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TERNARY STRUCTURES AND PARTIAL SEMIGROUPS

ViTEzZSLAV NOVAK, Brno

(Received November 17, 1993)

Transitive ternary structures and, especially, cyclically ordered sets can be trans-
formed into other structures: into quasi-ordered sets ([3]), double binary structures
([4]), E-systems ([5]) etc. In this paper we describe a relation between transitive
ternary structures and partial semigroups.

1. C-SEMIGROUPS

1.1. Let G # 0 be a set, let - be a partial binary operation on G which has the
following property:

let @, y, z € G; if one of products (z-y)-z, x-(y-z) or both products -y, y-z are
defined then both products (2 y)-z, - (y-2) are defined and (z-y)-z = x-(y- 2).

Then the structure G = (G, ) is called a partial semigroup.

1.2. A homomorphism of partial semigroups is defined in the obvious way. Thus,
if G = (G,-), H=(H,") are partial semigroups and f: G — H, then f is a homo-
morphism of G into H if

z,y € G and z -y is defined = f(z) - f(y) is defined in H and f(z-y) =

= @) f()

A bijective homomorphism of G onto H such that f~! is a homomorphism of H
onto G is an isomorphism of G onto H; G and H are isomorphic if there exists an
isomorphism of G onto H.

Let us note that a bijective homomorphism f of G onto H is an isomorphism iff
x,y € G, f(x) - f(y) is defined => z - y is defined.

1.3. Let G = (G, ) be a partial semigroup, e € G. The element e is a unit in G
if the following is satisfied:
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if e -z is defined for some x € G then e -z = z, if y - € is defined for some y € G

then y-e =y.

Let us denote by E(G) the set of all units of a partial semigroup G. In the sequel
we shall deal with partial semigroups G = (G, ) with the following property:

(%) for any = € G there are units e, e’ € E(G) such that e-x is defined and x - ¢’
is defined.

We shall need some trivial and well known properties of partial semigroups: we
present them with proofs as the proofs are very simple.

1.4. Lemma. Let G = (G,-) be a partial semigroup satisfying (). Then for any
x € G there exists just one unit e € E(G) such that e - x is defined and there exists
just one unit e/ € E(G) such that x - €' is defined.

Proof. Letej,es € E(G) and ey - x, ez - x be defined. Then e; - 2 = x so that
e1-(ea-7) is defined. Hence (e;-e3) -z, thus e; -e; is defined and then ey -e; = €; = 5.
Similarly the second assertion. O

1.5. Let G = (G, ) be a partial semigroup satisfying (*) and z € G. We denote
by e () the unit e € E(G) for which ez is defined and by er(x) the unit ' € E(G)
for which z - €’ is defined. ey (x) will be called the left unit of z, eg(x) the right unit
of x.

Thus ey, eg are mappings G — E(QG).

1.6. Lemma. Let G be a partial semigroup satisfying (x) and e € E(G). Then
er(e) =er(e) =e.

Proof. Wehaveep(e) e =e=er(e) and similarly e = ep(e). O

1.7. Lemma. Let G = (G, ") be a partial semigroup satisfying (x), let v,y € G
and let z - y be defined. Then ey (z -y) =er(x), er(z -y) = er(y).

Proof. Denote e (z-y) =e. Ase-(z-y) is defined, (e- ) -y and therefore
e -z is defined. Then e = e (x). Similarly for the right unit. O

1.8. Lemma. Let G = (G, ) be a partial semigroup satisfying () and =,y € G.
Then z - y is defined iff eg(z) = e (y)-

Proof. Ifz-yis defined then (z-er(x))-y is defined, thus - (er(x)-y) and also
er(z) - y is defined which implies eg(z) = eL(y). Conversely, let er(z) = eL(y) = e.
Then

both z - e and e - y are defined, thus (z - €) "y =z -y is defined. o
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We shall study partial semigroups G = (G, ) satisfying () with the further prop-
erty:
(%) the pair of mappings {er,er} distinguishes elements of G, i.e.

z,y € G, er(x) =eL(y), er(r) =er(y) =z =1y.

Partial semigroups in which (x), (%) hold will be called c-semigroups.

2. TERNARY STRUCTURES

2.1. Let G # 0 be a set, let ¢ be a ternary relation on G. The pair G = (G, t) will
be called a ternary structure. A ternary relation t on G (and the structure (G, t)) is
called transitive if

2,y,2,u€G, (2,y,2) €t, (2,y,u) €t = (z,y,u) € L.

Let (G,t) be a ternary structure and x € G. We say that z is an isolated element if
neither (z,y,2) € t nor (y,x,z) € t nor (y,z,z) € t for any y,z € G.
2.2. Let G = (G,t), H = (H,t') be ternary structures and f: G - H. fis a

homomorphism of G into H if

z,y,2 € G, (v,y,2) €t = (f(2), f(y), f(2)) € ¥".
A homomorphism f of G into H is strong if it is surjective and
u,v,w € H, (u,v,w) €t = there exist x € f~(u), y € f'(v), z € f(w)

with (z,y,2) € t.
A bijective strong homomorphism of G onto H is an isomorphism. Ternary struc-
tures G, H are isomorphic if there is an isomorphism of G onto H.

2.3. Let (G,t) be a ternary structure. We put
r(t) = {(z,y,2) € G3; there is z € G with (z,y,2) € t or (2,y,) € t}
and denote c(t) =t Ur(t)

2.4. Lemma. Let (G,t) be a transitive ternary structure. Then the structure
(G,c(t)) is transitive, as well.

Proof. Let (z,y,2) € c(t), (z,y,u) € c(t). If (z,y,2) € t, (z,y,u) € t then
(z,y,u) €t Cc(t). If (z,y,2) € c(t)—t then z = z and thus (z,y,u) € c(t). Similarly
in the case (z,y,u) € ¢(t) — t. Hence c(t) is a transitive relation. O
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2.5. Let (G,t) be a transitive ternary structure. We define a partial binary
operation - on the set ¢(t) as follows:

for mi = (z1,y1,21) € c(t), ma = (z2,y2,22) € c(t) the product m; - my is
defined iff o = z1, y2 = y1; in that case my - ma = (x1, 91, 22).

In other words, we put

(:r,y,z) : (z,y,u) = (:E,y,u).

2.6. Theorem. Let (G,t) be a transitive ternary structure. Then G = (c(t),-)
is a c-semigroup in which E(G) = r(t) and e (m) = (z,y,z), er(m) = (z,v, z) for
any m = (z,y,z) € c(t).

Proof. Let mj,ms,m3 € c(t) and suppose that (m; - ms) - m3 is defined. Then
my = (z,9,2), me = (z,y,u) for suitable z,y,z,u € G and m; - my = (z,y,u).
Thus m3 = (u,y,v) for a suitable v € G so that (my - ma) - m3 = (z,y,v). We see
that my - mg is defined and m, - m3 = (z,y,v) so that m; - (my - m3) is defined and
my - (mg-mg3) = (z,y,v) = (m; -m2) -m3. Similarly in the case when m; - (my -m3) is
defined. Let both m;-m2 and mg-mg3 be defined. Then m; = (2,9, 2), my = (z,y,u),
m3 = (u,y,v); thus m; -my = (z,y,u) and (m; -m2) -m3 is defined. Hence (c(t),-) is
a partial semigroup. If e € r(t) then e = (z,y, ) so that if e - m is defined for some
m € c(t) then m = (z,y, z) and e- m = (z,y, z) = m. Similarly if m - e is defined for
some m € ¢(t). Thus e € E(G) and r(t) C E(G).

Let m = (z,y,2) € c(t). Then e = (z,y,z) € r(t), thus e € E(G) and e - m =
(z,9,2) - (z,y,2) = (z,y,2) = m. We see that e = ey (m); similarly ¢’ = (z,y,2) =
er(m). Thus the partial semigroup G = (c(t),-) satisfies (*) and ey (m) = (z,y, ),
er(m) = (z,y, 2) for any m = (z,y, 2) € c(t).

We show E(G) = r(t). If e € E(G) then er(e) = e by 1.6 so that e - e is defined
and e-e = e. If e = (z,y,2) then necessarily e = (z,y,u) so that z = v and
e = (z,y,z) € r(t). Thus E(G) C r(t), which implies E(G) = r(t).

Let my = (21,91,21) € c(t), ma = (z2,¥2,22) € c(t) and er(my) = er(my),
er(mi) = er(ms). Then (z1,y1,21) = (z2,Y2,22) so that x;1 = x2, y1 = y2 and
(21,91, 21) = (22,Y2, 22) so that z; = z5. Hence m; = my and the pair of mappings
{eL,er} distinguishes elements of ¢(t), i.e. (c(t),-) is a c-semigroup. a
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3. MAPPINGS S AND T

3.1. Let G = (G, t) be a transitive ternary structure. Denote by S(G) = (c(t), -)
the c-semigroup constructed in 2.5. If T is the class of all ternary structures and C
is the class of all c-semigroups then S is a mapping of T into C:

S: T —-C.

3.2. Let M = (M, ) be a c-semigroup. Let us define a binary relation (M) on
the set E(M) as follows:

(e,€') € o(M) < there is m € M with e = e;(m), €' = er(m).

3.3. Lemma. Let M = (M,-) be a c-semigroup. Then the relation o(M) on
E(M) is reflexive and transitive.

Proof. If e € E(M) then er(e) = eg(e) = e by 1.6 and (e,e) € o(M) by
definition. Let e;,e2,e3 € E(M), (e1,e2) € o(M), (e2,e3) € o(M). Then there exist
m,n € M with e; = er(m), e2 = eg(m), e2 = er(n), e3 = er(n). By 1.8 the product
m -n is defined and by 1.7 e (m -n) = er(m) = ey, eg(m - n) = eg(n) = e3. Thus
(61,63) € Q(M) a

3.4. The relation o(M) on E(M) need not be symmetric so that it is not an
equivalence relation in general. Let ©(M) be the equivalence relation on E(M)
generated by o(M). Thus (e,e’) € O(M) iff there exist a positive integer n and
elements ey, ...,e, € E(M) such that e; = e, e, = €’ and (e;, e;41) € o(M)Up(M) ™!
foralli=1,...,n—1.

3.5. Let M = (M, ) be a c-semigroup, o(M) the binary relation on E(M) defined
in 3.2 and ©(M) the equivalence relation on E(M) generated by o(M). Put

and define a ternary relation t on G:

(z,y,2) Et & z,z€ E(M),y € E(M)|@(M), (z,2) € o(M) and
T,z €y.

We denote by T'(M) the ternary structure (G,t).

3.6. Theorem. Let M = (M,-) be a c-semigroup. Then T(M) = (G,t) is a
transitive ternary structure in which t = c(t).
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Proof. Let z,y,2,u € G, (z,y,2) € ¢, (z,y,u) € t. Then 2,z,u € E(M),
y € E(M)|@(M), (z,2) € o(M), 2,z € y and (2,u) € o(M), z,u € y. By 3.3
(z,u) € o(M) and z,u € y. Thus (z,y,u) € ¢t and ¢ is transitive. Let z,y,: € G.
(x,y,2) € t so that z,z € E(M), y € E(M) ’G(M (z,2) € (M), v,z € y. By 3.3
(z,2) € o(M) and thus (z,y,x) € t; similarly (z,y,z) € t. Hence ¢(t) = t. a0

3.6 implies that T is a mapping of C into T, i.e.
T:C—>T.

3.7. Theorem. Let M = (M,-) be a c-semigroup. Then M is isomorphic to
(SoT)(M).

Proof. Denote T(M) = (G,t) where G = E(M) U E(M)]@(M) and (S o
T)(M) = S(G,t) = (c(t), ). By 3.6 we have ¢(t) = t. Let us define a mapping f:
M = c(t): m € M = f(m) = (er(m),y,er(m)) where y € E(M)'@(M) is such
an clement that ey (m) € y, eg(m) € y. By the definition of the relation t we have
f(m) € t = c(t) so that f is really a mapping of M into c(t). Let (z,y,z) € c(t).
Then z,z € E(M), y € EM I@(M v,z € y and (z,z) € (M), which means that
there exists m € M with 2 = ey (m), = = eg(m). Then by definition (z,y,z) = f(m)
and the mapping f is surjective.

Let m,n € M and f(m) = f(n). Then (er(m),y,er(m)) = (er(n),z,er(n))
where e (m) € y, er(n) € z, thus ey (m) = er(n), er(m) = er(n). Hence m = n.
M being a c-semigroup. Thus f: M — ¢(t) is injective and also bijective.

Let m,n € M and let m - n be defined. By definition f(m) = (er(m),y,er(m))
where ey (m),eg(m) € y and f(n) = (eL(n),z,er(n)) where ep(n),er(n) € =. As
m - n is defined, by 1.8 we have eg(m) = ep(n). This implies y = z so that f(n) =
(er(m),y,er(n)). Hence the product f(m) - f(n) is defined in (c(t),-) and f(in) -
f(n) = (e, (m),y,er(n)). By 1.7 we have ep(m -n) = er(m), eg(m -n) = P;g(u,)
and further ey (m -n) = e (m) € y, eg(m -n) = eg(n) € = =y. Thus f(m - n) =
(er(m-n),y,eg(m-n)) = (er(m),y,er(n)) = f(n ) f(n) and fis a homommplusm
of M onto (S o T')(M).

Let m,n € M and let the product f(m)- f(n) be defined in (SoT)(M) = (c(t),-).
As f(m) = (er(m),y,er(m)) with er(m),er(m) € y, f(n) = (er(n). 2, er(n)) with
er(n),er(n) € z, we necessarily have y = z, eg(m) = ey (n). By 1.8 we see that m:-n
is defined in M and thus f: M — c(t) is an isomorphism of M onto (S o T')(M).

O

3.8. Theorem. Let G = (G,t) be a transitive ternary structure without isolated
elements and such that c(t) = t. Then there exists a strong homomorphism of the
structure (T o S)(G) onto the structure G.
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Proof. By definition we have S(G) = (c(t),-) = (¢,-); let us denote by M
this c-semigroup. Then (T o S)(G) = T(M) = (E(M) U E(M)IG(M),t’) where
(u,v,w) €t & u,w e E(M),v € E(M)le(M), u,w € v and there exists m € t with
w=-cr(m), w=-er(m). If m = (z,y,z) then by 2.6 we have e, (m) = u = (z,y, ),
er(m) =w = (z,y, z). Let us define a mapping f: E(M) U E(M)|@(M) - G:

ifue E(M), u = (z,y,z) then f(u) =z
ifue E(M)I@(M) and if (z,y,z) € u for some (z,y,z) € E(M)
then f(u) =y.

We must show that the definition of f is correct, i.e. the following implication holds:
if u € E(M)|9(M)w (11717?!17-'131) € u, (1"2,112,352) cu then Y1 = Y2

Assume (x1,y1,21) € u, (x2,y2,x2) € u. Then either (z1,y1, 1) = (22, y2, x2) which
implies y; = y» or there exists a finite sequence (p1, q1,p1), (P2,92,D02)s - -+ (Pny @ns Pn)
of elements in F(M) such that (p1,q1,p1) = (1,91, 21), (Pn,qn,Pn) = (T2,y2,22)
and ((pi, ¢is Pi)s (Pig1, Qiv1,Piv1)) € o(M)Up(M) ™! fori = 1,...,n—1. It suffices to
show that in this case ¢; = ¢4 fori = 1,...,n—1. If (i, @i, Pi), (Pi+1, it1,Pi+1)) €
o(M) then there exists m = (p,q,r) € t with (p;, ¢i, pi) = e (m), (Pit1, Git1,Pit1) =
er(m). Then by 2.6 (pi,qi,pi) = (p.¢,P), (Pit1,Gi+1,Pi41) = (r,¢,7) and ¢; = ¢ =
Qit1- '

If ((pisqispi))s (Pi15 Gi15Pit1)) € o(M)~1 then ((piy1, Git1,Pit1), (Pis @is pi)) €
o(M) and ¢iy1 = ¢; as well. Thus ¢ = ... = qn, i.e. y1 = ys.

Let € G. As G has no isolated elements there are y, z € G such that (z,y,z) € t
or (z,y,x) € tor (y,x,z) € t. In the first and second cases we have (z,y,z) € r(t) C t
and by 2.6 (x,y,z) € E(M). Then by definition f(z,y,z) = 2. In the third case
(y,x.y) €r(t) Ctand (y,z,y) € EM). Ifu € E(M)IG)(M) is such an element that
(y,x,y) € uthen f(u) = x by the definition of f. Thus f: E(M)UE(M)|@(M) -G
is surjective.

Let u,v,w € E(M)U E(M)[@(M), (u,v,w) € t'. Then u,w € E(M), v €
EM)|O(M), u,w € v and there exists m = (z,y,z) € t such that u = ey (m),
w = er(m). Thus u = (,y,2), w = (2,y,2) and f(u) =z, f(w) = z, f(v) =y by
definition of f. Hence (f(u), f(v), f(w)) € t and f is a surjective homomorphism of
(T 0 S)(G) onto G.

Let x,y,z € G, (2,y,2) € t. Then (z,y,z) €t, (z,y,2) € t and (z,y,2) € E(M),
(2,y,2) € E(M). If we denote (z,y,2z) = m, (z,y,2) = u, (2,9,2) = w and if
v E E(M)IG(M) is such an element that u € v then u = e (m), w = egr(m) and
(u,w) € p(M), u,w € v. Then (u,v,w) € t' by the definition of ¢’ and at the same
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time f(u) =z, f(v) =y, f(w) = z. Hence the homomorphism f of (T o 5)(G) onto
G is strong. O

4. EXAMPLES

4.1Let G = {z,y,z,u}, t = {(z,9,2), (2,9, u), (z,y,u), (z,y,2), (2, ¥, 2), (w, y,u)},
G = (G,t). We construct (T o S)(G).

Clearly c(t) = t and G contains no isolated elements. Let us denote m; = (z,y, z),

ma = (z,y,u), m3 = (J),y,u), €1 = (.’L’,y,l‘), €2 = (27972), €3 = (uvyvu)‘ By 2.5 and
2.6 in the c-semigroup S(G) = M we have:

my - M2 = mg3,

Thus E(M) = {ei,es,e3} and by 3.2 (e1,e3) € o(M), (e2,e3) € o(M), (e1,€3) €
Q(M) so that G(M) = E(M)z, E(M)'O(M) = {{61,62,63}} and (TO S)(G) =
({e1, ez, €3, {e1,€e2,e3}},t'), where by 3.5

(317{61782,63} ez) €
(62,{61762,63} e3) €
(e1,{e1,eq,e3},e3) €
(e1,{e1,ea,e3},€1) €
(627{31’62763} eg) €

) €

(637 {61,62, 63} €3

The mapping f: E(M) UE(M)|@(M) — G constructed in the proof of Theorem 3.8
is
fler) =z, fle2) =2 fles) =u, f({e1,e2,e3}) =

and it is an isomorphism of (T © $)(G) onto G.

4.2. Let G = {z,y,z}, t = {(@y,2), (y,2,2), (z,2,9), (x,9,2), (2,9, 2), (¥, =, Y)-
(z,2,2),(2,2,2), (¥, 2,y)}, G = (G, t); we find (T o S)(G).

As in 4.1, we have c(t) =t and G contains no isolated elements. Put m;, =
(z,9,2), ma = (y,2,z), mg = (:5:9), e; = (z,y,2), e2 = (2,9,2), e3 = (v, 2,9),
eq = (z,2,2), e5 = (2,2,2), €6 = (Y, 2,y).
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In the c-semigroup S(G) = M we have
e1 =er(my), ea = eR(ml), €3 = eL(mz), €4 = en(m2), €5 = eL(ms), e = er(ms)
and the product in M is defined only with the corresponding units. Further we have

(e1,e2) € o(M), (e3,eq) € o(M), (es,e6) € o(M)

so that
E(M)IQ(M) = {{e1,e2}, {es, ea}, {€5,6}}

and

(ToS)(G)=TM) = ({81’82,83,64,65,66,{61,62}, {63,64}, {65,66}},t')

where
(61, {ely 62}7 62) € t/’

(e3,{es,es},e4) € t',

(es, {es,es},e6) € 1,

(er, {er,e2},e1) €1,

(e2,{e1,e2},e2) €1

(e3,{es,eq},e3) € t'

(ea, {es,ea},e4) € ¥,

(es,{es,es},e5) € 1

(es,{es,ec},e6) €1

As G has three elements and the carrier of the structure (770 S)(G) has nine elements,

the structures G and (7" o S)(G) cannot be isomorphic. The strong homomorphism
f of (T 0 S)(G) onto G constructed in the proof of Theorem 3.8 has the form

fler) =z, fle2) =2, fles) =y, fles) ==, fles) =2, fles) =,
f({er,e2}) =y, f({es,ea}) = 2, f({es;e6}) = 2.

4.3. Problem. Find necessary and sufficient conditions for a transitive ternary
structure G = (G, t) to be isomorphic to ("o S)(G).
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