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Abstract. In this paper, sufficient conditions have been obtained for oscillation of solutions
of a class of nth order linear neutral delay-differential equations. Some of these results have
been used to study oscillatory behaviour of solutions of a class of boundary value problems
for neutral hyperbolic partial differential equations.
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1. During the last few years many authors have obtained sufficient conditions for
oscillation of solutions of neutral differential equations of higher orders (see [1, 2,
6, 8]). The conditions assumed differ from authors to authors due to the different
techniques they use and different type of equations they consider. It is interesting to
note that the conditions assumed by different authors for a similar type of equations
are often not comparable. In a recent paper [6]. P. K. Mohanty and the author have
considered oscillation of solutions of a class of linear homogeneous neutral differential
equations of order n. In the present work we consider equations of the form

m
(1) (y(®) = py(t = 7)™ + > ai()y(t — m:(t) =0,

i=1
where 0 < p< 1,7 >0and 7, ¢; € C([0,00),R), 1 < i < m, such that 7;(t) > 0.
These equations and the conditions assumed here are different from those in earlier
works.

By a solution of (1) we mean a real-valued continuous function y on [T}, c0)

for some T, > 0 such that (y(¢) — py(t — 7)) is n-times continuously differentiable
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and (1) is satisfied for ¢ € [T}, 00). Such a solution is said to be oscillatory if it has
arbitrarily large zeros; otherwise, it is called nonoscillatory. Eq. (1) is oscillatory if
all its solutions are oscillatory.

In Section 2 sufficient conditions are obtained for oscillation of solutions of (1).
Some of the results of this section are used to predict oscillation of some Neumann
and Dirichlet boundary value problems for neutral hyperbolic partial differential
equations in Section 3.

We need the following lemmas for our work:

Lemma 1.1. [7] If
(Hl) quz(t) <QO3 O<Tz(t) <T03 te [0,00), 1<Z<m7

where qo and 71y are positive constants, and

t—o0

(Hy) lim inf 1nf{ Zqz ) exp(ATi ( ))] 1,

then (2) is oscillatory, where

(2) +Zqz z(t — 7:(t)) = 0.

Lemma 1.2. [7] If
(Hs) 7(t)=m, te€][0,00), isa positive constant and ¢;(t) >0, 1 < i< m,
and (Hy) is satisfied, then (2) is oscillatory.

Lemma 1.3. ([3], p. 67). If ¢;, € C([0,00),[0,00)), 1 < i < m, then the
differential inequality

(3) +Zqz u(t —7i(t)) <0

has an eventually positive solution if and only if (2) has an eventually positive solu-
tion.

Lemma 1.4. ([4], [5], p. 193). Let u € C™(]0,00), R) be of constant sign, let
u(™ (t) be of constant sign and not identically equal to zero in any interval [to, 00),
to > 0, and u(t)u™(t) < 0. Then
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(i) there exists a t1 > 0 such that u(®) (t), k=1,...,n—1, is of constant sign on
[tl’ 00)7

(ii) there exists an integer r, 0 < r < n — 1, which is even if n is odd and is odd if
n is even, such that

uu® () >0, k=0,1,...,r, t>t,
()" Ly@u® () >0, k=r4+1,...,n—1, t >t

and
(iii)

(t—t)"!
(n—=1)...(n—r)

u(®)] > WD

Lemma 1.5. Let n > 3 be an odd integer, a € C([0,00),[0,00)), 0 < a(t) < v,
and u € C"([0,00), R) such that (—1)'u®(t) > 0,0 <i < n—1, and u™(t) < 0.
Then

e —a@) 2 G0

for t > ap.

Proof. By Taylor’s expansion we have

u(t — a(t)) = u(t) + (—a(t)u' () + %u”(t) .

+ 7(_(2‘(?)17;: W (8 + 7(_0‘”(?)” u™ (¢~ a(t)),

where 0 < 0 < 1. Thus

—1
(a(t))n u(nfl)(t)
for t > ay, since n is an odd integer. Hence the lemma is proved. O

2. In this section we obtain sufficient conditions for oscillation of (1).
Remark. If f: (0,00) — (0,00) is given by f(A) = A~le**, where ¢ > 0 is a
constant, then )\lim fA) = o0, )\lir& f(A) = oo and f'(\) = A"2(\o — 1)e*?. Thus

f'(A\)>0for A > o~ !and f/(\) <0 for A < o~!. Hence the least value is obtained
at A = o~ !. Consequently, we have

inf f(\) = f(o™!) = oe.

A>0
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Theorem 2.1. Let n > 1 be an odd integer and let (Hy) hold. If

(Hy) lim inf mf { Zq, ()" Lexp(AnTtri(t)| > a1t

t—o0

then (1) is oscillatory.

Proof. Let y(t) be a nonoscillatory solution of (1) on [T}, 00), T, > 0. Without
any loss of generality, we may assume that y(t) > 0 for ¢t > to > T,,. We set, for
t >t > to+ max{r, 70},

(4) z(t) = y(t) — py(t — 7).

Z(n) +Zqz t_Tz )):0
for t > t;. It follows from (Hy) that

n" ! < lim 1nf)1\nf {)\ Lo 1exp()\ano)Zqi(t)}

t—o0
i=1
m
—1,_n—1 : : .
<n Ty Toetliglolnf <Zq,(t)>,
i=1
that is,
m
lim inf » ¢ g™ > 0.
Jim_ in Zqz(t)> """ >0
Thus

) m
/ (Z 4 (0) dt =
0 i=1
Hence there exists a k € {1,...,m} such that
(6) / g (t) dt = oc.
0
Clearly, (5) yields

(7) (1) < —qe()y(t — k(1) <0
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for t > t;. Since qx(t) # 0, then (7) implies that z()(t), 0 < i < n— 1, is of constant
sign for ¢ > to > t1.

Suppose that z(t) < 0 for ¢t > to. We may note that this case does not arise if
p = 0. Since n is odd, then 2/(f) < 0if n =1 and 2/(t) < 0if n > 3 for ¢t > to. If
tli>r£1<> z(t) = po, then —oo < po < 0. Thus z(t) < —p, where 0 < pu < oo, for t > t3 >
to. From (5) we obtain —py(t — 7) < —p, t > ts, that is, p < py(t — 7) < y(t — 7),
t > ts, that is, p < y(t), t > t3. Hence (7) yields, for ¢t > t3 + 79, that

2 (t) < —pgr(t).

Then tlim z(t) = —oo in view of (6). This in turn implies that tlim y(t) = oo by
—00 —00
(5). Hence there exists a sequence (t;) such that lim ¢; = oo, lim y(¢;) = oo and
j—00 j—o0o
y(t;) = max{y(t): t3 + 10 < t < t;}. We may choose j large enough such that
t; — T > t3+ 719. Thus

2(t;) = y(t;) —py(t; —7) = (1 = p)y(t;)

and hence lim z(t;) = oo, a contradiction. Then z(t) > 0 for ¢ > ¢5. This implies
j—o0

that 2"~ D(t) > 0, t > to. If n = 1, then (5) yields that

+Zqz 2(t—7i(t) <0

for t > t2 + 79, that is, z(¢) is an eventually positive solution of (2), a contradiction
in view of (H4) and Lemma 1.1. If n > 3, then Lemma 1.4 implies that there exists
an even integer r, 0 < r < n — 1, such that

)

01 >0, 0<e<r
+1</4<n—1,

(-0 >0,

for t > tq4 > to. If r =0, then 2/(t) < 0 for ¢t > ¢4. If r > 2, then 2(¢) > 0, 2/(t) > 0

and z”(t) > 0 for ¢t > ¢4 and hence tlim z(t) = oo. Consequently, tlim y(t) = o0
— 00 — 00

and (7) yields that 2(™)(t) < —Lqy(t) for large ¢, where L > 0 is a constant. Thus

lim z(t) = —o0, a contradiction. Then r = 0, that is, (—1)’2()(t) > 0,0 <i < n—1,

t—oo
for t > t4. From (5) we obtain, for t > t4 + 70,

(8) 2 (¢ +Zqz 2(t — 7(t)) < 0.
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By Lemma 1.5,

for t > t4 + 79. Hence (8) yields

n— m .
z(”’(t)+7(ni1)!(n_l) 12% 7i( ”1z<"—1>(t—”7(f))<0,

that is, 2(»~1(t) is an eventually positive solution of

s ) Sttt ) <o

a contradiction due to (H4) and Lemmas 1.1 and 1.3. Hence the theorem is proved.
O

Remark. If n =1 and p = 0, then (1) reduces to (2) and (Hy) reduces to (Hz).
Thus Theorem 2.1 may be viewed as a generalization of Lemma 1.1.

Remark. If n > 3 is an odd integer, then we may prove Theorem 2.1 with an
assumption weaker than (Hy).

Theorem 2.2. Let n > 3 be an odd integer and let (H;) hold. If

(Hs) lim inf inf {)\1 > qit)(ri(8)"exp(An (t))]
i=1

t—00 A>0
n n—1
> —1!( ) ,
(n =D ——3

then (1) is oscillatory.
The proof is similar to that of Theorem 2.1 and hence is omitted.

Remark. Theorems 2.1 and 2.2 remain true for p = 1. Indeed, p = 1 implies
that z(t) = y(t) —y(t — 7) (see (4)). If z(t) < 0 for t > ta, then y(t) < y(t — 7),
t > t9, and hence y(t) is bounded. On the other hand, proceeding as in the proof of
Theorem 2.1 one obtains in this case tlggc z(t) = —oo, which implies that tlglolo y(t) =

00, a contradiction. The rest of the proof is the same as that of Theorem 2.1.

160



Remark. We may notice that the assumptions (H4) and (Hs) are independent
of p.

Theorem 2.3. Suppose that 0 < p < 1, n > 3, is an odd integer and (Hy) holds.
If

(Hg) lim inf 1nf { ZQZ (1)) L exp(An "t (1)) | > 0" (1 - p),

t—o00

then (1) is oscillatory.

Proof. One may proceed as in the proof of Theorem 2.1 to obtain z(¢) > 0 for
t >ty and (—1)'20(t) >0,0<i<n-—1,fort >ty >ty From (4) we get, for
t > t5 > max{ty,t; + {7},

z(t) + py(t —7)
= 2(t) + pz(t — 1) + pPy(t — 27)
2(t) + pz(t — 7) + p?2(t — 27) + pPy(t — 37)

y(t)

2(t) +p2(t —7) + ..+ ple(t — o) + p Pry(t — (£ + 1)7).
Since 2/(t) < 0 for ¢t > t4, we have

y(t) = (14+p+...4+p)z(1)

fort > t5. For 0 < e < % we may choose ¢ sufficiently large such that p‘*! < e.
Thus, for t > t5,

Then (5) yields, for t > t5 + 79,

PRI 2(t —7i(t)) < 0.

As in the proof of Theorem 2.1,

At —mil1) > e () ) (i - T—(t))
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for t > t5 + 79. Hence 2("~1(t) is an eventually positive solution of

u’(t)+1:;(ni1)!<n—1)" 12% y 1u<t7n7gt)) <0,

a contradiction due to the assumption (Hg) and Lemmas 1.1. and 1.3. This completes
the proof of the theorem. O

Remark. For 0 < p < 1, (Hy) => (Hg). Further, (Hg) = (Hs5) if 0 < p < %
but these assumptions are not comparable if p > % We may note that Theorem 2.3
does not hold if (Hg) is replaced by the weaker condition

n

)n_l(lfp)

t—oo A>0 n—1

liminf inf {)\1 iqi(t)(n(t))"l exp()\nln(t))} > (n— 1)!(

Corresponding to Lemma 1.2 we have three similar results.

Theorem 2.4. Let n > 1 be an odd integer and let (H3) hold. If
t—oo

(H)) lim inf mf { Zq, T 1 exp(/\n_ln)] >ntl

then (1) with 7;(t) = 7;, 1 < i < 'm, is oscillatory.

Theorem 2.5. Let n > 3 be an odd integer and let (H3) hold. If

(Hs) hm inf mf |: ZqZ 7= 19Xp()\n17'i):| > (n— 1)!< n )nfl’

t—o0 n — ]-
then (1) with 7;(t) = 7, 1 < i < m, is oscillatory.

Theorem 2.6. Let 0 < p < 1, n > 3, be an odd integer and let (Hg) hold. If

H)  Im inf;gfo[ Zqz - 1eXp(/\ani)]>n”1(1p),

then (1) with 7;(t) = 7, 1 < i < m, Is oscillatory.

Theorem 2.7. Suppose that n > 2 is an even integer and (H;) holds. If

t—oo

(H7) hm inf 1nf { qu ()"t exp()\n(t))} > (n — 1)12(n-HEn-1)

then every solution of (1) is oscillatory or tends to zero as t — oo.
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Proof. Let y(t) be a solution of (1) on [T, o), T, > 0. If y(t) is oscillatory,
then we have nothing to prove. Suppose that y(t) is non-oscillatory. Hence we may
assume, without any loss of generality, that y(¢) > 0 for ¢ > to > T,. Then setting
2(t) as in (4) for t > t; > to + max|r, 70) we get (5) for t > t1. Since 2(™)(t) < 0 for
t > ty, then z(i)(t), 0 < i< n—1,is of constant sign for t > t3 > t;. Let z(t) > 0 for
t > to. It follows from Lemma 1.4 that there exists an odd integer r, 1 <r < n —1,
such that

01y >0, o<e<r,

(—)" 0@ >0, r+1<0<n—1,
(t —ta)" L

mn—1)...(n—1)

2()] = D (2n )

for t > to. As 2"V (t) < 0 implies that z(t) < 0 for large ¢, we have z(*~1D(t) > 0
for t > t. Moreover, 2’(t) > 0 for ¢ > ¢ since r > 1 is an odd integer. Hence

(t —ty)" !

Z(nfl) n—r—1
=1, m=—n° @

z(t) >

t > to. Thus, for t > t3 > 2" 2(1 — 277)7L,

2'r+17nt —t n—1
( 2) Z(nfl)(t)
(n=1)...(n—1)
(n—r—1D)!(t —t2nr-1n-1L
(’Il _ 1)!2(n7'r71)(n71)
(t _ t22n—r—1)n—1 B
(n — 1)12(n= 17 20
tn—lz(n—l)(t)
>
(n _ 1)! 92(n—1)(2n—-1)"

2(t) = 2(2") >

z("_l)(t)

Then (5) yields

=0) + Gy 2 9O~ () <0

for t > t3. Hence, for t > t3 + 279, we obtain

2000 + (n— 1)!2(171)(27171) ; qi(t)(ri ()" 12Dt — 7 (1)) <0,
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that is, z(»~1(t) is an eventually positive solution of

(0 + e pyrgrEy Y O E0) = () <0
: i=1

a contradiction in view of the assumption (H7) and Lemmas 1.1 and 1.3. Thus
z(t) < 0 for t > t2. We may note that this case does not arise if p = 0. Clearly, (6)
follows from (H7) for some k € {1,...,m}. If 2/(t) < 0 for ¢ > ¢3, then proceeding
as in Theorem 2.1 we arrive at a contradiction. Suppose that z/(t) > 0 for ¢ > ¢5.
Thus —oco < Ay < 0, where \g = hm z(t). If Ao < 0, then we obtain a contradiction

as in the case 2/(t) < 0 for ¢t > tg “Hence Ao = 0. We claim that y(¢) is bounded.
If not, then there exists a sequence (t;) such that lim ¢; = oo, lim y(t;) = oo and
j—o0 j—00

y(t;) = max{y(t): to <t <t;}. It is possible to choose j sufficiently large such that
t; — T > t2. Hence

z(tj) = y(t;) —pyt; — 1) = (1 — p)y(t)).

Thus lim z(t;) = oo, a contradiction. Hence our claim holds. From (4) we obtain

J—00

lim sup z(t) = tlglolo sup[y(t) — py(t — 7)]

t—o0
> lim supy(t) + lim inf(—py(t — 7))
t—o0 t—o0o
> (1 p) lim supy(t)
t—o0

that is, tlim supy(t) < 0. Hence tlim y(t) = 0 and the proof of the theorem is
—00 — 00
complete. 0

Corollary 2.8. If all conditions of Theorem 2.7 are satisfied, then every un-
bounded solution of (1) oscillates.

Corollary 2.9. Suppose that the conditions of Theorem 2.7 are satisfied. Then
the equation

(9) y™(t) +Zqz y(t —7;(t)) =0
is oscillatory.

Corollary 2.10. Let n > 0 be an integer and let (Hy) hold. If
t—o0

(Hs) hm inf 1nf { Z(Jz ()" Lexp(An 17 (8))| > (n — 1)12(7= D=1

then (9) is oscillatory.
This follows from Theorems 2.1 and 2.7 since (Hg) implies (H4) and (Hy).
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Remark. We may notice that (Hg) reduces to (Hg) for n = 1.

Theorem 2.11. Suppose that n > 2 is an even integer, 0 < p < 1, 7 < 0¢ <
7i(t) < 19 and 0 < ¢;(t) < qo, 1 < @ < m, where 09, T9, qo are constants. If (H7) holds
and

(Hy) Jlim sup / (t —s)" (Zqz >d5>n—1)!

t—(oo—T)

then every solution of (1) oscillates.

Proof. We proceed as in the proof of Theorem 2.7 to obtain a contradiction
in the case z(t) > 0 for ¢ > t3. Thus z(¢) < 0 for ¢t > t5. We may note that this
case does not arise if p = 0. Hence 0 < p < 1 for this case. If z/(t) < 0 for t > to,
then a contradiction is obtained as in the proof of Theorem 2.7. Thus 2'(t) > 0 for
t > t5. Consequently, z(t) is bounded and (—1)**12(F)(#) > 0,1 < k < n — 1, for
t > t3 > ta. From (5) we obtain z(t) > —y(t — 7) and hence

0>z(") Zqz z2(t—7i(t) +7)

> 2" (¢) (z:qZ ) (t—o0+T)

for t > t3 + 19. By Taylor’s expansion, for t3 + 79 + 09 < s < t,

(s —t)?

2(s = (00 = 7)) = 2(t = (00 = 7)) + (5 = 1)z'(t = (00 = 7)) + “—5;=2"(t = (90 = 7))

where ¢ lies between s — (09 — 7) and ¢t — (0g — 7). Thus

(sit)n n—
z(sf(aofT))éﬁ 2D (¢ — (o9 — 7))

and hence

0> 2(M(s) + t_S (qu )Z(n Dt - (o9 — 7).
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Integrating from ¢ — (09 — 7) to t, for t > t5 + 70 + 200, we obtain

[ oo (B

t—(o0—7)

<2 (t = (00 — 7)) — 2D (8)
< z("_l)(t — (o0 — 1)),

that is,

¢
/ (t—s)" <ZqZ >d5< (n—1)
t—(oo—‘r)

a contradiction to (Hg), which completes the proof of the theorem. O

Remark. It seems that (Hy7) and (Hg) are not comparable in general. However,
for m =1, 71 (t) = 00, q1(t) = qo and n = 1, (Hg) implies (H7) because (H7) reduces
to eqoop > 1 and (Hg) reduces to go(og — 7) > 1.

Theorem 2.12. Let n > 2 be an even integer and let (Hs) hold. If

t—oo A>0

(H,) lim inf inf { ZqZ " Lexp(Ari)| > (n — 1)!2(71*1)(277,71),

then (1) with 7;(t) = 7;, 1 < i < 'm, is oscillatory.

Remark. From the proof of Theorems 2.1, 2.2, 2.3 and 2.7 it is clear that the
following results hold for the equation

m

(10) (y() = p@y(t =)™ + Y a(t)y(t - 7(t) =0,

i=1

where p € C([0,00), R) and 7,¢;,7;,1 < i < m, are the same as in (1).

Theorem 2.13. (i) Suppose that the conditions of Theorem 2.1 are satisfied. If

0 < p(t) < p2 < 1, where ps is a constant, then (10) is oscillatory.

(ii) If the conditions of Theorem 2.2 are satisfied and 0 < p(t) < p2 < 1, then (10)
is oscillatory.

(iii) Let 0 < p1 < p(t) < p2 < 1, let p(t) be periodic of a period 7, let n > 3 be an
odd integer and let (H;) hold. If (Hg) holds with p replaced by p1, then (10) is
oscillatory.

(iv) If the conditions of Theorem 2.7 are satisfied and 0 < p(t) < p2 < 1, then every
solution of (10) oscillates or tends to zero as t — oo.
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Theorem 2.14. Let n > 1 be an odd integer, 0 < p < 1, ¢;(t) < 0 and 7 < g <
7:(t) < 70, 1 < @ < m, where o¢ and 7y are constants. If

t

i — — 1)
(Hyo) tlg(r)losup / (t—s)" ( ZQZ )ds> (n—1)!

t—(oo—T)

then the bounded solutions of (1) oscillate.
Proof. Let y(t) be a bounded solution of (1) on [T}, o), T,, > 0. If possible, let

y(t) be nonoscillatory. We may assume, without any loss of generality, that y(¢) > 0
for t > tg > T,,. Setting z(t) as in (4) for t > t1 > to + max{r, 79}, we get

2(t) <y(t), () > —py(t—7) > —y(t—7) and

(11) (n) Zqz t -7 )) > 0.

Since ¢;(t) # 0, 1 < i < m, then 2(*(¢), 0 < k < n — 1, is of constant sign for
t > to > t1. Further, y(¢) being bounded implies that z(¢) is bounded. Clearly, it
follows from (Hj) that

(12 I (gqiu)) at = -

Indeed, if

then, for ¢t > 2(o¢ — 7),

/ t(gﬁ)(t R (gqxs)) a5> (00— | t(w) (;qxs)) s

o[ (S [ (S

%
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implies that

lim inf j (ts)"_1<§:qi(s)> ds

t—o0

t—(oo—T) i=1
t m t—(o0—7)
> (00 —7)""! lim inf [ / (Zqz(s)) ds — / <Zqz(s)> ds}
e o0—T i=1 oo—T i=1
t m t—(o0—7) .
> (g — 7)1 L]im inf / (qu( )) ds — hm sup / <Zqz(s)) ds} =0,
— 00
oo—T i=1 oo—T i=1

a contradiction to (Hyp).
If n =1, then 2/(t) > 0 for t > t3. If n > 3, then the boundedness of z(t)

implies that (—1)F*12(0) (1) >0, 1 <k <n—1, for t > to. Let z(t) > 0 for t > to.

Then 0 < tlim z(t) < oo and hence by (11), tlim infy(t) > tlim z(t) > 0. Thus
— 00 —00 —00

y(t) > A > 0 for t > t3 > to. Consequently, for ¢ > t5 + 79, we obtain

[, (atawte—rin) o

) /t:3+m (iqi(s)y(s _ n(s))) ds + /t;m (;qz (s — (s ))) ds

i=1

t m
<A <ZQZ(S)> ds,
t3+T7o i—1

(2

that is,

t—oo

lim (Zq y(s — (s )))dsoo.

On the other hand, integratmg (11) yields

/ (Zqz Yo —nls ))) ds = 2070 (ts) = 2070 (1) > 207 k),

a contradiction. Hence z(t) < 0 for t > t5. By (11), we have for ¢ > ta2 + 79

0 20t +Zqz y(t - (1)
< 2 (t) Zqz 2(t = 7i(t) +7)
< z(")(t) - (Zqz(t))z(t — (o0 —1))
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because z’(t) > 0 for ¢ > to. By Taylor’s expansion, for to + 0¢ < s < t,

s~ (90 7)) = 2(t — (70 ~ 7)) + (s = /(¢ ~ o0 — 7)) + o2t — (30 — 7))
+. %Z(n Dt — (00 — 7)) + %z(")(f),

where ¢ lies between s — (09 — 7) and t — (g — 7). Hence

(s — (00 — 7)) < %z(”l)(t — (00— 7).

Thus, for s > to + 19 + 09,
0<Z(n) <Zéh > — (00— 1))

< (s <Zqz > Gl 1 =" Dt = (00— 7).

Integrating from ¢t — (0¢g — 7) to ¢, for t > t2 + 200 + 7o, yields

S [ e (o)

t—(o0—7)

> 2 D(t — (00 — ) = 2"D(1)
2Dt — (00 — 7)),

that is,
¢
/ (t—s)" ( Zq, )ds< (n—1),
t—(oo—T)
a contradiction to (Hyp). Hence the theorem is proved. (]

Theorem 2.15. Let n > 2 be an even integer, 0 < p < 1, ¢;(t) < 0 and
0 < oo < 7(t) <710, 1 <i<m, where o9 and 7y are constants. If

¢
(Hi1) hm sup/ (t—s) < Zq, ) ds > (n—1)!,
t—o0 t—oo

then the bounded solutions of (1) oscillate.
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Proof. Let y(t) be a bounded nonoscillatory solution of (1) such that y(t) > 0
for t > to > 0. Setting z(t) as in (4), we get (11) for ¢t > t; > to + max{7,7}.
Further, (Hyp) implies (12). Since boundedness of y(t) implies that z(¢) is bounded,
then (—1)*2(®)(t) > 0for 1 <k <n—1landt >ty >t;. Let 2(¢t) < 0 for t > to. Thus
there exists 0 < p < oo such that z(t) < —p for ¢ > t3 > t5. Then by (11), y(t) > p
for t > t3. Proceeding as in the proof of Theorem 2.14, we obtain a contradiction.
Hence z(t) > 0 for ¢ > to. By Taylor’s expansion, for t2 + 09 < s < t,

2(s —00) = 2(t —09) + (s — t)2'(t — 00) + %z”(t —00)+ ...
# 00— o)+ CE)

where & lies between s — 0¢ and t — 0p. Hence
—t n—1
2(s — ag) > u,z<"*1>(t — 00).

(n—1)!

Consequently, (11) implies that, for t3 + o9 + 79 < s,
0=2"(s —i—Zqz y(s —7i(s))
gz(n +Zqz 3*7_2 ))
m
s) + (Zqz(s))z(s —00)
t —
<2 ( 2:% ) S) 2 (¢~ o)

since 2’(t) < 0. Integrating from ¢t — og to t, for ¢t > t2 + 20¢ + 70, we obtain

2 —a0) [T e (S5 ) ds
(n—1)! /t_ao(t ) ( ;(M )> ‘
> 2Dt — o) — 2D (1) > 2D (1t — ),

that is,

t
/ (t—s)" ( Z:qZ >d5< (n—=1)
t—oo

a contradiction to (Hy1), which completes the proof of the theorem. O
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Remark. We may note that (Hig) = (Hj1). Further, theorems similar to
Theorems 2.14 and 2.15 hold for (10) if we assume 0 < p(t) < 1.

3. In this section we use some of the results of the previous section to obtain sufficient
conditions for the oscillation of solutions of Dirichlet and Neumann boundary value
problems for a class of neutral hyperbolic partial differential equations. We consider

¢
(12) uge(7,t) — Buge(w,t —7) — {b(t)Au(z, t) + Z bi(t)Au(z,t — o;)

j=1
+ Z qi(tu(z,t —7:(t)) =0

(z,t) € QX(0,00), where  is a bounded domain in R” with piece-wise smooth
boundary I' = 02 and A is the Laplacian in R™, with the boundary condition

Ou
(NBC) e 0 on I'’X (0, 00)
or
(DBC) u=0 on I'X (0, 00),

where v denotes the unit exterior normal vector to I'. We assume that 0 < 8 < 1,
7> 0, qi,Ti, 0,05 € C([0,00,R), 1 < i< m, 1< j<¥, such that 0 < 7;(t) < 70 and
b(t) > 0, where 79 is a constant. Let Ty = max{r,0,,70: 1 < j < ¢}. By a solution
of the problem (12), (NBC) we mean a real-valued continuous function u(z,t) on
QX (—Tp,0) such that wuy(x,t) and Au(z,t) exist, (12) is satisfied identically on
02X (0,00) and (NBC) holds. A solution u(z,t) of the problem (12), (NBC) is said
to be oscillatory if u(z,t) has a zero in QX (o, 00) for every to > 0. It is known that
the first eigenvalue \; of the eigenvalue problem

—Aw=>Mw in Q w=0 on T

is positive and the associated eigenfunction ¢(z) is of one a sign and hence may be
chosen positive in Q. For a sufficiently smooth function u(z,t) we denote

U(t):/ﬂu(x,t) dz and ﬁ(t):/ﬂu(x,t)gp(w)dx, t>0.

Theorem 3.1. Suppose that 7 < o9 < 7;(t) and 0 < ¢;(t) < qo, 1 < i < m, where
oo and qo are constants. If (H7) and (Hg) hold, then every solution of the problem
(12), (NBC) oscillates in 92X (0, 00).
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Proof. Let u(x,t) be a solution of the problem (12), (NBC) which does not
oscillate in 2X (0, 00). Then there exists a tg > 0 such that u(x,t) # 0 in QX (t9, 00).
We may take u(x,t) > 0in QX (tg, 00). For t > tg+Tp we integrate (12) with respect
to x over the domain €2 to obtain

m
U"(t) = BU"(t —7)+ > qi(®)U(t — (1) =0,
i=1
that is, U(t) is a positive solution of (1) with n =2 and p = 3, a contradiction due

to Theorem 2.11. Hence the theorem is proved. O

Theorem 3.2. Let the conditions of Theorem 3.1 hold. If o9 < min{aj: 1<
Jj <} and 0 < b(t), bj(t) < go/A1, 1 < j < ¢, then every solution of the problem
(12), (DBC) oscillates in QX (0, 00).

Proof. If u(z,t) is a solution of the problem (12), (DBC) which does not
oscillate in X (0, 00), then we may take u(z,t) > 0 in QX (¢o,00) for some to > 0.

Since
/Auxt dxf/ (x,t)Agpd$+/P%cpd57/Fug—fds
= —/\1/ u(z, t)pde = =\ U(¢),
Q

then multiplying (12) through by ®(x) and integrating the resulting identity with
respect to x over the domain ) we get

4
U"(t)— BU"(t —7) + M\ (b(t)(?(t) +) bi(U(E - aj))

Jj=1

+Zqz U(t —7i(t) = 0.

A contradiction is obtained due to Theorem 2.11 since U (t) > 0 for t > to+Tp. This
completes the proof of the theorem. O

Theorem 3.3. Suppose that ¢;(t) < 0 and 0 < o9 < 74(t), 1 < @ < m, where oy is
a constant. If (Hi1) holds, then every bounded solution of the problem (12), (NBC)
oscillates in QX (0, 00).

In view of Theorem 2.15, the proof is similar to that of Theorem 3.1 and hence is
omitted.
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