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Abstract. This paper generalizes earlier author’s results where the linear and quasilinear
equations with constant coeflicients were treated. Here the method of limit passages and
a fixed-point theorem is used for the linear and quasilinear equations with ‘almost periodic
coefficients.
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1. INTRODUCTION

1.1. Preliminaries. One of the methods the author developed in his research
works is presented here. This method has been inspired by S. N: Simanov’s paper [9]
and is based on the use of Cauchy integrals. Another method, not presented here,is
based on the Fourier transform. :

1.2. Notation and definitions. We denote; N-~the setof all positive integers,
No—the set ‘of all non-negative integers, R-—the set of all real numbers (real ‘axis),
C——the set of all complex numbers (complex plane).

If E is a non-void set and m, 7 are positive integers then E™ denotes the Cartesian
product ExE ... xE of m factors and E™x7 is the set of all matrices of m rows and .
columns, the elements of which belong to £; E*** = E! = E, Analogously we could
denote more-dimensional matrices,

351




Ifn e Nandm = (m,...,me) € Ng, W = (m),...,m,) € NI then the
inequality 772 < 77 means the system of inequalities m; < m}, 7.=1,2,..0,n.

If M, N are non-void subsets of C'or R and if w, ¢ are complex numbers then
wM={wh NeMLEFN={E+pm peN, M+N={A+p AeM, ueN},
D+N=M+P=0+0=0and S(M) stands for the smallest additive semigroup
containing M and S(0) = 0.

The distance of two sets M, N,of a point z and a'set M and of two points z,w
in Cor R, respectively, is denoted by dist[M, N], dist[z, ] and dist[z,w].

The boundary of a-set M is denoted by OM.

If s a positive number then by a strip or'an a-strip in the complex plane we
mean the set m(e) = {z € C:'|Rez| <a}.

If zo € C and R € (0, 00) then %(z0, R), K20, R) and K (2o, R), respectively, denote
an open disc, a closed disc and a circle centred at zo with'its radius R in the complex
plane.

For number vectors or matrices, even more-dimensional, we use the norm [.|, which
is equal to the sum of ‘absolute values of all coordinates of the vector or all elements
of the matrix.

k
In addition to the usual'symbol [] a; = aias.. ax for a’product we will use the
=1

1
symbol T] a; = ax...a1 for the product with the reversed order of factors,
gk

For a vector 7 = (my, ..., mu) € NM, M € N, we introduce the combinatory
number

(l;]) = w(ml!) ‘ BICIR where || = my .. mar.

1.3. Spaces. We will deal with functions f: R — X, where X is one of the spaces
E, E?, E™*™ and E= R or E=C.

We denote by C(X), CB(X) and AP(X), respectively; the space of all continuous
functions f : 'R~ X, the space of all functions from C(X) bounded on R and the
space. of ‘all ‘almost periodic functions from CB(X). The mean value of a function
f€ AP(X) is denoted by M(f) or M{f(1)}.

The spaces CB(X) and AP(X) are made Banach spaces (B-spaces) with the norm
defined by || = sup{|f(t)|:.t € R}. For k=1 and k.= 2 we will denote by C*(X),
CB*(X) and AP¥(X) the space of all functions from C(X) with continuous derivatives
up to the order'k on R, the space of all function from C*(X) which are bounded on
R and have bounded derivatives up to the order k, and the space of all functions
from CB*(X) which are almost periodic and have almost periodic derivatives up to
the order k.
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The spaces CB*(X) and APE(X) endowed with the norm

7l = max{If1,1f1} k=
k= maX{Iﬂ»mx |fl} k=2,

become B-spaces.
If all elements of ‘a matrix almost periodic function -f € AP(X) are trigonometric
polynomials then f is called a trigonometric polynomial.

Remark 1.1. The space AP(X) is the closure of the set of all ‘trigonometric
polynomials from CB(X). Analogously. AP*(X) and CB*(X),k =1,2.

1.4. ‘Almost periodic functions. :Any almost periodic function from AP(X)
has a representation by a Fourier (trigonometric) series which is uniquely determined
up to the order of summation.” By:A; we denote the set of all Fourier exponents of
an almost periodic function f and the set iAy will be called the spectrum of f.

If f is an almost periodic function with the Fourier series S @A) exp (iAt), A € Af,

A

then we denote >3(f) =2 [p(A)], A €Ay If the Fourier series of a function. f
X

converges absolutely then Y(f) < oo,

For any-function from AP(X) there exists a sequence of the so-called Bochner-
Fejér approximation (trigonometric) polynomials B,,; m =1,2, .. of the function -f
with their spectra contained in 1Ay -and uniformly convergent to f.on R and moreover
S(Bar) ST m=1,2,.., (see (1], [5], 7], [8)-

1.5. ‘Equations ‘with constant coefficients. The basic problem the author
dealt with in his paper [6], is to solve the differential equations

(1D &(t) = aox(t) +box(t — 1) + f(1),

where 7 is a positive constant, the so-called time lag, ap, by belong to %™, where
n €N, f € AP}(C"*!) and z is an unknown function from C}(C"*!). An im-
portant role is played by the properties of the matrix function ®(2) = 2E = ag —
bo exp(—27),2:€ C, where E = [E, is the unit matrix from C**™, and by the proper-
ties of its determinant A(z) = det®(z). This determinant is called the characteristic
quasipolynomial and the equation A(z) = 0 is. called the characteristic equation of
the differential equation (1.1).

Under o(A(z)) we understand the set of all roots:of the characteristic quasipo-
lynomial A(z).  The guasipolynomial is a transcendent entire function (in general)
of ‘complex variable z. and, consequently, the quasipolynomial A(z). has an infinite
number of roots without any finite limit point, Each strip 7(), & >.0, contains only
a finite number of roots of the characteristic quasipolynomial A(z) because ®(z)z7}
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is ‘arbitrarily close to the unit matrix F in the strip m(a) for z sufficiently large (in
absolute value). Hence the matrix ®(z) is a regular one for such z.- Consequently,
the positive number c can be chosen so that the finite set m(2a) Mg (A(z)) lies on-the
imaginary axis of the complex plane. If 7(2a) N o(A(z)) # ¥ and this set contains
just the points &y, ..., Jo € N, then we set 6.= {§ — &1 7,k =1,..0,jo}, and
if m(20) N a(A(z)) = 0, then ‘we set § = 0.

1.6. Favard’s theorem. In the sequel we will need

Theorem 1,1.: (Favard) If a function f € AP(C™*"),m,n € N, and if Ay n
(—d,d) = 0 where d Is a positive number, then the primitive function F(t) =
fot f(s)ds, t € R, is an almost periodic function, too, and the estimate

(1.2) |F = M(F)| < Malf]

is valid. Here ”
L
M(F)_TlgleT/[) F(s)ds

is the mean value of the almost periodic.function F and Mg is a positive constant
depending on d only.

The proof of Favard’s theorem was published in {1, [2}, {5], 7], [8].

2. EQUATIONS ‘WITH ALMOST PERIODIC COEFFICIENTS
2.1. Basic equations. In the sequel -we study the differential equations
21) (1) = aor(t) +box(t = 7) + a(V)a(t) + b(tha(t = ) + (0

where 7 is a positive constant, ag, by € C**% g, b€ APH(C™*"), for which > (a) <
00, 3°(b) < oc'and f € APHC"*}), n € N. Qur aim is to prove the existence and
uniqueness of an almost periodic solution of Equation (2.1) the spectrum of which
is contained in a certain apriori given set iA, A C R.Such a solution is called an
almost periodic A-solution.

2.2, Formal solutions. First, we solve the given equation in‘a formal manner.
This means that we are looking for the so-called formal solution =y represented by.
a trigonometric series with coefficients from C"*! which formally satisfies Equation
(2.1). :

For trigonometric series we introduce the so-called formal arithmetic, differential
and integral operations, the formal shift and the formal mean value. The formality
of these operations consists in the fact that they are performed without any regard
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t0 the convergence of the trigonometric series and without any justification (as con-
cerns the -convergence) of the operations performed. Hence, not only the resulting
trigonometric series.but also the series entering into the formal operations need not
be convergent, “The coefficients. of the trigonometric series entering into particular
formal operations are supposed to be elements of normed linear-spaces such that the
operations in question can be accomplished.

Given a trigonometric series

(2.2) 2(t) ~ Zc(u) exp (ivi), v €A,

P

where A is.an at most countable set of real numbers, then 1A is called the spectrum
of the-trigonometric series (2.2). Further, we denote

S =S ew)l, veA,

50 that the inequality > (z). < 00 denotes the absolute convergence of the trigono-
metric series x.

In the case A = { the associated trigonometric series is equal to zero. If we are
given the trigonometric series (2.2) and' A C A C R, where A is an at most countable
set, then for © we use also the representation

z{t) ~ ZC(U) exp (itv), v €A,
<
in which c(v) =0 forv € A\ A.
Let two.trigonometric series

a(t) ~ 3" a(Nexp (M), A€ A, b(t) ~ > B(w) exp (ipt), 1 € Ay,

be given where the sets A; C R, j =1,2, are at most countable. If @, 3 are two
complex numbers and s € R:then we define formal operations
i) the formal Jinear combination (formal sum, difference and scalar multiple)

aalt) 4 Bb(t) ~ > [aa(v) + A0 exp (), v € ALUA,,
where a(v) =0 for v ¢ Ay, Blv) =0 for v ¢ Ay;

ii) the formal product

a(b(t) ~ > [ b a(/\)/i(ﬂ)} exp(ivt), v €A +Ay AEAL nEAy

vk Akn=y
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iii) the formal derivative (term-by-term differentiation)
(1) ~ Y iha(A) exp (M), A€ A
iv) the formal primitive trigonometric series (term-by-term integration)
Alt) = /a(t)d{ ~ Aot %n()\) exp (i), A €Ay, Ag e CXL,

under the assumption. that 0 ¢ Ay;
v).the formal shift (for a given real number s)

aft + )~ Z la(A) exp (IAs)] exp {iAL), A €Ay;

vi) the formal mean value of a trigonometric series defined to be its absolute term.

Remark 2.1. Let-us note that under the assumption of the -appropriate con-
vergence of the trigonometric series entering into the formal operations these formal
operations coincide with the non-formal ones.

In-connection with the formal operations we speak about a formal almost: peri-
odic-solution ‘(A-solution) of ‘the almost periodic differential Equation-(2.1)." The
trigonometric series (2.2) is called ‘a formal -almost. periodic-A-solution of Equation
(2.1) if this trigonometric series solves Equation (2.1) formally, i.e. after inserting the
trigonometric series representing a, b, f, z, & into Equation (2:1)-and after having
formally performed the indicated operations the right and left sides of the equation
give rise to trigonometric series the spectra of which are contained in 1A and for ev-
ery v'e A the coefficients at exp(ivt) on both sides are equal. “Clearly, every almost
periodic solution (A-solution) of Equation (2.1). is also its formal almost periodic
solution (A-solution). The contrary is not true.

2.3.: Construction of a formal solution. We begin with the case when a, b
and f are trigonometric polynomials.

Theorem 2.1. If in Equation (2.1) o, b-and f-are trigonometric polynomials and
if (see at.-the end 1.5, concerning the set 6)

(2.3) A= inf(A,UA) >0,
dist[d, S(As U Ay)] for :
(0.0) dg:{ ist]d, S(Aa WAL >0 for8 #0
2 for =0,
(2.5) d = distliA, o(A(2))] >0,

356




where A = Ay + S(A,UA;U{0}), then there exists a’unique formal almost periodic
‘A-solution z; of Equation (2:1):

Proof. Let M € N, N € Nandlet

M
a(t) = 3 alus) exp (iunt).
k=1

N
b(t) = 3 B(ve) exp (iwit),

k=1
F(t) =S () exp (iX), A€ A
Further, let the sought formal solution z s have the representation
zp(t) ~ Zc(a’) exp(igt),” o €A,
50 that its formal derivative 47 has the representation
Ty(t) Zioc(a} exp (igt), o €A

Substituting formally into Equation’(2.1) and equating the corresponding coefficients
of ‘the exponential functions exp(iot) we get for the coefficients c(c) a system of
infinitely many linear algebraic equations

®(io)c(e) = Za(p)c(o — ) Z,ﬁ(u)c(a ~v)exp(=ilo = v)7)

(2.6)
+ Z Srop(N);

where € Ao, v€ A€ No—peA o—veA AeAy wheredy, =0for A\ #a
and 0o =1 for A =¢. By assumptions (2.3), (2.4), (2.5). the matrix ®(z) is regular
for z €1A so that for every o-€ A we obtain from(2.6) -2 unique expression

¢(o) = &7 (10)1:204(;1)0(0 — )+ Bv)e(o —v)exp (—i{o — u)7)
2.7 # "

+ Z 5Aa¢(/\)] -
X

Thus, the uniqueness of the formal almost periodic A-solution z; is ensured, pro-
vided it exists. To prove its existence we complete the-solution of the system (2.7).
Every o € A can be expressed in the form o = A 430 = A +7ji -+ v, where A € Ay,

H1 51

Y2373 VN

357




1x M
0

M= (. oma) €N = (ng, ) € NGV 5 = (m, 7).

Such an ‘expression for ¢ € A need not be-unique, but owing to the fact.that the sets
Ag, Ay, Ay are finite the number of such expressions is also only finite. ‘This makes
it possible to solve completely.the system (2.7). In the system we shall distinguish
the coefficients ¢(A + 5@) and (N + #@), where A, A € Ay and 5,5 € Ny M4
and also the equations for them if A # A or § # 5 even if A+ 30 = N+ 5'w. We say
that 0" =M.+ '@ islowerthan o= A+ 50 if M = X and 5 <3, & #3.

For every A € Ay we formally solve Equation (2.1)-for simplicity and lucidity—
for a “harmonic” »(A) exp.(iAt) separately,i.e. for f(t).= @(A)exp (iAt), and by
we denote the corresponding formal almost periodic A-solution. - Their: formal sum
for A € Ay gives then a formal almost periodic A-solution z;.

Hence, A € ‘As being-fixed ‘we consider the subsystem of the system (2.7) with
T EAFSAUAU{0}) CA Letse N},X(M'HW be fixed; substituting successively.
from the equations for coefficients c(o’) where ¢’ is lower than o = A 3@ into the
equation for ¢(A 4+ 3@) we obtain such an equation for ¢(A + 5@) which contains only
¢(A) from all coefficients ¢(o”’) where o is lower than ¢ = A+ 5@, The number of all
possible different “descents”from A 4§ to A is

(Iﬂ) -~ Isl!
5 ) (ma) (). (n )

Every such “descent” is accomplished by a successive substitution and is uniquely
R : N (M4N
defined by an increasing sequence P = P(3) of vectors from Néxu‘“‘ )

0=Py<Pi<... € Py =35,

which satisfies |P; = P;3| = 1,7 = 1,..., 5], while P; = (G, R;), @; € NgxM
Ry e N&*N 5 =10,1,.+.,]3]. To every such sequence P = P(3) for a fixed A we
can associate in a unique manner a sequence p = p(3) “of vectors Po,Pr,-."5 Pis|

NN

i k
from ) satisfying Po = 0, il = 1,7 =118, and Py-= 3 §;, k =
=0

0,1,.., 18], while p; = (g;,75); @5 € N*M, 75 € NN 5°=0,1,...,{5]. This means
that ;= P; — Py, §;=Q; Q1,7 = Bj — Rj-1,j = 1,...,]5]. Let'us denote
by cp(A-+350) the part of the right-hand side of Equation (2.7) for ¢(A+5@) obtained
by the successive substitution using the sequence P = P(5): This procedure yields

cp(A+35@) = @p(iN)e()), where

0
Pp(z) = H & (2 +1P;@)y(p;@),
J=ls




0) = Ly (p5@) = (@) + BT ?) exp (iP5 1@7), j=1,. - [8], @(0) = 0, B(0) =
0. We obtain then by a formal sum

e(A+59) =Y cp(A+53) =3 ®p(iN)e())
P P

where the summation is over all mutually. different sequences P = P(3) with a fixed
A€ A and afixed 5€ NyXMEY),

Thus, for.every “harmonic”p(A\) exp (1At), A € A 7> we get a formal almost periodic
A-solution

(2.8) () ~ 3 Bp(iA)e(A) exp (A + 5)E),

530 F

and the formal sum of these solutions yields a formal almost periodic A-solution of
Equation (2.1)

zi(t) =) mn 3o 90 PN exp (i(A +53)), A € A
A

A 520 P

The proof of Theorem 2.1. is complete. 0

3. ALMOST PERIODIC SOLUTIONS

3.1. Closed. regions G, Gp. - In the sequel we will take up the case 8 # §
but.the case # = § when A(z) has no purely imaginary roots would be even easier.
Hence, let i€;,.%.,i€;,, 4o € N, be all mutually different purely imaginary roots in
C of the quasipolynomial A(z) and let o, .., gj, be their multiplicities. We pick a
positive constant 6 = min{a, A, dy,d,dg, 7,2}, where de = min{|§; — & J # k;
Fik =100 00} forjo.> 1and de = 2 for jo =1 or § = ¢ and where-a positive number
 is chosen so that w(2a)No(A(2)) = {i&,...,i&, }for 8 £ B.or m(2a)No(A(2)) =8
for § =0

Further, unless stated otherwise, we assume that we are given a fixed vector 5 and
a fixed sequence of vectors P. = P(3). Recall that «(z,0) and &(z,8) are the open
disc and the closed disc centred at z with their radius § in the complex plane C. In
C we construct closed regions

Jo
Gi = m(@)\ | ) wig; = 1Pp@;8), k=0,1,.. ]3],
=1



and.we denote by Gp their intersection, so that

131 151 7o
Gp = ﬂ Gr=m(a)\ U U (i€~ Py ).

k=0 k=04=1
Each of the closed regions G is a shift of the region Gy in the complex plane by Pro
units downward, %k = 0,1,...,3]. Since the matrix function ®(z) introduced in 1.5.
is analytic and regular on Go, the matrix function ®(z+iPy@) is analytic and regular
on Gy and the same property is possessed also by ®71(z +iPy@),k = 0,1,...,]3].
1t follows that the matrix function @ p(z) is analytic on the closed region Gp.

In the case 6 = @ the boundary Lp = 0G p of the closed region G p is formed by two
lines | Re z| = a which form the boundary of the strip 7(a).  For 8 # @ the boundary
Lp = 8Gp is formed by two lines | Re 2| = o and by-a circle K, = K(i¢; —iPy@;6),
F=1,..0 70 k= 0,1,...]5. - In virtue of the assumptions of Theorem 2.1 and of
the choice of the positive number 6.t is ensured for 6 #  that no point z € K
belongs to-any disc &y,m. Namely, the distance between the point. z and the center
w = 1§ —1P,,& of the open disc Ky, is greater than or equal to the radius § of this
disc. We have

dist{z, w] = |z =i+ 1Pmad|
= |2 =16 +1Pr@ + (& — & + (P — Py)o)|
216 = &+ (P = Pi)a| = |2 = ig; +1Pya).

Since |z ~—if; + iPo] = & we have for (P,, — Py)o # 0 the inequality dist[z,w] >
dp = 62 6 and for j # 1 and (Py, ~ P.,)@ = 0 the inequality dist[z,w] 2 de =0 > 6
and for j = L and (Py. ~ P,,)& = 0 the equality dist[z,w] = |z —i&; +1Py@| = &
because of w = i&; ~ 1Px@, 4,1 =1,...,Jo; k,m =0,1,...]3].

3.2. Qutline of further investigation. We attempt to prove that the obtained
formal A-solution is a‘A-solution of Equation (2.1)." The approach could be the
following: first,"to prove the absolute and :consequently also uniform convergence of
the trigonometric series z» on R for every A € Ay, see (2.8). After inserting into
Equation (2.1) to prove the same for the trigonometric series 45 which is the formal
derivative of z5. The formal solution z, then becomes an almost periodic A-solution
of Equation (2.1) for () = (A exp (i), ¢ € R, It follows that z7 = 3" zx, A € Ay,
is:an almost periodic A-solution of Equation (2.1), (A is a finite set),A

Instead of this, for better economy, we shall prove directly a certain absolute and
uniform convergence on R of the trigonometric series

(3.1) > [Z ST OR(N)R(A) exp (M) | exp (i5@t),

200 PooA

360




which arises by.a rearrangement of the trigonometric series z ;. Namely, the conver-
gence of the series

(3:2) 5

207

ST @e(Ne(N) exp (i)\z)i

Y

will be considered in the sequel. In the case of the one-point spectrum for f(¢) =
@(A) exp(irt), t € R when z; and ) coincide ‘and zy coincides with (3.1), the
convergence of the series (3.2) ensures the absolute and uniform convergence of 2.

Eventually, with the use of passing to limits we proceed to the case when a, b and
f-are not trigonometric polynomials.

3.3. Integral representation. For a given vector § we can choose a sufficiently
large positive number R such that all circles Kj,, 5 = 1,...,j0; L= 0,.:.,15] belong
to the interior of the closed region m(a) 0 &(0; R) the boundary of which we denote
by Lr.

Now, we use the Cauchy-integral for-the expression inside the norm in the series
(3.2). If-we denote by Lr(P) the boundary of the closed region Gp N &(0; R) then

1
i A i =— b z
3o (1) j{ | ErAF) i

2ni
! f Bp(:)P(t2)d
e p(2)F(t,z)dz
3.3) 2ri S
151 3o 1
-5y 74 ®p(2)F(t,z)dz, AEAS,
k=0 5=0. T K
where
xp (it
(3.4) P =Y W0 den, ter
by
The function F* has the following properties:
i)
(3.5) lm |F(t,2)| =0
[2|=0co

uniformly. with respect to ¢ € R. This implies the existence of a constant R’
such that the inequality

(3.6) B2l <1
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holds uniformly with respect to't € R for all z-€ C, |z 2 R'.
ii). Denoting || fIl = max{|f],]f]}.the estimate

(37 £, 21 < 1)

holds uniformly with respect.to t € R for-all z € C for which|Re z| = . Indeed,
for | Rez| # 0 the equalities
exp (i

M) soRez : :
T TR (zt) /z exp ((ir —z)s) ds

coRez
= exp (irt) / exp ((IA—z)s) ds,
0
coRe s
F(t,z)= / flt+s)exp (—zs)ds
0
soRez
=—zl—[f(t)+/o f(t+a)exp(—zs)ds

are valid.

3.4." Estimates. Assume that 6 # 0. Owing to the choice of positive numbers
«,-6:and to the properties of the matrix ®(z) and the quasipolynomial A(z) there
exists a positive constant Cj such that the inequalities

|71 (2)] € Cy for 2 € Go

68 [#71(2)] S C1|2|7 for = € Go\ {0}

are.valid. If we pass to the limit for R — oo on the right-hand side of the equality
(3.3) we get the equality

; 2, ) exp (M) = 5 (— / e /a Mm) Dp(2)F(h, 2)dz

2mi —amico oo
(3.9)

o481

1
Y5 Er?if{m Bp(:)F(t5)dz, A €Ay,

3=1 k=0

This can be seen by taking into account the estimates (3.6) and (3.7) which imply
the absolute convergence of the improper integrals on the right-hand side in (3.9)
and the convergence to zero uniformly with respect to ¢t € R for R.—+ oo of integrals
over the.arcs of the circle K (0; R) lying in the a-strip.

The quasipolynomial A(z) may be expressed in the form A(z) = (2 —i£;)%4;(z)
where A;(z) # 0 for z € K(i€;;0), /= 1,...; jo. Hence, the inverse matrix &~ may.
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be expressed in the form ®71(z) = (z —i&;) "¢ ;(z), where T;(z) = "‘(z)(f’(:),
=11, Joy and where 5(2) is the matrix whose elements with subscripts &, Lare
equal to the algebraic complements of ®(z) with subscripts {,k: k,l=1,..:,n. The
matrix T'; is analytic in the closed disc &(i€;;0), j = 1...., o According to this

decomposition and in view of

1 ; .
?'(2) = -(%@(z) =FE = (=7)b exp(~2z7),
oM (z) = d ——®() = ~(= T exp (—=z7), h=12,3,...
it is possible to choose the already defined constant C) large enough so that besides
the estimates (3.7) ‘also the following ones are true:

[(@71(z)))| < €y for 2 € Go,
(3:10) (e ()M < Crlel ™ for 2 € Go\ {0},
K Gg) < &

forij =1,...,jo; b= 0,1,..., ¢, where p = max{o1.. .., 0jo }-
Lemma 3.1. The magnitudes of the integrals

L) = '77r1?{ Dp(2)F(t,z)dz

are estimated by

Cu 180\ [ 15 2¢(L + DCrla(m)]
e G5 ff 2ot

x [H WEL)‘J Z(2M HiF

k=1
G=1;0000; 1=0,1, .+, 13], where positive constants. L, My do not depend on 3 and
P(35), either:

Proof.” Notice that the development

1 i(:+iﬁl&—i5-)h
PR Y +1Plu, i g N i@ — i
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is valid for arbitrary A '€ A; and z € K1 because (see (2.5))
distfid +iP@; 6] = A F1P@ =i 2 d > 6 = |2+ 1P& — i€,
J=1 o =0,100 8]

Next, let us recall the already. verified fact that ‘the discs £;, do not intersect, j-=
1,003 1 =0,1,...,]8.-For economy in writing we will use the notation
0
Dp iz H Wy 50(2)y(Pri), - where

k=3l

e S
Tpialz) = (qr‘(z ¥ iPkD)) (rj(z + iP@)) Y
(61 =0 for k # 1 and 8y =1 for k =1) so that
Bp(z) = (2+iP@ = i) 4 @p5(2), J =1, 0oy ki =0,1,000 15

(The function ®p;,(z) is analytic in the closed ring &5,1.) We employ this expression
when ‘evaluating the integrals

Ii(P) = "J:f Dp(z)F(t, 2

== i NS A S5 M
me S et s LG bl b

(z +1P — 1)) pj(2) d=
ZZ 21‘% 1A+1P TR (5 F 1P~ 1) w(\) exp (iAt)
. eJ‘l q,%’ﬁ" 1)(1§j —iP@) z exp (iAt) )
=3 @ =h=1 D FiPe— g

h=0

I

s & e ig - P
=exp(i(& - D)) Y —Pﬂ(g%@l—d)

h=1

gian(t), A€y,

where GO4P )
exp (iA+ P —¢;

h(D) =) e o), A €AY,
9500 (t) ; A+ iPo -6 2(A) 7
and I'=0,1,.0;15h=0,1,. 00559 = 1,02 do.
The almosc perlodxc function g;,n (bemg a trigonometric polynomial) is-a primi-
tive function to the almost periodic function g1 »-1 while their spectra have positive
distance from the origin in the complex plane since the. assumption (2.5) ensures
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[N+ P — &1 2 d'> 0. Using repeatedly the estimate from the Favard theorem we

obtain inequalities
loja < Mlgssol = MEFL S MEISNS

h=1."0050 =1, 00; 1= 0,1:..,]5]. Denoting by L the smallest non-negative

integer Lamsfymfn the system of u:uquahmes (for 6 # 9. otherwise we set L = 0)
A—18]120, =1, jo,
and using the estimates (3.10) we get the inequalities
[t —iP@)| = g < ¢y dor k=1,
) o o -~ n
[w) (g =1 P@)| = j(qu (i€~ 1P + ifm))
t -1 L+1
——C} 0 <k -1 <L,
!C, lk~116 yoodor 0 <k =1 s
h . | =17 2P - P - ()
}\X’Y}y,(lfj =iP@)| = K@ Lig —iP@ + 1Pkw)> 5
C1 < Cy
IEJ (Py ~ P& 7 (P = Pral = LA+ (LA — |6])
% < L+1 L+1 o)

< e
S EEUA =LA S e —da S k02

Lo ki l=0,1,0 ]3],

for |k—1]> L, h=0,.0;j=1
hyg)) € f\;})x”gi“) and'let A be a non-

Let us consider vectors.h = (o, h1; .-,
negative integer. We have

15}

[0 g - 1Pa) < 3 TT19L968 — Piw)| - 1 (meo)]

lhimh k=0

2"1510 H (L+1) cm(:w).

(EEiES
I8l m 2L+ )b (mB)
lsl’( )H %

h=0,1,. 505 4 =1, oy k. 1 =0,1,..., 5], since

|hl=h
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Setting ¢ = max{e1, .+ @j, } we get the estimates
25 1
11,(P)| < th T mle8006 — 1P -lgsal

18|
<@ ( ) Z("M:z"‘llfii I 552 L+ VG ()]

< S [C ( )hZ(sz) IIfllH ‘2"(L+ DOy (Be@)]-

Since

151 M N
.11 T1 @)= {an(ukmm} TTewone,
k=1 k=1 k=1

where § = (M, 1), M = (M1, .., my), 7t = (n1; .. ), Lemma 3.1 is proved.” 0
Lemma 3.2. The improper integrals
: ! 1 U adico atico
I_(P)+1(P)= — ( —/ ~!~/ )@p(s)F(t,z} dz
2ni —a—ico a—ico
converge absolutely and the following estimate is valid:

[I-(P) + I(P)| 1;& 1[ﬁ (ﬁcgw)m} {H (fCl!ﬂk')nLHy

k=l k=1

18l = 0,105 aw =alu), k=1,.00M; Br= 08, k=1,...,N:

Proof. ‘We distinguish two cases: |5 = 0 and |5] >-0. First, we consider |3| =0
when (L= T_(0), I = 1,(0))

Mo L S|+ 1] < Cl/_m(l’a—_l‘m \o+w )d” AN
:'*&2—01‘””

Now, let us consider 5> 0. It suffices to estimate the magnitude of the improper
integral I, (P) since the estimate for the magnitude of 7..(P) can be obtained anal-
ogously with the same result:

atico 1
Bp(2)F(tz)dz| € 222

< re /_w |8 p(a+iv)| dv - || f]|.

He(B) == )

a=ico
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The inequality o -+ iv] > (& +1v])/v2 bolds true clearly for every v € R so that
according to the estimate (3.8) we get the inequality

15}
|@p(a+iv) < JT127! (e i(v+P@)) |1v(p;9)|
=0

13| 13]
<V20 {H \/Ecxh(pjml} I—
=1

j:0u+}v+}*’ju')[‘

‘We split the improper integral into the sum of three integrals

E-f e[

and estimate the magnitude of each term separately. In virtue of the choice of the
positive constant:§ (see at the beginning of 3.1:) one easily finds that

-1 o0 18] -1
(cx-i—f’jw+‘u)) dvg(%%[/o (H(j«rl«}—‘u)) dv
j=o

1
S s

sl

[

=0

and similarly

18l

/_:a (g(a+!—jw+@‘)>“dv:/:’(ﬁ(a+(§—ﬁ,)5+v)>'ldv

Let us note that the expression wj, =+ |(P; — P,)@ + v} satisfies the relations

wip=a+(Pi-Po—v>(-7)25 for0<i<l=1,

wjp=a+p@—v  forj=1-1
(3.12) gl ny 2
wir=a-+vforj =1,

wip=a+ (P =P)a+v > (G- 14+1)20 forj>1,

for 0. v <pu@; 4,1 = 0,1,...,13]. Further, let ys note that

P 26 dv 26p15 26
3.13 < <21
(3.13) [) (arv)a+po—-2)  alat+pd) o
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since (o +v){+pi@ —v). 2 ala + p) for 0 < v puw-for L= 0,1, .,[8]. Using
(3.12) and (3.13).we obtain the desired estimate

0 5] -1 \i =Prag 18 ~1
/ (H wj,(,> dv = L/ (H%n) dv
§=0 1177 3=0

-85 P

151 opyw o181 -1

= Z/ (H wj,¢> dv
=170 =0

= 1 /W 26 dv

| =1+ 1)126)51 o (e +v)(a+pd - v)

1 B sl a1 olsii o
< T ( I ) = e Dize:

i=1

Summing up the above estimates we get the inequality

5] =1 = 15)4-
= it 2(|5] + 1) + 2811 2
Lo (e Poren) e et < i

=0 i

so that

sl R
11+(P)|<zcl%[;rf”n~@i’%@i”—" =120
: =1

] 1
e

The same estimate is valid for |I_(P)]. Because of the inequality 2v/2/x < 1 and
owing to (3.11) the validity of the inequality in Lemma 3.2 is established. in]

3.5.. Almost periodic solutions. Now we show that the obtained formal solu-
tion is an almost periodic solution of Equation (2.1).

Theorem 3.3." The formal almost periodic ‘A-solution zy from Theorem 2.1, is
an almost periodic A-solution of Equation (2.1). Moreover, it is unique and satisfies
the estimate

(3.14) llzs < ANFI

where ‘the ‘positive constant A depends only on-ag, bo, d, dp, A, 7, S, T where

S=3 el =3(a), # € Ae; T= 3 1B)| = 32(0), v € Ay

Proof.: With the aid of the estimates from Lemmas 3.1 and 3.2 for the magni-
tudes of the integralsJ; ), I.(P), I, (P) we shall prove the convergence of the series
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(3:2), which yields the absolute and uniform convergence with respect to £ € R of
the trigonometric-series zy:

Jo

P+ L (P + > ZH,J(P)

J=11=0

Tta 43 2e(L+ )Gyl
Nw[ [T e end

(A +30)exp (IM)] <

J=1

¢ isl . -
+Jo Z(ZM,,[)" I %‘E_ﬁ%}&bd]

h=1 i=1

2"’(L + 1)61 sl

=1

wherey; = v(p;@), = 1,:.., 5] Ca = L +jo Z (2Ma)" and the positive constant
Mg depends only on'd and-is defined by Theolem 1 1. This implies

z

P

- , 15 o e
Z cp(A + 50) exp (i)\t)i < (‘?) g’.:clnf“ H 2L +61)(*1|’\;r]

1
iy |5}t

awwﬁllﬂuﬂ&mg]

)

17728(L+1)Cy B\ ™
x H k! ( ) )
and the convergence of the series (3.2) follows since

PBHY

§20

pr )\+§D)exp(x()\+sw)1)1

=X 1 Der(A+32) exp(i)\t)i

520 P
H 1 (2"(L+1)C ILYH) ]

<aaliy [

520 kl

il 2¢(L+ 1)Cy |Be]\
et
= C1Co| | fllexp (28(L +1)C1 (S +T)/9).
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If we denote A = C1Cy exp (28(L + 1)Cy (ST /8) then |z 7| < Al f||. Inserting into
Equation (2.1) we get

lé 71 < (laol + [bol + Jal + BDles] -+ 1£] < [(Jao] + lbo] + S + TIA + 1} £-
Setting A = (Jaol +|bol + S +T).;f +1 we conclude that the estimate (3.14) holds. 01

Corollary 3.4. Let A;, Ay be two non-void sets of real numbers and let S, T be
two positive constants. If a,’b, f from Equation (2.1) are trigonometric polynomials
with Ay C A1 Aa C A Ay C Ay and T(a) <5, 5(0) < Thand if

(3.15) A= infAy >0,
dist[8, S(A; 0 for § # 0,
(316) 4 ist[6, S(Az)] > or 9. 0
2 for8=9,
(3.17) d' = dist [iA';0(A(2))] >0,

where A’ = Ay +S(A,U{0}), then there exists exactly one almost periodic A'-solution
« . of Equation (2.1).- This solution satisfies the estimate (3.14) where the positive
constant A depends only on ag, by, &, dy, d', 7, S, T.

Proof. The existence of an almost periodic A'-solution z follows from Theorem
3.3 which ensures the existence of an almost periodic'A-solution ‘where A = Ay +
S(AaUA,U{0}), so that A'C A’ and an almost periodic A-solution is also an almost
periodic 'A’-solution.

The uniqueness of an almost periodic A'-solution follows from the fact that the
system (2.7) for coefficients ¢(a) for o € A’ coincides with the system (2.7) for o € A
since a(p) = 0.for g€ Ay \'A, and‘B(v) = 0 for v:€ Ay \'Ay and @(A) = 0 for
Ae M\ Ay

The construction of the constant A is the same as before with the only exception
that the constants A, dp, d are replaced by the constants A’ dy, @', respectively, for
which it is apparent that A" < A, dj <'de, d" < d 50 that the constant A could at
worst increase. 0

Remark 3.5. Corollary 3.4 ensures the validity of ‘the estimate (3.14) with a
constant A common for all ‘almost periodic A'-solutions z5 of Equation (2.1).of the
whole class of trigonometric polynomials a, b, f from Corollary 3.4.

3.6. Limit passages. The conclusions obtained under the assumption that a, b,
f-are trigonometric polynomials remain valid even under more general assumptions.

Theorem 3.6. If in Equation (2.1) a, b are trigonometric polynomials and f is an
almost periodic function with an almost periodic derivative f and if the conditions
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(2.3),(2.4),{(2.5) from Theorem 2.1 are fulfilled then Equation (2.1) has exactly one
almost periodic A-solution z; and this solution satisfies the estimate (3.14).

Remark 3.7. Equation (2.1). may admit infinitely many almost. periodic solu-
tions but:only one of them has its spectrum contained iniA (hence is an almost
periodic A-solution).

Proofiof Theorem: 3.6, There exists a sequence-of Bochner-Fejér approx-
imation polynomials B,,,; m =:1,2,... of the function f (with spectra contained
in iAy) uniformly convergent to f on R such that the sequence of derivatives B,
m=1,2;:.. forms a sequence ‘of Bochner-Fejér approximation:polynomials of the
almost periodic function f which converges uniformly on R to 1

If-we choose Ay = Ay, Az’ = A U A, then A' = A and for Equation (2.1) ‘with
f = B, we have satisfied the ‘assumptions from Corollary:3.4 which coincide in this
case with the assumptions (2.3), (2:4), (2:5), m =.1,2,.... The equation &(t) =
ag(t) +box(t = 7) 4 a(t)z(t) + b(t)a(t — 7) + By (1) has exactly one almost periodic
A-solution z,, and this solution. satisfies the estimate |zm|| < Al Bnll,m=1,2,....
Since the spectrum of the trigonometric polynomial Bk ~ B,y is contained in'iAy;
the equation @(t) = aoa(t) +boz(t~17) +a(®)z(t) +b(0)2(E=T) 4 Bk (t) ~ B (1) has
also exactly one ‘almost periodic A-solution, namely. Zm4k = @, and the estimate
|Zmak = Zmll S Al Btk — Bl holds ;-m, k= 1,2,.... Tn virtue-of the uniform
convergence of the sequences of trigonometric polynomials By, and Bom t0 the almost
periodic functions f and f , respectively, it is readily seen that the sequences of almost
periodic functions {Zm}, {#.} converge uniformly on:® and'the limit functions
@g = imey, &5 = lim iy satisfy Fquation (2.1). Thus, a7 is-an almost periodic
A-solution of Equation (2.1) and the validity of the estimate (3.14) can be verified
by using the limit passage form —-co in the estimates for the ‘magnitude of z,,;
mo=1,2,..0

It remains to check the unigueness which could be damaged by the limit passage.
So, let us suppose the existence of an almost periodic A-solution y of Equation (2.1).
Taking-into account that e, b, f have almost periodic derivatives of the first order,
the almost periodic function y has -besides the first also the second ‘almost periodic
derivative 4. In sucha case there exists a sequence ¥, m = 1,2,... of Bochner-Fejér
approximation polynomials of the almost periodic function y to which they converge
uniformly on R and their derivatives g, and §m; m = 1,2,..., form sequences of
Bochner-Fejér approximation polynomials-of the alimost: periodic functions ¢ and 4,
respectively, ‘to which they converge uniformly ‘on R. It is easy to verify that the
sequences of trigonometric polynomials fr, (£) ‘= 2 (1) = Goym (t) — boym {t — 7). —
Ay (8) = by (t = 7) and Fnlt) = (1) = a0Gm(8) = ofialt = 7) = ()i (8) =
() (t =) = @)y (£) = D(E)Ys (t =7), m = 1,2, ., converge uniformly on R to the
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almost periodic functions f and f, respectively. Denoting Ay = A = Ay+S(A UM U
{0}), Ap= Ay U Ay then A= A;+ S(A; U {0}) and the assumptions (3.15), (3.16),
(3.17) are satisfied ‘which coincide here with the assumptions (2.3), (2.4), (2.5). The
spectra of the ‘trigonometric: polynomials f,, and consequently. also.the spectra of
the trigonometric polynomials B,, — fm-are contained in iA, m =1,2,...; s0 that
by Corollary 3.4 the equation (t) = ao2(t) + box(t — 1)+ a(i)z(t) +b(t)z(t = 7).+
B (t) = fm(t) has exactly one almost periodic- A-solution, namely Wy = Zm — Ym,
which satisfies the estimate [wnll = |#m ~ ymll < AlBn = full, m = 1,2,
However, J|lzy —yll = lim||zm — ym|l = 0 and hence 2= y. |

Corollary 3.8.  Let Ay, Aq be two non-void sets of real munbers and:let. S, T be
two positive constants. If the assumptions (3.15),-(3.16), (3.17) are satisfied and if f
is an almost periodic function with its spectrum contained in iA; having the almost

periodic derivative f-and if:a, b-are trigonometric -polynomials with their spectra

contained in iAy for-which Y (a) €8, 5(b) < T, then Equation (2.1) has exactly

one almost periodic A'-solution a7 where A" = Ay + S(AsU{0}) and this solution

satisfies the estimate (3.14) where the positive constant A depends. only on ao, b,
s AN, ST

Proof. The validity of Corollary 3.8 can be verified by passing to the limit
analogously asin the proof-of Theorem 3.3. m}

Remark 3.9. Corollary 3.8 ensures the validity of the estimate (3,14) with a
constant A -common for all almost periodic Assolutions zy of Equation-(2.1) of the
whole class of trigonometric polynomials a, b and an almost periodic function 'f from
Corollary. 3.8,

Now, we abandon the ‘assumptions that e, b are trigonometric polynomials.

Theorem 3.10. If ¢ and b are almost periodic functions with absolutely: conver-
gent Fourier series having almost periodic first derivatives-and f is the function from
Theorem 3,6. and if the assumptions (2:3), (2.4),.(2.5) are satisfied, then Equation
(2.1) has exactly one almost periodic:A-solution zy, where A = A s+ S(A. UAU{0}),
and this solution: satisfies the estimate (3.14) in-which the positive constant A de-
pends only on'ag, by, A, dy, d, 7, S=3(a), T =3(b).

Proof. Asa consequence of the fact that the almost periodic functions ‘@ and
b have almost periodic’ derivatives ‘@ and i7, respectively, there exist sequences a,,
and by, mo=1,2,7..; of Bochner-Fejér approximation polynomials ‘of the almost
periodic functions:a and b, respectively, to which:they converge uniformly on R,
the derivatives a, and by, of which form sequences of Bochner-Fejér approximation
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polynomials ‘of the ‘almost periodic functions ‘@ and b, respectively, “to which they
converge uniformly on R.

If we denote As = AgUAp, Ay = Ay +S5(A,U{0}) then A=Ay +5(AyU{0}):= A,
Aa) " C Az Ay, C A2 =125 Ay C AL Moreover, Y (am) €5, 3 (bm) <1,
m =:1,2,...."According to the choice of A1, Ay the assumptions of Corollary 3.8 are
satisfied for the equation &(t) = apx(t) + box(t = 7) ay, (D (f) by (D)2t — 7) + f(1).
Therefore, this equation has exactly one almosi periodic A-solution &, and for this
solution we have the estimate |, || < A||fil,m.= 1,2, ... Corollary 3.8 implies that
the equation (1) = agz(t) +box(t = T) 4 an (D)2 () + by (D2 (t = T) + fu 1 (£), where
Fun0)'= (@ s (8) = (D)0 () (i (1) = by (1)) {1 = 7, has excactly ome
almost periodic A-solution. It isevident that this solution is 2,44 — &m and for this
solution the estimate |Tmak = Tm[l: < All fm k]l holds true, m =1,2,0."

Since any two almost periodic functions u, v with almost periodic derivatives i, ©
satisfy |luv]| < 2]ul] |lv]] we get the inequality

S AWfmil € 240lemtk = amll + Womar = L DHmrell
<28%Jlamen = Gl Wompr = buDIFN 0 k=152,

12mrk = T

But this means that lim ||2,nix = Zmll = 0.for m. — oo uniformly: with ‘respect to
k=1,2,..., s0 that the almost periodic function zs = lim 2,, is an-almost periodic
A-solution of Equation-(2.1) and satisfies the estimate, (3.14):

Again, it is necessary to verify the uniqueness of this solution which could be lost
by the passage to the limit. Let y be also an almost periodic A-solution of Equation
(2.1).- Then the almost periodic function w = 2, — y is a unique almost periodic
A-solution of the equation £(t) = aox () +box(t=7) +am (D)2 (t) + b ()t —7)+ F(1)
where F(t) = (a(t) = amn(£))w(t) +:(b(t) = by (t))w(l — 1) and this solution satisfies
the estimate {Jw|] = lay —yll < AIF| < 24(/|a = @ || + 16— b IDlw]l, m= 1,27 ..
The right-hand side converges to zero for m — 00, so that y = zy. w}

Corollary: 3.11.- Let Ay ,:As be two non-void sets of real numbers and let S, T be
two positive constants. If the assumptions (3,15), (3.16), (3.17) are satisfied and if f
is:an almost periodic function with its spectrum contained in'iAy having the almost
periodic derivative f and if a, b are almost periodic functions with their spectra
contained in iy satisfying 3 (a) <8, 3 (b) <'T, then Equation (2.1) has exactly
one almost periodic A'-solution x; where A= Ay 4 5(A3 U {0}) and. this solution
satisfies the estimate (3.14) where the positive constant A depends only on ag, by,
A dy,d, T, S, T.

Proof. Analogous reasoning as inthe proof of Theorem 3.10, a

378



Remark 3.12. Corollary 3.11 ensures the validity of the estimate (3.14) with a
constant A common for all almost periodic A’-solutions xy of Equation (2.1) of the
whole class of almost periodic functions e, b, f from Corollary 3.11.

4. QUASILINEAR EQUATIONS

4.1. Functions of several variables. Let g = ¢(t, z) be a continuous function
g: Rx D —CP*9, where D C C™*™ is a non-void set. The function g is said to be

) almost. periodic_in the variable t on R x D if g(¢,z) is almost periodic as a
function of ¢ for any fixed @ € D;

b) uniformly almost periodic in the variable t on R x D if g(t, z) is almost periodic
inton R x D and for any € > 0-there exists a set {7} C R relatively dense-in
R such that |g(t + 7,z) — g(t,2)| < ¢ for every 7€ {7}, t € R, w € D;

¢} locally uniformly almost periodic in the variable ¢ on R x D if for any.compact
set IO C-D the restriction g of the function g on R x I is uniformly almost
periodic in the variable t on R x K.

Lemma. ‘Let g: R x D — C?*4 be a function almost periodicin t.on' R x D. A
necessary and sufficient condition. for ‘g to-be locally uniformly almost periodic in t
is that g be continuous in z uniformly with respect tot € R on.R x D:

In_the proof it is sufficient to take p = ¢ =:1.. To-prove the sufficiency, let
K C:D be a compact set and £ > 0. The restriction gy is uniformly continuous in
7 uniformly with respect to ¢ € Ron R'x K. Hence, there exists § = d(¢/3) such
that for any. 2,y € K and:t € R it holds |gx(t,2). —gx(t,y)| < /3 in the case
|z = y| < 6. Further, there exists a finite §-net for I, namely, z1,...;zy € Ksuch
that min{|z ~ = SN} <6 forany x € K.

Since the functions h;(t) = ¢(t, x;), = 1,.. ., N, are almost periodic, there exists
aset {T} C.R of ¢/3-almost. periods common for the functions Ay, .., hxy which
is relatively dense in R, i.e.:|h;(t +:7) = hj()] < ¢/3 for-any t € R,7 € {r} and
J=1,...,N. Now,let 7€ {7}, € R, 2 € K Choose j'so that |z — ;| < Then

lgre(t +7.2) = gr (t,9) S lgre(t+7,7) ~gx (t+7,25)]
Hlgr(t+m25) — gt 25)] + lgre (b75) — gt 0)] <e.

‘Thus," ¢ is locally uniformly ‘almost periodic-in ¢t on R x D-and the sufficiency is
proved. Let us remark that, on the same vein, the function gx may be shown to be

uniformly continuous on R x K.
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On the other hand, to prove the necessity we take an arbitrary compact set & -C'D
and € >0 and use the uniform continuity of ‘gx on [0,7] x K where | = I(¢/3)
is aninclusion length of the relative density of the set {7} of £/3-almost periods.
For ‘any z,y € K and.t;s € [0,!] we have |gx(t,2) — gk (s,9)| < e/3 in the case
|t — 8| + & —y| <-4, For any t € R there exist 7 = 7(t) € {7} such that ¢ +7.€ [0,1].
Consequently, for any z,y € K|z —y|' <6 andt € R we get

l9rc(t, @) = g1 (0] € g (t,2) = gre(t + 7,2)]
Flor(t +7.2) —gct+7,9)| + g (L4 7y) ~gr(ty)l < e

and the assertion follows.

In the sequel we deal with the cases in which the conditions for the locally uniform
almost periodicity of introduced function are fulfilled.

4.2, Harmonic analysis. Let g: R-x D — %4 be.a function almost periodic
in't on R x D. Forany z € D there exists the Bohr transformation

1ot
a(A z).= a(A,2,9) = lim -—-/ g(t, z) exp(—-iAt) dt
T—oo T/,

for each A € R uniformly. with respect to s € R. If a{),z) is non-zero for a given
A € R for at least one point z.€ D, ie. a(Xz) # 0, x € D, then Ais called the
Fourier exponent and a(), ), # € D, is called the Fourier coefficient of the function
9.~ The set of all Fourier exponents of the function g is-denoted by A,. “If D'is
a compact set, then the set A, is at most. countable. Due to the compactness of
‘D there exists ‘a countable set {z;} C D, which is dense in D, ie..the equality
inf; {z — ;] =0 holds for each z € D. Hfa(A,z;) =0, j =1,2,...,for some A € R,
then Ja(A, z)| = le(A 2z —z;)| iqfsgp lg{t, 2) = g(t; ;)] = 0. Thus a(A, %) # 0 only
ford € LJA; = Ay, where A is LhJe set, of all Fourier exponents of the almost periodic

flmctionjg{t, 2;),t € R, so that A; is an at most countable set, j.= 1,2,..,, and thus
also A, is an at most countable set.

If ‘the set D is a.region (open connected non-void set), ‘then there exists a
monotonous sequence of compact sets K1 C Ko C... C Ky, C .. /C D for which
lim Ko, = D. In such a case the equality A, = |J A, holds, where A, is the set of
all Fourier exponents of the restriction of the fl;nnc';ion gon Rx Ky, m=1,2,..,
and thus A, is an at most countable set.

If g is locally uniformly almost periodic in the variable ¢ on R x D and D is a
region, then the Fourier series ¢(t,z) ~'5 a(), ) exp(iAt), A-€ Ay, can be uniquely

determined except for its order of summation. If the function g is also analytic in
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the variable z on a closed ball lying in D and containing the set Ry of all values of
the almost periodic function f, then Ap C A, + S(A;U{0}).is valid for the function
Bty =gt f#),t€R.

4.3 Derivatives. Now we will deal with a function g = g(t,u;v,6): Rx'D =
Rox Cnxlox st x gy — €1 where Ko ¢ C. In order to-avoid complicated
expressions, we will use the symbolic records of Jacobi matrices, as for example

%

L

0 _fe g [

ot ot s

Ogn
a0
o i

PR BRUICTEE VI B :(29_7-)

P ou 0w, ) - Gt Bup k=1’
Oax DBgx,
Buy D

L 0% 09, gm) _ ( dg; )

Jtu ﬁ@t‘au 3(11’1"'_‘"“) OtOuy, J,r:;ll...,n'

9P _( d%g; )
i urOvy /5, k1=1, 0m,

where the last matrix. is three dimensional, ~Analogously, gu, 9ivs Guu, Guu can -be
expressed. These Jacobi matrices will be called the derivatives of the function g.
The norm of a mat2r1x is.the sum of absolute values of all its elements, for example
|gus] = Z;; |-

4.4, (]Quasilinear equations. Using the Banach contraction principle we shall
deal with following quasilinear (weakly nonlinear) system

Uy #(8) = agu(t) +box(t — ) +a(t)z(t) +b{t)z(t —7) + £(t)
+eg(tyz(t),2(t = 7).e),

where £ is-a small complex parameter. For e = 0 we get the generating ‘equation
(2:1) with its conditions for'ao, bo, a, b,f. Assume that the function g = g(t,u,v,¢)
together with its derivative g, are locally uniformly almost periodic in the variable ¢
on R x D, where D.= C"*} x C"*1 % §g and Bg = &(0,d0), 0o > 0, and g is analytic
in the variables u, v; e

Put A= S(AyUAG+S(A UA, U{0}). Tf Ae C A forafunction £ € AP(CPXY),
then the composite function F(t) = F(t,€) = g(t,&(t),€(t — 71),€), 1 € R, is an
almost periodic function whose spectrum is contained ‘in iA for each ¢ € ‘Rq, as
Ap C A +S(ApU{0}).C ApUA,+S5(AU{0}) C A is.valid due to the analyticity of
the function g in the variables u,v. Thus the “spectrum” iA is wide.enough in order
to allow the existence of an almost periodic A-solution of Equation (4.1).
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If ‘a positive number R is given then the norm gl is the maximum: value

among the least ‘upper bounds -of ‘magnitudes -of function ¢ -and its "derivatives
Gty Gus Gor Gta, Gtws Guus Guvs Gvo 0N the (metric) space Qr = R x C’I‘l’” X C’ﬁ“ X Ko,
where C*! = {w € C"*!: |w| < R}. For any given two points U = [t,u,v,¢],

U= {t,%,7,¢] from the space 2z the inequality
max{|g) = 9@l 19:00) = 6O, 19u(U) = 0u(D), l9u(U) - gu(E)]}
< llglzlU = O) = Ygllnllu = @ + v~ 7))
holds.
Theorem 4.1, If the conditions (3.15), (3.16), (3.17) are fulfilled for
A=S(ArU A, +S(AUAU{0}),

then for each positive number R > A|fll, where A is from the estimate (3.14),
there exists such a positive number e(R) that the-equation (4.1) has a unique almost
periodic A-solution . with the norm ||z, || < R for'each € € & for which |e] < e(R)
holds.

Proof. Let us consider the Banach space H(A) = {£ € APHC™*}): A: C A}
with the norm ||.{|. If a non-negative number R.is given, then we-define the metric
closed subspace Hr(A) = {& € H(A): |l]| < R} of the space H(A).

If &€ H(A), R > ||€ll and € € Ro, then the function

¥ =a(t.e) = g(t,£(6),£(t ~7),¢), tER,
is.almost periodic and belongs again to H(A) and
< hglla 1= lo: + 9u€(8) + 9.€(t = DS (1 + 2R)|lglln-

Thus fivll € (1+2R)lg]z.

Define an operator A= A(e) on the Banach space H(A) for each e € Ro such that
the operator. /A maps any function £ € H(A) onto the function A¢ € H(A), which is
the unique almost periodic A-solution of the equation

2(t) = aox(t) + boz(t —7) +a(t)z(t) + b(t)e(t — 1) + f(t)
+eg(t,£(0).£( —7),€)

(uniqueness is guaranteed by Theorem 3.10) and which satisfies:the estimate (3.14),
ie. [JAEll < Allf + ev]|. Due to Corollary 3.11 the constant A is common for all
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functions from H(A) for Ay = A, Ay = A, UMy as A"="A. Thus the final estimate
is ALl < A[ILF) + e(L+2R)|all r]-

If a positive number R is chosen such that R > -Allfll, then the operator A = A(e)
maps the space Hg(A) into itself for any £ € &g for which |e] < (R~ Al /(1 +
2R)Allglir).

Further, ‘it is necessary to find out for which e € &g the operator A = A(g).is
contractive. ‘If two functions &, 7 belong to Hr(A) and e € Rq'is given, then we put
(1) = g(t,£(t),£(t — 7),€) and (t) = g(t,n(t),n(t —7),¢),t € R.

The function w = Af —=An is the unique almost periodic A-solution of the equation

(1) = agu(t) + bow(t = 7) + a()z(t) +b(t)z(l ~ 7) + (7 (t) — 1 (8))
and satisfies the inequality
lwll = 148 = Anll < lelAllve =l < lel4(L + R)AllgllrllE = nll,

as
[7e = vl < 2llglrlE = 2ll 15 = F) < 4L+ R)gllrNE —nll-

In order to get a contractive operator \A on-Hg(A) it is sufficient to put |e|- <
1/(4(1 +R) Allgl»)-

The operator .4 maps the space Hg(A) into itself and turns-out to be a contraction
on Hg(A) for Je| < e(R), where

<(R) = min{, R - Allf) ] :

(1 +2R)Allgllr” 401+ R)Algllr

Consequently, there exists a unique-function 2 from Hg(A) for le| < e(R), R >
AJ|f]l, such that Az, = =, ie. there exists a unique almost periodic A-solution
z¢.of Equation (4.1):for each £:€ Ko if || < &(R).. This completes the proof of
Theorem 4.2. 0

Conclusion. The method developed in this.paper for the construction of almost
periodic solutions of ‘almost periodic: systems of differential equations:can be used
also for finding an approximative solution of this problem.
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