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Abstract. In [3], the present author used a binary operation as a tool for characterizing
geodetic graphs. In this paper a new proof of the main result of the paper cited above is
presented. The new proof is shorter and simpler.
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By a graph we will mean a graph in the sense of [1], i.e. a finite undirected graph
without loops or multiple edges. Let G be a graph (with vertex set V(G) and edge
set F(G)). Then G is said to be geodetic if it is connected and there exists exactly
one shortest u — v path for each ordered pair of u,v € V(G).

Let G be a geodetic graph. Following [3], we say that * is the proper operation
of G if x is the binary operation on V(G) defined as follows:

uxv=uif u=wv,

u * v is the second vertex on the shortest u — v path if v # v.
for all u,v € V(G). Thus, if * is the proper operation of G, then {z,x x y} € E(G)
for all ordered pairs of distinct z,y € V(G).

Let G be a graph. Following [3], we say that * is a binary operation associated
with G if  is a binary operation on V(G) and

E(GQ) = {{u,v}; u,v e V(G),u #v,u*xv="v and v*u=u}.

It is easy to see that if G is a geodetic graph, then the proper operation of G is
associated with G.
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The following theorem, which was proved in [3], gives a characterization of geodetic
graphs and their proper operations:

Theorem. Let G be a graph, and let x be a binary operation associated with G.
Put U = V(G). Then G is geodetic and x is the proper operation of G if and only
if G is connected and x satisfies the following Axioms (A)—(D):

(A) ifu,v € U, then (u*v) *u = u;

(B) ifu,v € U, then u = v or (u *v) * v # u;

(C) ifu,v e U, then v+ u=wu orux* (v*u)=ux*uv;

(D) ifu,v,w e U and w*v =wv, then usxv=uxw orwx* (u*v)=wv.

As was shown in [3], the condition that G is connected cannot be omitted in this
theorem.

The proof of this theorem given in [3] is rather long and complicated. In the
present paper we will give a new proof. This proof (including the proofs of the
lemmas) is shorter and simpler.

The following lemma was presented in [3] without proof (note that only Axioms (A)
and (B) are utilized in the proof):

Lemma 1. Let x be a binary operation on a nonempty set U, and let * satisfy
Axioms (A)—(D). Then

uxv=wu Iifandonlyif wu=wv
and

uxv=v ifandonlyif v*xu=u

for all u,v € U.

The next lemma was proved in [3]:

Lemma 2. Let x be a binary operation on a nonempty set U, and let x satisfy

Axioms (A)—(D). Let uq, ..., up, upt1,v,w € U, where h > 1. Assume that
U # U2, .., Up F Upgpl
and
U2 = UL >V, ..., Uph41 = Up * V.

If w* w1 = v, then

W U2 = ... =W*Up41 =V
and

U2 = UL *W, ..., Up41 = Up * W.
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Proof (outlined). Consider g, 1 < g < h, and assume that ug *v = uy41 and
wHug = v. Since ug # ug4+1, Lemma 1 implies that v, # v and therefore, wxug # ug.
By Axiom (C), ug* (w*ug) = ug*w. Hence ugxw = ug*v = ugy1. Since wruy # ug,
Lemma 1 implies that uy * w # w. By Axiom (C), w * (ug * w) = w * uy. Hence
Wk Ugp] = W Ug = 0.

Proceding by the induction on g, we will prove the lemma. O

‘We will need three more lemmas.

Lemma 3. Let x be a binary operation on a nonempty set U, and let * satisfy
Axioms (A)—(D). Consider uy,...,un+1 € U, where h > 1, such that

Uy # Uz, ..., Up F Upgl
and
Up = Up41 ¥ ULy --.y, U = U2 *UT.
Then
(1) U2 = UL * Upyl, «--5 Uhtl = Up * Upyl-

Proof.  We proceed by induction on h. If h = 1, the result follows from
Lemma 1. Let h > 2. Since

Up—1 = Up ¥ UL, ..., UL = U2 * U7,
it follows from the induction hypothesis that
U2 = U *Upy «.., U = Up—1 * Up.
Since up41 * u1 = up, Lemma 2 implies that
U2 = UL * Up41, ---y Up = Uph—1 * Up41.

By Axiom (A), upr1 = (upt1 * u1) * upp1. We get upy1 = up * upy1. Hence (1)
holds. O

The next lemma is similar to Lemma 5 of [3], but our proof will be different and
shorter.

Lemma 4. Let G be a connected graph, let x be a binary operation associated
with a connected graph G, and let x satisfy Axioms (A)—(D). Consider arbitrary
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distinct u,v € V(G). Then there exist pairwise distinct uy, . .., um+1 € V(G), m > 1,
such that u; = u, Uy,41 = v and

U = UL ¥V, ..., Uptl = Uy * V.

Proof. Suppose, to the contrary, that the lemma is false. Since V(&) is finite,
it is easy to see that there exist vy, ..., vkt1 € V(G), where k > 1, such that v; = u,

(2) Vg =V %V AU, oo.,y Uppl =V xV £V
and there exists j, 1 < j < k, with the property that v; = vr11 and the vertices
Vj,Vj41,- .-,V are pairwise distinct. By virtue of Lemma 1, j < k. Let d denote the
distance function of G. For each w € V(G), we denote

e(w) = min{d(w,v;); j <i< k}.
Moreover, we denote by Z the set of all z € V(G) such that

Vjy1 = Vj %2, ..., Up41 = Vg * 2.
As follows from (2), v € Z. Consider an arbitrary = € Z such that
(3) e(r) <e(z) forall ze Z
Since x € Z, Lemma 1 implies that e(x) > 1. Therefore, there exists y € V(G) such
that e(y) = e(x) — 1 and {z,y} € E(G). By Lemma 1, y x2 = z. By (3), y € Z.
Recall that vi41 = v;. Without loss of generality, we may assume that vi41 7# v *y.

Thus vg * T # vi, * y. By Axiom (D),

T=y* (Vg *T) =Y * Vg1 = Y * V.

Since vj # vj41,. ..,V # Vkt1, Lemma 2 implies that
Vj41 =V %Y, ..., Up*Y = Vg41.
Thus y € Z, which is a contradiction. O

Let G be a graph, let x be a binary operation associated with G, and let * satisfy
Axioms (A)—(D). We will say that

(U], cee ,ukauk+l)
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is a (x)-path in G, if k > 1, uq, ..., u, up+1 are pairwise distinct vertices of G, and
U2 = U * U1, -y Ukl = Uk * Ugt1.
Obviously, every (x)-path in G is a path in G.

Let G be a connected graph, and let d denote its distance function. For every
ordered pair x,y € V(G), we denote

Ac(z,y) ={z}, ifaz=y
and

Ac(z,y) ={z € V(G); d(z,z) =1 and d(z,y) = d(z,y) — 1}, if  # y.

(Note that if 2 # y, then Ag(x,y) is Ni(z,y) in the sense of [2].)
The next lemma is the main one:

Lemma 5. Let G be a connected graph, let x be a binary operation associated
with G, and let x satisty Axioms (A)—(D). Consider arbitrary u,v € V(G). Then

(4) Ag(u,v) = {u*v}.

Proof. Let P, denote the set of all (x)-paths in G, and let d denote the distance
function of G. Put n = d(u,v). We proceed by induction on n. Clearly, if n < 1,
then (4) holds. Let n > 2. We assume that

(5) Ag(z,y) ={z*y} for all z,y € V(G) such that d(z,y) < n.

Suppose, to the contrary, that Ag(u,v) # {u* v}. Then there exists w € Ag(u,v)
such that w # u *v. By Lemma 4, there exist u1, ..., Um, ums+1 € V(G) such that

mZ=mn, uy = U, Unpt1 = v, and (U1, ..., Um, Um+1) € Pe. Since w € Ag(u,v),
there exist w42, ..., Umtn, Umtnt1 € V(G) such that w,qn = W, Umint1 = u and
(Umtnt1y Umtns - - - s Um+t1) 18 & shortest u — v path in G.
Obviously, tmint1 = 1. Put Uminia = U2, Umints = Us, ..., Umt2ontl = Unt1-
Define
ap = (uh, ooy Uh4m—1, uh+m) and ﬂh = (uh+m+n, Uh+m+n—1y- - - ,uh+m)

foreach h=1,...,n+ 1.
Obviously, a; € P,. Since w # u * v and us = u * v, we have uy # Up4+pn and

B1 & Ps.
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Since a; € P,, Lemma 3 implies that

(Umt1, Umy -+ 5 U2, U1) € P
Therefore, (U, ..., us,u1) € P.. Applying Lemma 3 again, we have
(u1,ua,...,Up) € Py.

Hence us = uq * Uy,

Clearly, w € Ag(u,Um+2). Since d(u,Umy2) = n — 1, it follows from (5) that
Ac(u, umt2) = {u* umyo} and thus w = u * up 2. Since w # ug = U * Uy, We get
Uy F U2+

Recall that a; and 3, are paths in G. Thus

(6) U3 F UL, Ug F U2y ey Umtnt2 7 Umon-

Assume that ay,4+1 € P.. Then also (Um+1,---sUmtn, Umint1) € Pe and, by
Lemma 3, 81 € P,; a contradiction. Thus a1 € Pi. Since ay € P, and p1 € Pk,
there exists 7, 1 < ¢ < n such that

(7) a; € Py and ; & P,
and
(8) aG41 € P* or ﬂi+1 S P*

Let Qi1 € P.. By (8), ﬂﬂ_l € P,. Since Uit1 = Uitmtnt1 and Ui+2 = Uitmtn+2,
we have Ui fmint2 = Uit2 = Uil * Uitmt1 = Uitmtnt1 ¥ Yitm+1 = Uitm+n, Which

contradicts (6). Thus a1 & Pk.
By (7), @; € P.. This implies that u;11 = u; * u;1,n and
Ui4+2 = Uit * Uitm, - -5 Uitm = Uitm—1 * Uj4m-
Let wjtm = Witm+1 * ui41. By Lemma 2,

Uit 2 = Uid1 * Uitm41, -y Uitm = Uipm—1 * Uipm1-

Since Ujym+t1 = Uitm * Uitm+1, We get ;11 € Pi, which is a contradiction. Thus

Uitm 7& Ui4m41 * Uj41-
Since w41 = U; * Uigm, We get Ujtm 7 Witmt1 * (Ui * Uiy ). By Axiom (D),
(9) Ui * Ujqm+1 = U * Ujgm -

Since u; = Ujtm+n, we have d(u;, Uipms+1) <n — 1.
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First, let d(u;, tiym+1) = n — 1. By (5), AcWitmtn, Uitm+1) = {Uitmin *
Uitm+1} and thus Uipmin * Witme1 = Uitmin—1. 1t follows from (9) that
Uitm+tnt1 = Witmin—1, which contradicts (6).

Now, let d(u;, tirm+1) < n — 1.Thus d(u;, uirm) < n. Applying (5) step by step,
we see that «; is a shortest u; — u; 1., path in G. We get n < m = d(u;, wigm) < n;
a contradiction.

Thus (4) holds. O

Proof of the theorem. Put U = V(G). Let G be geodetic and let * be its
proper operation. Then G is connected. It is easy to see that * satisfies Axioms (A),
(B) and (C). Moreover, it is not difficult to show that  satisfies also Axiom (D); this
verification can be found in [3].

Conversely, let G be connected and let * satisfy Axioms (A)—(D). By Lemma 5,
|AG(z,y)| = 1, for all x,y € U. It is easy to prove, by induction on d(z,y), that G
is geodetic. By Lemma 5, Ag(z,y) = {x x y} for all z,y € U. This implies that * is
the proper operation of G, which completes the proof of the theorem. O

Remark. Obviously, every tree is a geodetic graph. For trees, a stronger result
can be found in [4].
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