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Abstract. In this paper we consider the existence and asymptotic behavior of solutions
of the following problem:

uge(t, @) — (a+ B Vu(t, z)|[3 + BIVo(t, )[3) Aut, ) + Slue (t, )P~ us(t, )
= plu(t,z)|" ut,z), zEQ, t>0,

vt (t, @) — (@ + B Vult, 2)[3 + Bl Vu(t, ©)13) Av(t, 2) + Slvs (£, )P~ og(t, @)
= ,u|v(t,ac)\q_1v(t,a:), zeQ, t=0,

u(0,z) = up(z), u(0,z)=ui(x), =z€Q,

v(0,2) = vo(x), ve(0,z) =v1(x), =€Q,

oo = V|gq =0

Whereq>1,p21,5>0,a>0,[320,,u€RandAistheLaplacianinRN.
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Galerkin method
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1. INTRODUCTION

Let © be a bounded domain in RV with smooth boundary 9. In this paper we
consider the existence of solutions of the problem

(11)  ue(t,z) = (e + BlIVult, 2)l|3 + B Vo, 2)[13) Ault, ©) + 6ue(t, 2) [P~ ue(t, x)
= plu(t,z)|" tu(t,z), €, t=0,
va(t,x) — (a+ B Vu(t, )| + B Vo(t, 2)[3) Av(t, 2) + 8lug(t, ) [P~ o (t, z)
= plu(t,2)|" o(t,x), T€Q, t=0,
w(0,2) = uo(z), u(0,2) =ui(x), x€Q,
v(0,2) = vo(z), v(0,2) =vi(x), x€Q,
Ulpg = ]pq =0
where ¢ >1,p>1,0>0, u € R, « >0, 8> 0 and A is the Laplacian in RV .
Here ||u|3 = [, [u(t,z)[?dz, u;= 2% and Au= i%

Equation (1.1) has its origin in the nonlinear vibrations of an elastic string
(cf. R. Narasimha [6]). Many authors have studied the existence and uniqueness of
solutions of (1.1) by using various methods.

When § > 0 and p = 0, for the degenerate case, Nishihara and Yamada [7] have
proved the global existence of a unique solution under the assumptions that the initial
data {ug,u;} are sufficiently small and ug # 0. For the problem with linear damping
duy, there are works of Brito [1], Ikehata [3], Ono [8] and the references therein.
In the present paper we will study the existence and uniqueness of solutions of the
unilateral problem (1.1) by using the Galerkin method and we will also investigate
its asymptotic behavior.

The content of this paper is as follows: In Section 2, we present the preliminaries
and some lemmas. In Section 3, we give the statement of the main theorem. In
Section 4, we deal with a priori estimates for solutions of (1.1) and prove our main
theorem, while Section 5 deals with the asymptotic behavior of the solutions obtained
in Section 4.

2. PRELIMINARIES

We first present the following well known lemmas which will be needed later.

Lemma 2.1 (Sobolev-Poincaré [4]). If either 1 < ¢ < 400 (N = 1,2) or
1<qg< 2 (N >3), then there is a constant C(€2, q + 1) such that
lullgr1 < C(Q,q+ D)||Vully for ue Hy(Q).
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In other words, C'(2,q + 1) = sup{ ||\‘“v\|5|4‘r21 |,u € HY(Q),u # 0} is positive and finite.

Lemma 2.2 (Gagliardo-Nirenberg [4]). Let 1 < r < ¢ < 400 and p < q. Then
the inequality

lullwea < Cllullfymslully™" for we W™P(Q) N L7()

holds with some C' > 0 and 0 = (% + % - %) (% + % - %)71 provided that 0 < 0 < 1
(we assume 0 < § < 1 if ¢ = 400).

We conclude this section by stating a lemma concerning a difference inequality
which will be used later.

Lemma 2.3 (Nakao [5]). Let ¢(t) be a nonincreasing and nonnegative function
on [0,T],T > 1, such that

e < ko((t) — @(t +1)) on [0,T)

where kg is a positive constant and r a nonnegative constant. Then we have

(i) ifr >0, then
o(t) < (p(0) " + kg trft —1)7)"F, where [t—1]* = max{t— 1,0},

(ii) ifr =0, then

k
o(t) < ng(O)e_’“[t_lrr on [0,T], where ki =log : 0 T
0 —
3. STATEMENT OF THE RESULT
We consider the initial value problem
(3.1) ue(t) — (e + Bl Vu(t)|3 + BIIVo)[3) Ault) + blue ()P~ ()

= plu(t)]*" u(t), t>0,

v (t) = (o + B Vu(®) 13 + BIIVe(®)]13) Av(t) + dlvn ()P~ ur(t)
o ot), >0,

u(0) = wo, ut(0) = uq,

v(0) =wvg, v¢(0) =wvy, where a>0 and (>0.
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Now we set

(e 12 1 1
J(u,v) = 5(\|Vu||§ +[Voll3) + S (IVullz + [[Voll2) - H—l(IIuIIZL + Joll250),

B
4
(

I(u,v) = a(|Vull3 + IV0]13) = u(llulgis + o)

||u||q+1 q+1

and define the potential as
W = {(u,v) € Hy() x Hy()|I(u,v) >0} U{0}.
Next, by setting

1 1 I6]
E(u(t),v(t)) = 5Hut(t)\|§ + 5Hvt(t)||2 + J(u(t),v(t)) + 5\|Vu(t)||§\|Vv(t)H§,
we can state our main theorem.

Theorem 3.1. Let N be a positive integer. Suppose that § > 0 and . > 0 and
p < min{gq, W} is such that

(i) 1<p<+o (N =1,2),
(i) 1<p<3,1<qg<5(N=3),
(i) 1< p< g iy <0 <min{ 2, f5) (N > 0,

If ug,v0 € W N H2(Q), ug,v1 € HE(Q) and

[C(Q, q -+ 1)]q+1 (%E(UO, ’Uo)) N <1,

SRS

then the problem (3.1) has solution (u,v) = (u(t,x),v(t,x)) satisfying

u,v € L>(0,00; Hy () N H3(Q)),
u' ;v € L*(0,00; Hy (Q)),
u”,v" € L°°(0, 00; L*(Q)).
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4. PROOF OF THEOREM 3.1

Throughout this section we always assume that ug,vo € W N H?(Q) and uy,v; €
H; (). We employ the Galerkin method to construct a solution. Let {);}52, be a
sequence of eigenvalues for —Aw = Aw in . Let w; € H}(Q) N H(Q) be the cor-
responding eigenfunction to A; and take {w; };’il as a complete orthonormal system
in L?(Q). We construct approximate solutions w,,v,, (m =1,2,...) in the form

U (t) = Zgjm(t)wja U (t) = Z hjm (t)w;

which are determined by the ordinary differential equations

(4.1) (i (1), w) = (( + Bl Vum (B)I[3 + Bl Vom (£)]13) A (1), w)
+ 8, ()1 (up (8), w) = plun ()] (um (£), w),

(4.2) (U (), w) = (@ + Bl Vum O3 + B Vom (0)]13) Avin (£), w)
+ 6lug, (O (v, (), w) = pafvm (5] (v (8), w)
(= % and " = %) with the initial conditions
(4.3) Um(0) = tom = ¥ _(uo,wj)w; —ug  in Hy(Q) N H*(Q),
j=1

Um(0) = vom = Z(vg,wj)wj —wo in Hy(Q)N H*(Q),

(4.4) ul, (0) = Uy = Z(ul,wj)wj — uy  strongly in Hg(Q),

0], (0) = i, = Z(vl,wj)wj —w;  strongly in Hy(Q).

Therefore we can solve the system (4.1)—(4.4) by Picard’s iteration method. Hence
the system (4.1)—(4.4) has a unique solution on some interval [0, T3,,) with 0 < T, <
+00. Note that u,,(t) is in the C?-class. We will see that wu,,(t) and v,,(t) can be
extended to [0, 00). We can utilize a standard compactness argument for the limiting
procedure and it suffices to derive some a priori estimates for u,, and v,,. But this
procedure allows us to employ the energy method for smooth solution (u(t),v(t))
to the problem (4.1)—(4.4) (the results should be in fact applied to the approximate
solutions).
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A PRIORI ESTIMATES I

Multiplying the equation (4.1) by w/,(t) and multiplying the equation (4.2) by
ur, (t) yields

d /1 «a B | 1
(45) S (F1nO1 + SIVun 1B + FITun)l} - L lum(elE)
J6] d
4 190 13- O3 + a5 =0
and
d /1 «a B H 1
(4.6) S (FIn 13 + FIT0n 01 + IVeml} - L lomozt)

I} d
+ S IV un @B 1T om 03 + 8], (01553 =0.

Adding (4.5) and (4.6) and then integrating from 0 to ¢ yields the energy identity

(4.7) E(um(t), vm(t)) + 5/0 (lur ()57 + [lvp, (s)I[517) ds = E(uo, vo)
where

Bt (6),0m(1)) = 3 (I3 + 510 DI + 5 1V (0)13
+ 219003+ 21 ) + 2190 ()13
+ SITunOBITon 1 ~ 2 lun (0121
- Al @

In particular, E(un,(t), vm(t)) is nonincreasing on [0, 00) and

(4.8) E(um(t),vm(t)) < E(ug,vo).

Now, to obtain a priori estimates, we need the following result.
Lemma 4.1. Assume that either

1<g<+0 (N=1,2) or 1<¢g<

570



Let (um(t),vm(t)) be the solution of (4.1)—(4.4) with (ug,v9) € W and uj,vq €
HY(Q). If

(4.9)

SRS

C@ g+ (2D

then (um(t), vm(t)) € W on [0,400), that Is,

1 1
([IVumll3 + [ Voml13) = plllumlli + lomll§1) >0 on [0, +00).

Proof. Since I(ug,vo) > 0, it follows from the continuity of u,,(t) and v, (t)
that

(4.10) I(tm(t),vm(t)) >0 for some interval near ¢ = 0.

Let tmax be a maximal time (possibly tmax = T ) such that (4.10) holds on [0, tmax)-
Note that
(4.11)

I (um (t), v (1)) = %(IIVum(t)H% + [ Vom(@®)]3) + g(HVum(t)llé1 + [ Vom(1)]2)

0 1 1
(lumON31 + lom @120,

g+l

LA A =1 17y o

= (8 () + G IV O + 171 (01
+ 2T+ 19001
a(g—1)

> ST 10 O + 170 () 0n [0,

By the energy identity (4.7), (4.8) and (4.11), we have

(4.12) IFum I3 + [Vom(0)]3 < %ﬂumwvm(t»
2(g+1)
A B (000 (0)
2(g+1)
ol = 1)E(u0,v0) on [0, tmax)-



It follows from the Sobolev-Poincaré inequality, (4.9) and (4.12) that

@1 e < HC@ + )T T 05
— (0 ) Tun O -l Tun O

72(q+1) Ug, U %Oé u 2
A L Buow)) ol Tuno)

gaHVum(t)Hg on [0, tmax)-

<ot 1)‘1“(

Similarly,
(4.14) ullom @511 < allVon @13 on [0, tmax).
Thus from (4.13) and (4.14) we obtain
(4.15) plllumOIEET + llom@lIE)
< a([Vum @3 + [Vom@)3)  on [0, tmax)-

Therefore we get I(u(t),v(t)) > 0 on [0, tmax). This implies that we can take tmax =
T.n- This completes the proof of Lemma 4.1. O

Using Lemma 4.1, we can deduce a priori estimates for u,, and v,,. Lemma 4.1
implies that

(116) Bt (), 0 (1)) > 5 (O1 + 51100 ()15 + — T (6), 0 (6)
_|_%(van(t)”%-i-||va(t)||§)
> Sl @B + 5l O3
N %(me IE+ [Von(®)]2).
Thus,
(17 3 (O3 + 10 O1) + 5 IV un I + Vo)1
4 / (lh (I + et ()25 ds

Uo,vo)
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A PRIORI ESTIMATES II

Multiplying the equation (4.1) by —Aw. (t), multiplying the equation (4.2) by
—Awv], (t) and adding these two equations we obtain

(4.18) (IIV O3 + 1V, 013 + alll Aum @)]I5 + | Avi (£)]13)

DN | =

(IVum @3 + Vom @13 (| Aum @13 + | Ava (£)]3))

3([un, ()P~ Vi, (8), Vg, (8)) + (|0, ()17 V0, (8), Vo, (1))

= u(VIumO um (®)], Vg, (1) + (Vlom (O] om (1)), Vor, (1))

+ B A (B)[13 + (| Avm () 13) (Vi (£), Vg, (1) + (Vom (£), Yy, (1))

Now we shall compute the first term on the right hand side of (4.18). In the case

5 < ¢ < min{{E2, []f,v4+}( 3), we also see that

(419)  |(VIlum (O] i (£)], Vup, (1)

dt
+
+

=8 MIQ

—~

< qllJum ()17 V()2 Vg, (£)]|2
< dllum O,y 3 IV () g2 [ Vg, (0]
< qCllumON1f, ) | Avm () 2] Ve, (1) ]2

where we have used Holder’s inequality and Sobolev-Poincaré’s inequality. We ob-
serve from the Gagliardo-Nirenberg inequality and Sobolev-Pointcaré’s inequality
that

(4.20) @121 < Cllum @552 | Aw (0)157°

—1)(1-6)
< C|[Vun(t >||<q D) Ay, (1)1
N 2 1

Thus, (4.17), (4.19) and (4.20) imply
(4.21) (Y [t ()17 i (8)], Vg, (1))

0 —1)6
<l Vum 15V Augn ()17 [V, (1)]2

5(g—1)(1-0)
20q+1 2 ,
g‘Z“C(Mﬂuo,vo)) 1A (@) 3|Vl (1))

afg—1)
Similarly
(4.22) (T [[om ()7 0 (8)], Tl (1)
1(g—-1)(1-9)
< un(%E(uwo)) JAv ()3Tl (1) o
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Next, we shall compute the second term on the right hand side of (4.18):

Bl Aum O3 + [ Avm (B)1I3) (Ve (£), Vaar, () + (Vo (£), Vor, (1)
< B AU B3 + A0 ($)13) (IVum (D)2 Ve, (|2 + 1 Vom (B)2[V 0], (£)]]2)

1

2(¢+1) 2 ) ) / /
S ﬁ(a(q - 1)E(“0’Uo>> (I1Aum@)]15 + |Awm @®)115) (1 Vg, (O)]l2 + [ Vor, (£)]]2)-

Consequently, we have

1d

4.2
(423) 2 dt

(IIW O3 + IV 113 + al[| Aum ()13 + [ Avm (8)]3)

+ §<||wm<t>||§ + Vo ()12 (1A (£)]13 + |Avm<t>|§>)
< quO (| Aum (@) 5TV Vul, ()2 + | Ava ()]l V0L, (8)]]2)

2(q +1) 3(g—1)(1-0)
B
(S oy )

Bl AU ()13 + 1 Aum (D13 (Vg ()12 + V0, (£)]]2)

()

Integrating (4.23) from 0 to ¢, we obtain
(4.24)

S UV DI + Vo)1) + 5 (1 Aum (DI + |Avm(DIR)
4 218w O3 + 180 OBV ()] + [T (1))
5<uw1u2 +I70lB) + 5 (1 Auo]3 + [ Auol)

+5 (HAUOHQ +[|Avo|I3) (I Vo3 + [ Vool [3)

(g+1) Ha-1)(1-0)
E
+QMC<a(q ) (o, vo)

t
8 / (18w (5) 157Vl (5)]]2 + [Avm ()3T VW0l (5)]|2) ds

(20D g )

alq

x /0 (1 Aum ()13 + | Ava () 13) ([Veur, ()12 + [ Vo, (5)]]2) ds
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where we have used the inequality

p5/0 ((ur ()P~ Vg, (), Vaig, (5)) + (Jog, ()P~ 1V, (s), Vay, (s)) ds = 0.
Thus

(4.25) E* (um(t), vm (t)) < C(E* (ug,vo))

+ C* (0, v0,q) / (B (tm(8), 0 (8)) + Bt (5), v ()1 @0

+ B (i (s), vm (5))*) ds

where C(E*(ug, vo)), C*(uo, vo, q) are some constants depending on ug, vy and g and
* 1 (6]
E* (um (t), vm (1)) = 5(||Vu§n(t)\|§ + Vo, (8)113) + §(||Aum(t)||§ + | Ao (8)[13)-
We set g(s) = s+ s' 7019 £ 52 on s > 0. Then we have
t
(4.26)  E*(um(t),vm(t)) < C(E*(ug,v0)) + C*(ug,vg,q)/ 9(E" (um(8),vm(s))ds.
0

Note that g(s) is continuous and nondecreasing on s > 0. By applying Bihari-
Langenhop’s inequality (see [2]), we get

(4.27) E*(unm(t),vm(t)) < My for some constant M; > 0.
Hence
(4.28) IV, O3 + | Aum O3 + [Vor, ()11 + | Ava (£)]13 < Mo

for some constant M, > 0.
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A PRIORI ESTIMATES III

Finally, by multiplying the equation (4.1) by u. (t) we have

[N GIEES <a|Aum(t)||2 + B[ Vum (0I5 + Iva(t)|§)||Aum(t)||2> [ (D)2
[0, (8) [P (ury (8), g ()] 4 [l (6|7 (et (8, 2037, (8))] -
Note that

8l (£)P (g (1) 20, () < 5/ [t (D) [ 117, ()| D

co e ([ s

= 0| ()15, I (82
and similarly
fola ()17 (i (£), i, (1)) < gl (8)13 [ lury, () [2-
Thus, we get

[um @)z < @l Aun ()2 + BUNVwm )] + [[Vom ()13 | A (t) 2
+ 0w, ()15, + pllwm ()15,
Now it follows from the Gagliardo-Nirenberg inequality that
-6
e (D)l < CulI T (115" i (D)5

<CallVu " with 0 = LK
1t (£)114, < Cl| V(1872 | (£) 15
< Cyl|Vun ()[4 with 6, = %
Thus,
(4.29) lugr, ()2 < allAwm () ll2 + B Vum O3 + [ Vom @) 13)[| Aum (£)]2

+ Cal|Vup, (4)I15™ + Cal| Ve (1) 572

< M3 for some constant M3 > 0.

By applying similar method as that used for w,,, we get

(4.30) vl (t)||]2 < My for some constant M,y > 0.
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LIMITING PROCESS

By the above estimates (4.17), (4.28), (4.29) and (4.30), {um}, {vm} have subse-
quences still denoted by {um}, {vm} such that
(4.31) Uy — U, Uy — v in L0, T; HY(Q) N H?(Q)) weak™,
(4.32) ul, =, v, — in L%(0,T; Hy(Q)) weak",
(4.33) ul, =, vl =" in L*™(0,T;L*(Q)) weak",
(4.34) ul, —u/, v, —o in L20,T; H}(Q)) weak,
(4.35)

—Aupy — —Au, —Av, — —Av in L®(0,T; H*(Q)) weak™.

Using Aubin-Lions’s compactness lemma, we can extract from {un,}, {vm} subse-
quences still denoted by {um}, {vm} such that

(4.36) Up — U, Uy — v strongly in  L2(0,T; Hi(Q)).
It follows from (4.36) that for each ¢ € [0,T7],
(4.37) U (1) — u(t), vm(t) — v(t) strongly in  HE(S).
By letting m — oo in (4.1) and (4.2), we can find that u and v satisfy the equations
(4.38) (W"(8),w) = ((a + BIIVu®)3 + BIVo®)]3) Au(t), w)

+ 6]’ ()P (2), w) = plu@®)]T  (u(t),w) forall w € HE(RQ),
(4.39) (" (t),w) = (e + BIVu®) 13 + B Vot)lI3) Av(t), w)

+ 6510 @O)PEH (), w) = plo)|T (v(t),w) for all w € HE(Q).
Now, (4.37) implies
(4.40) U (0) = uom — uo  strongly in  HE ().
Thus, from (4.3) and (4.40), we conclude u(0) = ug. Also, from (4.34) we obtain
(4.41) (ul,(0) —u/'(0),w) -0 as m — oo foreach w € H(R).

Thus, (4.4) and (4.41) imply
u'(0) = uy.

Similarly, we obtain v(0) = v and v’'(0) = v;. This completes the proof of Theo-
rem 3.1.

577



5. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

Theorem 5.1. Let u(t),v(t) and q be as in Theorem 3.1. Assume that either
1<p<oo (N=12)orl<p< 45 (N >3)holds. Then we have the decay
estimates if p = 1, then

E(u(t),v(t)) < Coe ¥ on [0,00)
and if p > 1, then
E(u(t),v(t)) < C1(141)" 71 on [0,+00)

where k,Cy and C; are certain positive constants depending on ||Vugl|2 and ||u1]|2-

To prove our theorem, we need the following lemma.

Lemma 5.2. Let u(t) and g be as in Lemma 4.1. Then there is a certain number
no with 0 < ny < 1 such that

plla@ I35+ le®155) < (= no)al|Vu@)|3 + [Vo@)ll3) on [0,00)

where
q—1

2

1

m=1- gC’(Q,q +1)7H! <%E(uo,vo)>

Proof. It follows from the Sobolev-Poincaré’s inequality and (4.17) that

pllu(®lgis < pC(Q, g+ )" | Vu(b)[5"
I _
= —C(@Qq+ )™ Vu(®)[|3 ol Vu(t)[3

M Ug, U q;Ol u 2
At o)) T alTu)?

= (1 —mno)al[Vu(®)[3 on [0,00)

< gC(Q,q 4 1)q+1<

and
ullo@) 351 < (1 —=mo)al Vo®)3 on  [0,00).
Thus
alllu@) g + @ 5) < (@ =no)al[Vu@)|3 + [Vo()ll3) on [0, 00).
This completes the proof of Lemma 5.2. O
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Proof of Theorem 5.1. We denote E(u(t),v(t)) by E(t) and E(ug,vo) by E(0).
Let (u(t),v(t)) be solutions of the problems

(5.1) = (a+ BUIVu@)|3 + Vo) 13) Ault) + 8|u’ (£) P~ ' (2)
_ u\u(tnq Lu(e),

(5.2) = (a+B(IVu®)3 + Vo@)][3)) Av(t) + o' (8) [P~ o' (2)
= M\U(t)\q to(t),

(5.3) w(0) = ug, u'(0) = uy,

v(0) = vy, v'(0) = 0.

Multiplying the equation (5.1) by «'(¢), multiplying the equation (5.2) by v’'(t),
adding these two equations and then integrating over [t,t + 1] x Q, we get

(5.4) 5/ SIET1+ [V (s)lIpT1) ds = B(t) — B(t +1)
= §F ()Pt
where
E(t) 5IIU’(t)||§ + %Ilv’(t)lli + J(u(t),v(t)) + g\IVU(t)H%HW(t)H%-

It follows from Holder’s inequality and (5.4) that

t+1 t+1
(5.5) / ||u'(s)\|§ds:/ /|u'(5)\2dxds
t t Q

o1 t+1 Py
gm(Q)m/ </ u'(s)|p+1dx) ds
t Q

o1 t+1 )
< m(Q)5F / [/ (3)]2, ds

i t+1 = t+1 =2
<m@ ([ wengie) T ([ )

[

Similarly, we obtain

t+1
(5.6) / /()] ds < m() 57 F(1)2.

579



Applying the mean value theorem to the left hand sides of (5.5)—(5.6), we find two
points ¢; € [t,t + 1] and t5 € [t + 3, ¢ + 1] such that

—1

2m(Q) D F(t) i=1,2,
2m(Q) D F(t) i=1,2.

(5.7) [’ (£:) 12
Il ()2

<
<

Next, multiplying (5.1) by u(t), multiplying (5.2) by v(¢), adding these two equations
and integrating over [t1, t3] X  we obtain (cf. (5.7), (5.8))

(5.9)/2I(u(s),v(s))ds

:/t2(0!(\|VU(S)H§+||V'U($)H§)*M(HU(S)HZE+H’U( $)g1) ds
< ' @) l2llult)llz + o E) 2 lut)ll2 + 1V (E) l2llv(E)]12

+ [0 (t2) |20 (22) 12 +/t2(HU’(S)H§ +[[v'(9)]3) ds

+90 +5/2\v’(s)|p_1(v’(s),v(s))ds

t1

/ ()P (5), u(s)) ds

t1

< 4m(Q)75 0 F () max [u(s)l2 + max [o(s)]2) + 2m(R) ¢ F(1)?
t1<s<t2 t1 <s<ta

+6/t1t2/ﬂ|u'(s)pu(s)dwds+6 1 /Q|v’(s)|p|v(s)\dxds

< 8m(Q)260 F(t) max E(s)} +2m(Q) G F(t)?

t1<s<ta
ta
/ 10/ (5)P|o(s)| dz ds|.
1 Q

ta
+ 5/ / o ()P u(s)| dz ds + 6
t1 Q
Here we note that

(5.10) 5/:/Q|u'(s)z’u(s)dxds
<6 : (/ﬂ o (s) P dx>#(/ﬂu(s)z’+1 dx)ﬁds

:5/t N S [1(3) g ds

to
<5c<9,p+1>/t e ()| | Vu(s) |2 ds
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where we have used Holder’s inequality and Sobolev-Poincaré’s inequality.

I(u(t),v(t)) = 0 on [0,00), we see that

(5.11) E(t) = J(u(t),v(t))
_ 1 04((1 - 1) 2 2
= ml(u(t),v(t)) METCESY (IVu@®llz + Vo@)]2)
g

2 IVe@®lz + [Ve@)li2) + gIIVU(t)\@IIW(t)II%

2 Z((qﬂ))(llv O3 + IVo®)13)-

From (5.4), (5.10) and (5.11) we get

(5.12) 5 t2/ﬂ|u’(s)|p|u(s)|dxds

" pt1 it G
<oc@p+n( [ i) ([ o)
t1 t1

X(Z(q“))% sup  E(s)

a(g—1) t1<s<ta

<6C(Q,p+1)<2(Q+1)>§F(t)p sup Es)b.

a(q - 1) t1<s<t2

=

m\»-‘

Similary,

(5.13) 5/tj2/52v'(5)pv(s)|dxds

2q+1)\* 1 ‘1
a(q—l)) F(t) t1<SI<)t2E()

From (5.9), (5.12) and (5.13) we have

w\»—A

< 6C(Q,p+1)(

(5.14) /t " I(u(s), v(s)) ds

< 8m(Q) 20 F(t) max B(s)¥ + 2m(Q) 7 F(t)?

t1<s<ta

2(g+1)
a(g—1)

From Lemma 5.2 and the definition of I(u(t),v(t)) we have

);F(t)p sup E(s)?.

t1<s<te

+25C(Q,p + 1)(

(5.15) ano(||Vu(®)[I3 + [ Vu(®)[13) < I(u(t), v(t)).

Since
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From (5.15) we have

(5.17)
to 1

"B =5 [T @B+ @B s+ [T ds
+5 [ IV BVl as

=5 [ @R+ @R+ g [ 1) o0)as

21 q+1
alg—1) [*
+ SRS /t (IVu(s)[I5 + [Vo(s)|3) ds
4 [T+ 9o s+ § [ ITuE B ds
< m(Q) 7 F(t)?
2o+ afqg — 1) [*2
W/tl I(u(s),v(s))ds

to ts
5 v Ve s+ 5 [ ITuBIve@lE s

Note that
ﬁ 2 2 2 2 4 2 4
(5.18) 2, [Vu(s)[2Vo(s)llzds < 8 t [Vu(s)|2ds + 3 t [Vu(s)llz ds
2 1) [*
< aﬁ((qﬁl)) /tl (IVu(s)l3 + [Vo(s)]|5) ds
28(g+1) [
< %/ﬁ I(u(s), v(s)) ds
and
ta
(5.19) g/t (IVu(s)llz + [Vo(s)ll3) ds

< gy . 108 v(e)) s

Thus, (5.18)—(5.19) imply

(5.20) | B s < m@F 0P + OB [ 1) o) ds

20 +q—1  58(¢+1)
where C(a, 3,70,q) = .
(@ ,m0,4) 20(q+1)  2a?no(q—1)
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From (5.13), (5.14) and (5.20) we have

(5.21) /t2 E(s)ds < Cy <F(t) sup FE(s )% F(t)? + F(t)

t1<s<ta t1

for some constant C7 > 0.

Hence

(5.22) /t2 E(s)ds < Co(E(t)2F(t) + F(t)? + E(t)2 F(t)?).

t1

[N

sup  E(s)

s )
<s<tz

Again multiplying (5.1) by /(¢), multiplying (5.2) by v/(t), adding these two equa-

tions and integrating over [¢, t2] x 2 we obtain

E(t) =E(t2)+5/t 2(\|u’(s)\|g1}+ 10" () [p4) ds

Since to — t1 > 2, we get

/2 E(s)ds > / " Blts) ds = (ts — t1)E(ts)

that is,
to

E(tz) <2 E(s)ds.

t1
From (5.4) and (5.22) we have
2

E(t) = E(t2) + 96 t (Il ()11 + o' () 1517) ds

/ Esym+a/’nu (SIEEL + v/ (s) 750 ds
205(E()2F(t) + F(1)? + E(t)E F(t)?) + §F (1)"+!
C3(E()EF(t) + F(t)? + BE(t)FF(t)” + F(t)"+)

for some constant C3 > 0.

<
<

Thus, we have

(5.23) E(t) < C4(F(t)* + F(t)** + F(t)P™)
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for some constant C5 > 0. When p = 1, we have
(5.24) E(t) < C4(F(t)?) = C4(E(t) — E(t +1)).
Applying Nakao’s inequality (cf. Lemma 2.3) to (5.24) yields

E(t) < E(0)e™* where k= log

4

Cy—1

Note that since E(t) is decreasing and E(t) > 0 on [0, 00), we have
SF()PT = E(t) — E(t +1) < E(0).

Hence, we get

(5.25) Ft) < (—E(O))ﬁ.

with lim Cg(E(0)) = C7 > 0. Thus we have
E(0)—0

(5.26) B < Cs(E(0)™ F(t)P+!
< $Co(B(0)) 5 (B(t) ~ B(t +1).

p+1

Setting C(E(0)) = dCs(E(0))” 2z , applying Nakao’s inequality to (5.26) we con-

clude that

This completes the proof of Theorem 5.1. O
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