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L WEIGHTED MULTIDIMENSIONAL INEQUALITIES FOR '

D 64“7&53‘-’5 tf? P I Ofﬁssor Alozs Kufner on the Qccaswn of hzs 65th b.ﬂrthday
Abstmct We dis.cusé the cha,ractenza.tmn c;f the 1.nequahty e

for m{}nﬂtc}ne functwns f G and nonnegatwe...wezghts U and v a.ncl N 1 We pmve
5 ::f._i_'_'-:':-:.:-:.:_';new multxchmensmnal mtegra,l madular mequahty for: mﬂnatane functmns Thxs mequal1ty_'f_'-_'_';}'-:'_:'_';';';..'_E_

?3.3'.-'f:f:'_:'_-'_f.'ces, maduia.r functmns mnvex func,tmns, weakly mnvex functmns = LT

;g:-;_.-1_.:.:1.-_:;:_-_;;_.5 ;_f_i;;:_-;j;g ;_:;j: o o ' 1 IN T RO DU crrm N

Let ﬂ%+---"~- {(:gh ;rN) Tz o i -----1 2 N} and m = 5:&1 Assume that_{f;;!j-}};.-.j;_-'_;.f;_:-_';
ﬁ; f RN — R+ 1s. manotone whlch means tha,t; 1t is: moncatone mth res;)ect 1o each'.";_f:_?_f_'-f_;'f_':_'-j:;f{'f.
}_f-f_-'}_?'_’_:."_fsf_vana,ble We den(}te f J,, when f 13 decreasmg (m n@mncreasmg) and f T when f 18
_ increasing (-— nc}ndecreasmg) Throughout thxs baper ¢ w U, vare p051t1ve measumble

:f._':._":_'_'}',_3{_-'ff_-_:_'-j.'functmns deﬁned on: IEN N 21
A function P on [ m) is. called a medul&r functmn 1f 11; 13 strn::tly mcreasmg, mth___’;}}}'f5'.'_{:_':{'_5_-_
| ;'.:'f-f.'-i':::-'ﬁ_:'-_";‘."the values 0 at 0 and oo at c:o Far the deﬁmtzan {}f an N*functmn we refer to [7] We
{f.'_}'_f-'_}'f{.'_-'_ifffsa,y that a madula,r functwn P is weakly convex if 2P(t) < P(M t), f{)r all t >0 and_i';l';'_-'f-"."_f_l;'.f;'._'i;'
f-__f;f:@:f;'_;}’jf'.same c{:mstzmt M > 1 All cenvex modular fllll(:tli)ns are. (}bwously wea,kly {,onvex



111 Order to mc}twate thlS mvestlgatlon and put 11; mta a frame we use Section 2 w
;'-_".j}'f.ff_-'_[f_f_-'-__’:present the charactenzatmn of the mequahty S

In Secmm 3 we w111 {:haracterlze the welghts w u and ’U such that . S

L (w(m f(:r)) u(m) da:) P* ( | 'P_(Cf(m))v(x)dm)
W" s

ér'f--_f'-f:_-'.}-f_f"_-:'_.ﬁ-:3,:5_5__':;}101ds f{)r mf;}dula,r functlens P a,nd Q, where P is. Waakly mnvex and 0 f J, Here
and m the sequel C > G denotes a, constant lndependent of f |

e C 0 11 V e n t 1 on S and ﬂota,tlon Pmducts and quotzents Df the fcrrm O oo, ' ;ﬂ are'_'_1:f_-'i_.f_f_-.'_:f:__'_':j:f_'-:;-
f-::--_3_:;_'-.':f.;-'-_':_:_:.-'_-.;;'.:";tal{{%‘:‘ﬂ to be G Z stamis f(}r the set af all mtegers and Xe denates the charaf:terzstm :-...;..{3:-_;_;__':.-___:::-:..-
?".-".';"-f:f-"'.'-:_':"ff-'f'::;'-':functmn 0f a Set E T R DRI | |

In the one-dzmensmnal case the meqnahty (1) Was chara{:tenzed 111 [8 Pre:}pom-_'-f_5._":_"1'_'3.f._"{-_':f:f

tzou 1] for ba}th a,lterna,tive cases 0 <: L < q< m and 0 <: q < p < 0. as follows
(a) If N = 1 G < p < q < 00 then (1) 15 Va,hd f{)r all f ¢ 1f ancl Gnly 1f

and the const ant C = Aﬂ is sha,rp

(b) If N = 1 G < q < p < 00, 1 / 'r = 1 / q —_ 1 / p, then (1) 15 true fer all f l, 1f &nd




| (c) Slmzler rherectemze,tlens ere vehd when f w1th the enly ehenge thet the
f._f_f-j:'.:-:'{}:_f__:__mtegrels over [0, t] are. repleced by mtegrals over t eo] s
_Since the- eee—dzmenezene,l mequellty (1) expl €55e8 the embeddlng ef eleseleel_
::-_'ff-'.'f-‘;jff-_fj'.Lerentz epeeee, further generehzetwne end references in thzs dlreetmns ean be feund_5.;".f'f-f-'.f?_"-f"{';'-':-'
The mult1d1men510nal ce.ee wes zecently treeted 11:1 [1 Theel em 2 2] fer the eese
D <: p ‘< < ee end in [2 Theorem 4.1], for the eaee 0<g <p. ~< ee a.s fellewe __
(e) If 0 <': p q <: 0, then (l) is- vahd for all f J, if end enly 1f S

-:;;4;g,;,;;aﬁﬁﬁ;,,x;;fﬁ,Lﬁﬁiiiﬁiii:ié?iif“”°”zxq'”ffjﬁiﬁ;;;;;;;;;;;;;;;;;;;;;;;;;;

E_';.'f_'f':'_{}'f::.":_'-'..}}and the eonsteﬁt C AN 1s sharp Here the supremum IS teken ever the set Dd of
f{f_'fi_f}f,_ﬂ'_-'ffj-._:-_eil “deereesng demems 1 e fer Whiﬁh the ehera{,terletle funetzen is e decreeemg
3:"'1_"{"-::;'ff:E.i'f-f':funet1en in eeeh varie,ble I _____ .
L (b) If 0 { q <: p <: ee, then (1) 1e vahd fer all f ,1, 1f end erzly 1f |

e e /q
Cwhee o o

iiéihaareover"”7fff§;ii§§§£;5§ii;rsii??iﬁif¥*?fii£iiiiﬁiiiﬁiiiﬁi?ifiiiii?ﬁ?ﬁfiifffi?f

21)’9(2#9 + 21‘/?)1/1‘
If N 1 P and Q are Nmfunctzens aﬂd Q o P 1 IS eeﬁeex then Seme Welght
:;i:_:-_f_-_'.;;f-_;;-.':{.}'__ehereeter1zetlene ef the mequahty (2) have been ebtemed in [4]. zmd [ R
- For N>1, P and Q N—funetzens end Q: e P 1 eenvex (2) holds. fer ail O f .,], 1f
a,nd only | 1f there exists a constant A = A(®, %, u,v,w) such that, foralle > 0 and B
;eﬁéﬂm ”wim wmwpmhmwmmmpwmww mwwwmwwmd 

ThlS Ch&ra‘:terlzatlﬁﬂ C&Il bﬁ‘ f{}und II}, {2 The{}rem 2 ]_] a3

Hewever 1f Q end P are. not. N—functlene (hen,ee not. eenvex) and Q o P 1 13 net
fj':';'_.‘.;':_f;"'_:_'-'j'convex then the preblem of ehereetermmg wezghte fer whieh (2) helds eeeme to be_'}:3}'::-:.'-3f_ﬁ_‘-.f}_13_':
te a lerge extent open Fer N = 1 the ﬁrst che,reeterzzetzen ef thlS type was gwen_:;'f_'f;';f_f_}'_;'_f-_".ff_-
ﬁj'-'_f_{jf_'_f.:_i:';.";.'}f_- In the ne:.ss:t seetzen we chereeterize the weighte fer whmh (2) helds when P 1e



. thamed in: [ ] a,nd the Iiiﬁltldlmenmonm case ebtalned 111 [2] Samepartzﬂularcaﬁes
{)f (2) wzll also be pcamted out

The Sei: Dd conswts Of all “decreasmg domams D;” In partlcular, X ﬂj; ) is de-
E cre&smg in each Varzable For a Strxctly decre&smg, p{:}sztwe sequence { t;c} Such that |
’fk —0as "‘ - 90 we Pﬂt

D k = D 8 u = { T g iﬁ 24 h, (3:) ;> t k} k e ZZ :

Hence A;g ﬂ Zh = {B k # n am:i E% N | UAk F 51‘ sunplmty We a,lsa assumeﬁm the

Thearem 3 1 Let Q and P be madular fuzzctmns and P weaklyn bﬂnvex Tben
| (2) holds for aﬂ D < f i 1f amd iny ;tf there exxsts a canstant B > O such that

.ff 13 sat:sﬁ ed ff}r all po&z t.1 ve d esreasmg seq HEII ces {5 k }k € z &!Id aﬂ 111 creasm g Seq ue nc e S ::

.................................................................................................................................................



i Next we censlder the sufﬁuency F 1 _f L a;ud set 53, = Bt M Dk = D f . &ﬁd
A E= A f t . Because &E =3 U ﬁu £ We. t}btam usmg alse (4) anci t;he facts that Q P

Q P are  increasing and fisdecreasing,

Cﬂmllary 3 2 If P &nd Q am  as in Themem 3 1 and Q P is. c.én{fex. then
( ) holds n" and only 1f f&r 311 3 :> O ::md decreasmg s&ts D the; e exzsts a C > 0 sueh

P r 0 0 f F{)r the necessity we Just have to substltute f zn ( ) mth the functmn




each decreasmg set Dk»i—i anci usmg the convemty of Q 0 P 1 and the weak {:0nvemtv'_-':':f_'-."-_f-f:-ﬁj'_f'f-.'f:
Of P we ﬁnd that

Hence (4) foﬂaws wzth B M C and the cemllaxy 13 prmred S
R e m ar k If Q(:r:) = :r:‘i' a,nd P(:r)-- f::?’ 0 < p < q <: r::o then Q o P 1 15 convex-_:f-:ﬁf:;"-'::':'j.';::j::_

f and the mndztmn (5) mmcz des w:d;h (:{:mdztmn (3) Hen ce C:::r elia:f:y 3 2 gener ahzes_ﬁ ::.f_ :f.'i_':_'
ﬁ:ﬁj-ﬁ_'-j'f;.'f_ff.'f:iffTheerﬁm 2 Z(d) 111 { ]

R e m a, 1‘ k For N--* 1 the cond1t10n (5) reads

G Q (w (:1:) P ( . f ) ) u (:z:) dn:) ::;P 1 o). '_V_?*?.O:':”

B

Fmally we a,pply Theerem 3 1 W1th F (:1:) — wP and Q(:r:) = :1: 0 < p, q < oo and_._:;':_":_'}f:[_f..:'.?_';i'é‘__
obtam the followmg result
Carollary 3 3 The mequahty (1) hGIdS ﬁ:)r aJI O < f J, 11" and only zf there BXIStS:_._.f._:'_.:':j.':_:f:-::.-'}:j

a cons stang. K K (p . ‘1) Smh th&t

for all pasztz VE decreasmg sequences {5;;} hﬁz and sm:b t;h&t f D ‘v(:zs) d:z: = 2’“ _
R e m a r k For N o= 1 a Simﬂax charactenzatmrx 13 gzven 13:1 [6] F{}r Other mul—-'_:-'1:3_'-:_}:_}5?_ﬁ:'_;f::-

.................................................................................................................................................................



F in al T e m a r k 5. ( ) The resuits 111 thlS papei {:a,n a,lsaf:: be formula,ted Whel‘i
we remwe the technz{:al assumptmn (3 cf [2] [ 1 e L T e

(11) Slmllar results t{} ail results in thlS paper can be fmmulated alsc} f{:)r mcreasmg_'_-:'.':?f_-‘,_'?_::i_i":i:f_:-:_:f__?j
fumtmns Of Several varmbles T O s
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