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By a tolerance on an algebra A we mean a reflexive and symmetric binary relation
on A having the Substitution Property with respect to all operations of A. For some
basic results, see e.g. [1]. The set Tol A of all tolerances-of an algebra A forms a
complete lattice with respect to set inclusion. Hence, if M, N are non-void subsets
of A, denote by T'(M x N) the least tolerance on A containing all pairs (a,b) where
a€ M,be N. f M =N, we write briefly T(M) instead of T'(M x M). For M
finite, say M = {a1,...,a,}, we will write only T(ay,...,an). In particular, T'(a,b)
means T'(M) for M = {a, b}, the so called principal tolerance generated by the pair
(a,b). , » - '

If T € Tol A and a € A, denote by

[a)r = {b € 4;(a,b) € T}>

the so called tolerance class of T'. :

All the foregoing concepts were investigated by numerous authors, see e.g. [1] and
references given there. » . ‘ : :

Let A be an algebra and n an: intéger. By an n-ary dlgebmic function over A we
mean a mapping ¢: A™ = A such that o(z1,...,Z,) = t(Z1,...,Tn,01,...,am) for
some (n + m)-ary term t over A and elements a,,...,an, € A.

Lemma 1. Let A be an algebra and  # M C A, a, b € A. Then (a,b) € T(M)
if and only if there exist elements a;,...,an, b1,...,bn € M and an n-ary algebraic

function ¢ over A with -

a=p(ai,...,a), b=<p(b1,...,bn).

For the easy proof, see e.g. Lemma 1.4 in [1].
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Transferable principal congruences were introduced in [3] and the concept was
generalized for tolerances in [2]. O. M. Mamedov [5] introduced the concept of n-
transferable principal congruences and investigated varieties of algebras with such
congruences. In our paper, we generalize also this concept for tolerances and prove
the basic interrelations between this concept and tolerance regular algebras intro-
duced in [2].

Definition. Let A be an algebra and a, b € A. The principal tolerance T'(a, b)
is n-transferable if for each c € A there exist elements dy,...,d, of A with
(*) T(a,b) = T(c,d1,-..,dn).
An algebra A has n-transferable tolerances if for each a, b, ¢ € A there exist
di,...,dn € A such that (*) holds.

For n = 1, this concept was investigated in [2] with close relations to tolerance
regularity:
Definition. An algebra A is tolerance regular if T; = T5 for each T}, T; € Tol A

whenever (a1, = [a]r, for some a € A.

Example 1. The lattices L;, L in Fig. 1 are tolerance regular (but they are
not tolerance trivial, i.e. there exist T € Tol L;, i = 1, 2, which are not congruences).

Fig. 1

Lemma 2. Let an algebra A have n-transferable tolerances for some n > 1. If
T(a,b), T(c,d) € Tol A have a common tolerance class, then T'(a,b) = T(c,d).

Proof. Suppose [z]r is a common tolerance class of T'(a,b) and T'(c,d). Since
A has n-transferable tolerances, there exist y;,...,Yn, 21,...,2n € A with

T(aab) = T(x’yla .o -ayn)’
T(c,d) =T(z,21,---52n)-
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Hence T(z,y1) € T'(a,b) and T(z,21) C T(c,d) for each i = 1,...,n. It implies

Y; € [z]T, 2z: € [z]r for i =1,...,n, thus

T(aa b) = T(xyylv o ayn) g T([x]T)a
T(c,d) =T(z,21,-..,2n) C T([z]T)-

Since both T'(a,b), T'(c,d) have a tolerance class [z]r, we have
T(a,b) 2 T(lelr), Tl(c,d) 2 T((alr),

whence T'(a,b) = T([z]T) = T(c, d).

]

Lemma 3. Let A be an algebra, a € A, ) # B C A. Suppose T € Tol A,
T; € TolA fori € I and let T; = T([a]r;) for eachi € I. If T = \/{T;;i € I} in

Tol A, then
(a) if T = T'({a} x B) then T = T([a]T);
() T =T ({a} x U{lalz;i € I}).

For the proof, see [2] or Lemma 6.4 in [1].

Theorem 1. If an algebra A has n-transferable tolerances for some n > 1, then

A is tolerance regular.

Proof. Let T, T> € Tol A have a common tolerance class [z]r, = [z]|r, for

some z € A. Evidently (see e.g. Lemma 1.5 in [1]),

Ty = \/{T(a,b); (a,b) € T},
= V{T(C, d);{c,d) € TZ}'

By Lemma 2, both T'(a, b), T'(c,d) are determined by their tolerance classes, i.e.

T(a7 b) = T([x]T(u,b)) and T(C) d) = T([x]T(c,d)),

thus
Ty = \/{T([z]ra,p); (a,b) € T1},
T, = V{T([IE]T(c,a)); (c,d) € T2}.
By Lemma 3(b) we have
7 =T ({2} x il a0 € T1}),
T, = T ({a} x llelreeas (. € Ta}).
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By Lemma 3(a) we conclude
Iy = T([z]Tx) = T([x]Tz) =To.

O

Remark. Forn =1, Theorem 1 implies the main result of [2], see also Theorem
6.2 in [1]. However, we are now able to state also the converse of the foregoing
assertion, namely:

Theorem 2. Let A be a tolerance regular algebra. Then for every a, b of A there
exists an integer n such that T'(a,b) is n-transferable.

Proof. Supposea, b,c € A and T = T(a,b) € TolA. Since A is tolerance
regular, we have
T(a,b) = T([c]T),

thus (a,b) € T([c|r). By Lemma 1 there exists a finite subset F' C ([c|r) such that
(a,b) € T(F).
Denote F = {d;,...,dn}. Then
T(a,b) S T(F) S T(F U{c}) € T((dlr) = T(a,t)
whence
T(a,b) =T(FU{c}) =T(c,dy,-..,dn).
a
Corollary. Let A be a finite algebra. The following conditions are equivalent:

(1) A is tolerance regular;
(2) A has n-transferable tolerances for an integer n.

This follows directly from Theorems 1 and 2 and the fact that if T'(a,b) is n-
transferable then it is also k-transferable for each integer k > n.

It can be of some interest that for suitable algebras the integer n of Theorem 2
can be “uniform” for all T'(a,b). In particular, we prove

Theorem 3. For a lattice L, the following conditions are equivalent:
(i) L is tolerance regular;
(ii) L has 2-transferable tolerances.
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Proof. By Theorem 1, it is enough to prove (i)=>(ii). Let L be tolerance regular

and a, b, ¢ € L. By Theorem 2 there exists an integer n and elements d;,...,d, € A
such that

T(a,b) = T(c,di,...,dn).

Putpy =diA...Ad, and p; = d; V...V d, in the lattice L. Then p; < d; < p; for
each i = 1,...,n, thus (d;,d;) € T(c,p1,p2) for each ¢, j and

(di,di) € T(c,p1,p2), {c;p1) € T(c,p1,p2), {c,p2) € T(c,p1,p2)
imply
(c,di) = (c A (di Vc),p2 A(di V 1)) € T(c,p1,p2),

whence T'(a,b) = T(c,dy,...,dn) C T(c,p1,p2).
However,

(C,p1> =(C/\.../\C,d1/\.../\dn) ET(C,dl,...,dn),
(c,p2) =(cV...Vc,d1V...Vdn)GT(c,dl,...,dn),‘
(pl,pg) =(dll\.../\dn,dlv...\/dn)GT(c,dl,...,dn).

Le. T(caplaPZ) - T(C, dla cee adn) - T(aa b) a

Remark. We are able to show that we cannot replace n = 2 by n = 1 in
Theorem 3, see

Example 2. As mentioned in Example 1, the lattice L; in Fig. 1 is tolerance
regular. Its tolerance lattice Tol L; contains only three elements, namely the identity
relation w, the full relation ¢ = L; x L, and the tolerance T' given by its tolerance
blocks as is shown in Fig. 2 below. Evidently, T'(a,b) = ¢ (the elements are denoted
as in Fig. 1), however, for each z € L, either T'(c,z) =T (if z # ¢) or T(¢c,z) = w
(for = c), thus there does not exist dy € Ly with T'(a,b) = T'(c,d).
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According to Theorem 3, there exist d;, dy of L; with T'(a,b) = T(c,d;,ds), e.g.
dl = b, dz =1.
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