametrical case and much
more),

Since we shall deal with several variational integrals at the same time, let us made
our notation more precise: for a given density (11), we will write e’[f], e[f], and so
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like (instead of previous simpler ¢, €) to point out the dependence on the coefficient
f. Then

EF(f)] = PPy = XF(f)}
= FU(f)F3 = X(F/(H)fD)
= PPN = X ) — HXF(f)
= F(Nelfl - fiXF(f)

(34)

for the “composed“density 8 = F([) dz. Assuming degeneracy (12), the new density
B need not be a degenerate one. In'more detail

FORF(RE — (B = (B2 = B2 F(HF (/£

after easy verification, hence 3 is:degenerate if either B = 0 or fiif2 = fl2f} is
satisfied.: One can find. that the second condition implies that the primary density
o is of a rather particular kind: then f = f(...,w}, w}) with ... = z,w}, i kept
fixed is a cylindrical surface with the axis parallel to the w}, w? plane.

Passing to our intention, let us take a degenerate but “non-cylindrical” density
a = fdz with e[f] = 0 vanishing, and put 8 = F(f)dz with nonlinear F.

Then the %-curves to the density o satisfy. €'[f] = ¢2[f] = 0, however, the sin-
gle equation e*[f] = 0 is enough.  Moreover the %-curves'to the density S sat-
isfy e [F ()] = €2[F(f)] = 0. but using (34), this system is equivalent to e'[f] =
XF'(f)=0, hence equivalent to

(35) e [f1=0, F'(f) = const.

The first equation means that we deal with @-curves to the primary density «, the
second can be interpreted as a specification of the independent variable z.

Summary: the F-curves to the density F(f)dz are just the %-curves to:the
density f da with the independent variable satisfying (35,).«

10. The extremality for the case e = 0 does not make any difficulties. The £&.¢
subspace e: E C M(2) is defined by equations

Xhel = XA — XD =+ (b + budia) =0,

hence the functions z, wg, wi, w? (s = 0,1,.::) can be taken for the coordinates for E.
Since the form ‘dé can be expressed by two variables, the Lagrange subspace1: L ¢ E
is of codimension one and we shall assume x, w3, w? (s = 0,1,...) for coordinates on
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L. Closely simulating T 6, we consider an embedded €-curve P(t) € L(0 < ¢t <'1),
an arbitrary @/-curve (14) with the same end points, and its projection

R(t) = (2(2), w3 (1), w3 (), ri (1), wi (1), ) € L, 0<E <,

into L. Then the decomposition (14) can be employed with the second summand
on the right vanishing (since 'd& = OonL), and the first summand (15,) with & =
Fwh) = f(ed) ~ f1(r})(w}—r}) where the variables z, w§, w# are omitted for brevity.
The inequalities '€ 2 0 or & <0 permit a quite reasonable geometric interpretation
and resolve the problem analogously as in the nondegenerate case.

Comments: We cannot refer to any literature except for the parametrical sub-
case of Section 8. Then the function f does not depend on variable z, the reasonings
of Section 10 can be repeated -with alternative coordinates w}, wg on L, and the
resulting achievement is the only one which is (rather thoroughly) discussed in all
textbooks, Main contribution of this article consists in explicit realization of various
kinds of degenerate problems and in transparent clarification of difficulties concern-
ing the extremality. It should be noted that already the arrival at £.% systems
causes serious difficulties in the optimal control theory, see {3].. Many interesting
results are referred in-[1], alas, they are rather general and of quite different kind.
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