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Abstract. In this paper we first introduce the concept of compatible mappings of type
(B) and compare these mappings with compatible mappings and compatible mappings of
type (A) in Saks spaces. In the sequel, we derive some relations between these mappings.
Secondly, we prove a coincidence point theorem and common fixed point theorem for com-
patible mappings of type (B) in Saks spaces.
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I. INTRODUCTION

In 1968, Goebel [6] proved a coincidence theorem that received some attention.
Several years later, Okada [22], Singh-Virendra [27], Kulshrestha [16] and Naimpally-
Singh-Whitfield [20] extended Goebel’s results to L-spaces, metric spaces, 2-metric
spaces and multivalued contraction mappings on metric space, respectively.

In 1976, Jungck [8] initially gave a common fixed point theorem for commuting
mappings, which generalized the well-known Banach fixed point theorem. Jungck’s
theorem was generalized, extended and unified in various ways by many authors.
S. Sessa [26] defined a generalization of commuting mappings which is called weakly
commuting mappings.

Recently, Jungck [9] introduced more generalized commuting mappings called com-
patible mappings which are more general than weakly commuting mappings. In gen-
eral, commuting mappings are weakly commuting and weakly commuting mappings
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are compatible, but the converses are not necessarily true ([9] and [26]). Several
authors proved common fixed point theorems using this concept ([10], [11] and [13]-
[15)).

Further, Jungck-Murthy-Cho [12] defined the concept of compatible mappings of
type (A) which is equivalent to the concept of compatible mappings under some
conditions, and proved a common fixed point theorem for compatible mappings of
type (A) in a metric space. Pathak-Khan [21] introduced more generalized com-
patible mappings called compatible of type (B) and compared these mappings with
compatible mappings and compatible mappings of type (A). Also, they derived some
relations between these mappings and proved a common fixed point theorem for
compatible mappings of type (B) in metric spaces.

On the other hand, Cho-Singh [2]-[3], Murthy-Sharma [18] and many others have
studied the aspects of coincidence and common fixed point theorems in the setting
of Saks spaces. They have been motivated by various concepts already known in
ordinary matric spaces and have thus introduced analogues of various concepts in
the framework of the Saks spaces. Especially, Cho-Singh [2] and Murthy-Sharma
[18] introduced the concepts of commuting and weakly uniformly contraction pair of
mappings, respectively, and have proved several fixed point theorems by using these
concepts. Further, Murthy-Sharma-Cho [19] introduced the concept of compatible
mappings of type (A) in Saks spaces and proved some coincidence and common fixed
point theorems.

In this paper we introduce the concept of compatible mappings of type (B) and
compare these mappings and compatible mappings of type (A) in the Saks space.
In the sequel, we derive some relations between these mappings. Also, we prove a
coincidence point theorem and a common fixed point theorem for compatible map-
pings of type (B) in Saks spaces. Our theorem extends, generalizes and improves the
results of several authors.

Throughout this paper, (Xg,d) = (X, N1, N2) denotes a Saks space, and N; is
equivalent to Ny on X. In brief we shall define X as a Saks space.

The following lemma due to Orlicz [24] is useful for the proof of our main theorem:

Lemma 1.1. Let X be a Saks space. Then the following statements are equiva-
lent:
(1) Np is equivalent to Ny on X.
(2) (X, N;) is a Banach space and N,
(3) (X, N3) is a Frechet space and Ny

Ns on X.
Ni on X.

NN

The general information on Saks spaces may be found in ([1], [23]-]25]).
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II. COMPATIBLE MAPPINGS OF TYPE (B)

In this section we introduce the concept of compatible mappings of type (B) and
show that these mappings are equivalent to compatible mappings and compatible
mappings of type (A) under some conditions in Saks spaces.

Now, we shall give two definitions ([19]):

Definition 2.1. Let S and T be mappings from a Saks space X into itself. The
mappings S and T are said to be compatible if

lim Ny(STz, —TSzy,) =0,

n— o0

whenever {x,} is a sequence in X such that lim Sz, = lim Tz, = t for some

t G X‘ n—oo n—oo
Definition 2.2. Let S and T be mappings from a Saks space X into itself. The
mappings S and T are said to be compatible of type (A) if

lim No(TSz, —SSx,) =0and lim Ny(STz, —TTx,) =0,

n— oo n—oo

whenever {z,} is sequence in X such that lim Sz, = lim Tz, =t for some ¢t € X.

n—oo n—oo

We introduce the following

Definition 2.3. Let S and T" be mappings from Saks space X into itself. The
mappings S and T are said to be compatible of type (B) if

lim No(STx, — TTxy,) < L[ lim Ny(STz, — St) + lim Na(St — SSz,)]

n—oo n—oo

and

lim No(TSz, —SSx,) < %[ lim Ny(T Sz, —Tt)+ lim Nyo(Tt— TTxn)],

n—oo n—oo n—oo
whenever {x,} is a sequence in X such that lim Sz, = lim Tz, = t for some
n—oo n—oo
te X.

The following Propositions 2.1, 2.3 show that under some conditions ([12]) Defin-

itions 2.1 and 2.2 are equivalent:

Proposition 2.1. Let S and T be continuous mappings of a Saks space X into
itself. If S and T are compatible, then they are compatible of type (A).
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Proposition 2.2. Let S and T be compatible mappings of type (A) from a Saks
space X into itself. If one of S and T is continuous, then S and T are compatible.

From Proposition 2.1 and 2.2 we have

Proposition 2.3. Let S and T be continuous mappings from a Saks space S into
itself. Then S and T are compatible if and only if they are compatible of type (A).

Remarks 2.1. By suitable examples, G. Jungck, P. P. Murthy and Y. J. Cho [12]
have shown that Proposition 2.3 does not hold if S and T are not continuous.

Proofs of the following propositions follow the same lines as suggested in ([21]).
The next propositions show that Definitions 2.1, 2.2 and 2.3 are equivalent under

some conditions:

Proposition 2.4. Every pair of compatible mappings of type (A) is compatible
of type (B).

Proposition 2.5. Let S and T be continuous mappings of a Saks space X into
itself. If S and T are compatible of type (B), then they are compatible of type (A).

Proposition 2.6. Let S and T be continuous mappings of a Saks space X into
itself. If S and T are compatible of type (B), then they are compatible.

As a direct consequence of Proposition 2.1 and 2.4 we have

Proposition 2.7. Let S and T' be continuous mappings from a Saks space X into
itself. If S and T are compatible, then they are compatible of type (B).

By unifying Propositions 2.4 ~ 2.7 we have

Proposition 2.8. Let S and T be continuous mappings from a Saks space X into
itself. Then

(1) S and T are compatible if and only if they are compatible of type (B).
(2) S and T are compatible of type (A) if and only if they are compatible of type

(B).

Remark 2.2. In H.K.Pathak and M. S. Khan [21] we may find some examples
to show the fact that Proposition 2.8 is not true if S and T are not continuous.
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Now, we give the following properties of compatible mappings of type (B) for our

main theorems:

Proposition 2.9. Let S and T be compatible mappings of type (B) from a Saks

space X into itself. If St = Tt for some t € X, then STt =SSt =TTt ="TSt.

Proposition 2.10. Let S and T' be compatible mappings of type (B) from a Saks
space X into itself. Suppose that lim Sz, = lim Tx, =t for somet € X. Then

n—oo n—oo
we have

(1) lim TTx, = St if S is continuous at t.
n—oo

(2) lim SSx, =Tt if T is continuous at t.
n—oo
(3) STt=TSt and St =Tt if S and T are continuous at t.

III. A COMMON FIXED POINT THEOREM

Let RT be the set of non-negative real numbers and F the family of mappings
¢: (RT)? — RT such that each ¢ is upper semicontinuous, non-decreasing in each

coordinate variable, and for any ¢ > 0,

t and
t,

p(t, t,t,t,0,at,0,at,0) < B
o(t,t,t,t,at,0,0,0,at) < 3
where 3 =1 for « =2, and g < 1 for a < 2,

v(t) = o(t, t, t,t, art, ast, ast, aqt, ast) < t,

where v: R™ — RT is a mapping and a; + az + a3 +aq +as = 7.
Let A, B, S and T be mappings from a Saks space X into itself such that

(3.1) AX)UB(X)Cc S(X)NnT(X),
(8:2) N(Az - By) < o max {NF(Sz — Ty), N3(Sz — Ax), N3(Ty — By)},
Ny(Sxz — Azx) - No(Ty — By),
No(S — Ty) - Na(Sa — Ax), Ny(Sz — Ty) - No(Ty — By),
Na(Sz —Ty) - N2(Sz — By), N2(Sz — Ty) - No(T'y — Ax),
No(Sx — By) - No(Ty — Az), No(Sz — Azx) - No(Ty — Ax),

forall z, y in X and p € F.
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Then, by (3.1), since A(X) C T(X), for an arbitrary point xo € X there exists a
point z; € X such that Axg = Txy. Since B(X) C S(X), for this point x; we can
choose a point x5 € X such that Bxy; = Sx3 and so on. Inductively, we can define a
sequence {y,} in X such that

(3.3) Yon = TT2n 1 = A2, and yon11 = STa(n41) = BTant1

for every n =0,1,2,....
For our main theorems, we need the following lemmas:

Lemma 3.1. ([28]) For any t > 0, v(t) < t if and only if lim v"(t) = 0, where

n—oo
V™ denotes the n-times composition of v with itself.

Lemma 3.2. Let A, B, S and T be mappings from a Saks space (X, d) into itself
satisfying the conditions (3.1) and (3.2). Then
(1) {N2(yn — yn+1} is a non-increasing sequence in R,
(2) {yn} is a Cauchy sequence in X, where {y,} is the sequence in X defined by
(3.3).

Proof. (1) We shall prove that {Ng(yn — ynﬂ} for n = 0,1,2,... is a non-
increasing sequence in RT. By (3.2) and (3.3) we have
N22(y2n - y2n+1) = N22(Ax2n - Bx2n+1)
< @(maX {Ng(%n—l - y2n)>N22(y2n—1 — Yon), N;(y% — Yon+1)},

No(Yan—1 — Y2n) - No(Yon — Y2n+1),
Yon—1 — Y2n)No(Y2n—1 — Y2n), N2(Y2n—1 — Y2n) - No(Y2n — Y2n+1),

Yon—1 — Y2n+1) - N2(Y2n — Y2n), N2(Y2n—1 — Y2n) - N2 (Y2n — Y2n),

SSESS

(
(Y2n—1 — Y2n) - No(Y2n—1 — Y2n+1), N2(Y2n—1 — Y2n) - N2(Y2n — Y2n),
(
(

Yon—1 = Yan+1) - Na(y2n — y2n+1))
< o (max {NF(an-1 — yan), N3 (yan-1 = y2u), N (20 — y2041)},
No(Y2n—1 — Y2n) - N2(Y2n — Y2n+1),
Na(Y2n—1 — Y2n)N2(y2n—1 — Y2n); N2(Y2n-1 — y2n) - N2(y2n — Y2n+1),
Na(yYan—1 — y2n) - (N2(y2n—1 — Y2n) + N2(Y2n — Y2n+1)), 0,
0,0, (N2(y2n—1 — Y2n) + Na(Y2n — Y2n+1)) - Na(y2n — y2n+1))~

Suppose that Na(yan—1 — y2n) < Na(y2n — y2n+1) for some n. Then, for some o < 2,
Na(y2n—-1 — Yan) + No(yan — Yan+1) = aNa(yan — Yon+1). Since ¢ is non-decreasing
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in each variable and § < 1 for a < 2, we have

N3 (Y2n — Y2n+1) < ©(N3 Y2n — Y2ns1), N3 (Y2n — Y2n+1): N3 (Y2n — Yont1),
N3 (y2n — Yan+1), N3 (Y20 — Y2n11),0,0,0,
N3 (yan — Yant1))
< BN2(Yon — Y2n+1) < N2(Y2n — Yan+1), a contradiction.

Therefore, {N2 (yn — yn_H)} is a non-increasing sequence in RT.
(2) Let {Ng(yn 7yn+1)} be a non-increasing sequence in R*. Now, again by (3.2)
and (3.3), we have

N3 (y1 — y2) = N3 (Azy — Bay)
< o max {N3(90 — 1), N3 (31 — w2), N3 (o — 1)},
Na(yr — y2) - Na(yo — y1)},

No(yo —y1) - Na(y1 — y2), N3 (yo — v1),0,
Na(yo — y1) - (N2(yo — y1) + Na(y1 — y2)), 0,
N

y1 —y2) - (Na(yo — y1) + Na(y1 — y2) »0)
), N

< (N3 (yo — y1), N3 (yo — y1), N3 (yo — y1), N3 (yo — y1),

NQZ(yO 1),2N2 (yo *yl)a
NZ(yo — v1),2N3(yo — y1) N3 (yo — y1))

= V(N22(ZU0 - yl))

In general, we have N3 (yn — yn+1) < v"(N3(yo — y1)), which implies that, by
Lemma 3.1, we have

lim N2(yn — yni1) < nlggo V" (N22(ZJO - yl)) =0.

n—oo

Therefore, we have lim Na(y, — yn+1) = 0. This shows that {y,} is a Cauchy
n—oo
sequence with respect to Ny in S(X) NT(X). This completes the proof. O

Now, we are ready to present our main theorems:

Theorem 3.1. Let A, B, S and T' be mappings from a Saks space X into itself
satisfying the conditions (3.1), (3.2) and (3.10):

(3.10) S(X)NT(X) is a closed subspace of X.
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Then (1) A and S have a coincidence point in X, and (2) B and T have a coincidence

point in X.

Proof. By Lemma 3.2 the sequence {y,} defined by (3.3) is a Cauchy sequence
in S(X) N T(X) with respect to Ny, since Ny is equivalent to N2 on X. So by
Lemma 1.1, (X, N7) is a Banach space and hence {y,} converges to a point w in
S(X)NT(X). On the other hand, since the subsequences {y2,} and {ya2n+1} of {yn}
are also Cauchy sequences in S(X)NT(X), they also converge to the same limit w.
Hence there exist two points u, v in X such that Su = w and Ty = w. By (3.2) we
have

N2(Au — Yony1) = N2(Au — Bxop 1)
< o max { N (Su ~ yan), N3(Su — Au), N (y2n — y2ns1)},
No(Su — Au) - Na(y2n — Y2ni1),
Su —y2n) - Na(Su — Au), N2(Su — y2n) - N2(Y2n — Y2n+1),

N
(Su — yan) - Na(Su — yan+1), N2(Su — yan) - Na(yan — Au),
(
(

S

Su — Yan+1) - Na(yan — Au), No(Su — Au) - Na(yan — Au),

Na(Su — yant1) - Na(Su — y2n+1)).

Since lim »™(¢) = 0 as in the proof of Lemma 3.2, letting n — oo we have

N3 (Au—w) < ¢(0,0,0,0,0,0,0, N3 (w — Au),0),

which is a contradiction. Hence Au = w = Su, that is, u is a coincidence point of
A and S. Similarly, we can show that v is a coincidence point of B and 7. This
completes the proof. O

Putting A = B in Theorem 3.1, we have the following

Corollary 3.2. Let A, S and T be mappings from a Saks space X into itself
satisfying the conditions (3.1), (3.2) and (3.10).

Then (1) A and S have a coincidence point in X and (2) A and T have a coincidence
point in X. Indeed, A, S and T have a coincidence point in X if A is one-to-one.

Proof. By Theorem 3.1 with A = B, we have the direct proofs of (1) and (2).
As in the proof of Theorem 3.1 we have Au = Su = Av = Twv. Hence since A is
one-to-one, u = v is a coincidence point of A, S and T. This completes the proof. [
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IV. ANOTHER COMMON FIXED POINT THEOREM

In this section we prove a common fixed point theorem of Gregus type for com-
patible mappings of type (B) in a Saks space by employing Theorem 3.1.

Theorem 4.1. Let A, B, S and T be mappings from a Saks space X into X
satisfying the conditions (3.1), (3.2), (3.10) and

(4.1) the pairs A, S and B, T are compatible mappings of type (B).

Then A, B, S and T have a unique common fixed point in X.

Proof. By Theorem 3.1, there exist two points v and v in X such that Au =
Su = w and Bv = Tv = w. Since A and S are compatible mappings of type (B),
by Proposition 2.9, ASu = SSu = SAu = AAu, which implies that Aw = Sw.
Similarly, since B and T are compatible mappings of type (B), we have Bw = Tw.
Now we prove that Aw = w. If Aw # w, then by (3.2) we have

N2(Au — yYony1) = N2(Aw — Bxay 1)
< go(max {NZZ(Sw — Yon), NQZ(Sw — Aw), N22(y2n — y2n+1)},
No(Sw — Aw) - No(Y2n — Y2n+1)s
No(Sw —y2n) - N2(Sw — Aw), No(Sw — yan) - N2(Y2n — Y2n+1),
No(Sw —y2n) - N2(Sw — yan+1), N2(Sw — y2n) - Na(y2n — Aw),
No(Sw — yant1) - Na(yan — Aw), No(Sw — Aw) - Na(y2, — Aw),
(

No(Sw — yan+1) - No(yan — y2n+1))~

Letting n — oo, we have

N3 (Aw — w) < (N3 (Sw — w),0, Na(Sw — w) - Na(Sw — Aw), 0, N3 (Sw — w),
Ny(Sw — w) - Na(w — Aw), Na(Sw — w) - Na(w — Aw),
N (Sw — Aw) - Na(w — Aw), 0)
= (N3 (Aw — w),0,0,0, N3 (Aw — w), N3 (Aw — w), 0,0)
< Ni(Aw — w),

which is a contradiction. Hence have Aw = w = Sw. Similarly, we have Bw = w =
Tw. This means that w is a common fixed point of A, B, S and T. The uniqueness
of the fixed point w follows easily from (3.2). O
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Remark 4.1. Since it is possible to replace the condition of commuting mappings,

weakly commuting mappings, compatible mappings, or compatible mappings of type

(A)

by compatible mappings of type (B), Theorem 4.1 extends, generalizes and

improves a number of fixed point theorem already known in ordinary metric spaces

([4]

, [5], [7], [9], [14] and [17]), and in Saks spaces ([18] and [19]).

Remark 4.2. Our result derives a common fixed point theorem for four mappings

which are not necessarily continuous.

(1]
2]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
(17]
18]
(19]
20]
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