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It is well-known ([5]) that, for a solution y(t) of
(1) y' +p(t)y =0

with y(a) = 0 =y(b)(a < b) and y(t) #0, t € (a,b), we have

b
@) (b—a) / Ip(t)] dt > 4.

Clearly, this provides an implicit lower bound on the distance between the zeros a and
b of y. It can also be used to obtain a lower bound on the first positive eigen-value

of the Sturm-Liouville problem

y" + (p(t) + Ag(t))y =0,
y(a) = y(b) = 0.
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Further, the inequality (2) has found applications in the study of various properties
of solutions of (1) ([6, 8]).

In recent years, many authors have generalized this inequality in different direc-
tions. The inequality (2) has been generalized to second order nonlinear differential
equations by Eliason [2], to delay-differential equations of second order by Eliason
[3, 4] and by Dahiya and Singh [1], and to higher order ordinary differential equations
by Pachpatte [6]. However, the work in [6] is not applicable to third order differential
equations. In an earlier work [7], the authors obtained

b
) oo [ loolde> 1
for a solution y(t) of
(4) y" +p(t)y =0

with y(a) = y(b) = 0(a < b) and y(t) # 0, t € (a, b), provided there exists ad € [a, ]
such that y”(d) = 0; otherwise,

/

(5) @-a? [ ") > 4,

where a, b, @’ (a < b < a’) are consecutive zeros of y(t) such that y(t) # 0 for
t € (a,b) and y(t) # 0 for ¢t € (b,a’). In [3], S.B. Eliason obtained a lower bound
for the distance between two consecutive zeros of a solution of the second order
delay-differential equation of the form

y"(t) + p)|y(@) " sgny(t) +m(t)|y(g(t))|” sgny(g(t)) =0, t >0,

where p and m are non-negative functions on [0, 00), 11 > 0, ¥ > 0 and g is a strictly
increasing real-valued function on [0, c0).

In this paper we generalize the inequalities (3) and (5) to third order delay-
differential equations of the form

(6) y"(&) + POy ()] sgny(t) + m(B)]y(t — )" sgny(t —7) =0,

where p, m € C(]0,00),R), & > 0, v > 0 and 7 > 0. For simplicity, we take t — 7 in
place of g(t). If p(t) > 0 and m(t) > 0, then the bounds obtained in this paper are
better than (3) or (5). These bounds will be derived in Section 2. In Section 3, we
obtain such inequalities without any sign restriction on p and m.
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Consider Eq. (6) with p(t) > 0 and m(t) > 0, ¢t > 0. Let y(¢) be a solution of (6)
with y(a) = y(b) = 0 and y(t) > 0 for ¢t € (a,b). This is called a ‘positive semi-cycle’
by Eliason [3]. Let y(t) < 0 on [a,b] ™, where

[a,b] ={t € R: t<aandt>x— 7 for some x € [a,b]}.

The existence of such x € [a,b] is obvious. For example, [a,b]” = [a — 7,a] if z = a
and [a,b]” = {a} if z =a+ 7. Let

y' (t*) = max{y/(t): t € [a,b]}.

Hence t* € [a,b) and y'(t*) > 0. We consider two cases, viz. y”(t*) = 0 and
y'(t*) # 0. It may be noted that t* € (a,b) implies y”(¢t*) = 0. If t* = a, then
y"(t*) = 0 or ¢y’ (t*) # 0. In the latter case, we consider two semi-cycles, viz. y(a') =
y(a) =y() =0 (a’ <a<bd),y(t) <0forte (a/,a) and y(t) > 0 for ¢t € (a,b). Hence
there exist ¢; € (a/,a) and ¢z € (a,b) such that y'(c1) = y'(c2) = 0 and y/(¢) > 0 for
t € (c1,c2). Thus there exists a t1 € (c1, ¢2) such that y”(t1) = 0.

Theorem 2.1. (i) Ift* € (a,b), then

@ z<o-o {wer [e-026- oo

+y' @) /AB(b = 0)*(0 — 7 — a)"m(0) d9}7
where
t*, if a+71<tt
A=< a+7, if t*<a+7<b
b, if b<a+T
and B =b.

(ii) If t* = a is such that y”(t*) = 0, then (7) holds.
(iii) Let t* = a be such that y"’(t*) # 0. If c; —a’ > 7, then (7) holds.

Proof. (i) Integrating (6) from ¢* to ¢ (t* < ¢t < b) we obtain
¢ ¢
O+ [ a6 st [ me)lys -l sgyls - r)ds =0,
¢ ¢
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Further integration from t* to t yields

V() =3/ = [ (=00 )0

— /t (t—0)m(0)|y(0 — 7)|" sgny(6 — ) do.

Integrating the above identity from ¢* to b, we get
b t
0>yt =y )0~ ) [ ([ e~ oo eas)at
t* t*
b t
- [ [t omensto - o sy - nas) a
t= t=

that is,
b
(®) =W ) <3 [ =020 0)d0

b
+ % /t (b—0)*m(0)|y(6 — 7)|” sgny (6 — 7) db.

We consider two cases, viz. a + 7 >bora+7 <b. If a+7 > b, then 0 — 7 < a for
t* < 0 < b and hence

b
/t (b— 0)2m(0)[y(0 — 7)|" seny(6 — 7)d0 <0,

*

since y(t) < 0 on [a, b]”. Further,

b b
/ (b—0)2m(0)y” (aV (0 — 7))db = y”(a) / (b—60)>m(0)do = 0,
t* t*
where uVz = max{u, z}. Hence
b b
/ (b— 0)2m(0)[y(8 — )" seny(0 — 7)d6 < / (b— 0)2m(0)y* (aV (8 — 7))do.
t* t*
Let a+7<b. If a+ 7 < t*, then a < 0 — 7 and hence
b
[ 0= 07mi)1y(® - 7)1 seny(o — 70
t

s

= /b(b — 9)2m(0)y”(9 —7)df

b
= /t (b—0)>m(0)y” (aV (6 — 7)) do.
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If t* < a+ 7, then
b
[ 0= 02m@)ly(o =) sgny(0 - rya0
a+T1
— [ = 0Pm@u6 - D)l sgy(o - r)as
tb
+ / (b—0)*m(0)|y(0 — 7)|" sgny(d — 7)do
a+T1

b

<[ b-02mO)y 07

S~

a-+T1
b

(b—0)*m(0)y” (aV (0 — 7)) dO

Il
—~—

a+T1
b
(b—0)>m(0)y” (aV (0 — 7)) db.

s

I
T~

Thus from (8) we get

) =W () <3 [ 6020w 0)d0

+ % /t (b—0)2m(0)y” (aV (0 — 7)) db.

If a +7 < t*, then a + 7 < 0 and hence

/t (b 0)*m(O)y" (aV (6~ 7)) d6 = /A (b= 0)2m(0)y” (0 — 7) db.

Ift* <a+ 7 < b, then

b a+T1
/t (b~ 0)?m(B)y* @V (0 — 7)) d6 = /t (b= 0P m(O)y @V (0~ 1)

+ / (b—0)>m(0)y” (aV (0 — 7)) do
a+T1
b

a+T1
=y"(a) /t* (b—0)?m(0)do + /+ (b—0)>m(0)y” (0 — 7)do

b B
= / (b—0)*m(0)y” (6 —7)df = / (b—0)*m(0)y” (6 — 7)dob.
a+T1 A

If b <a+ 7, then

/t* (b= 02m(0)y” (aV (0 — 7))d6 = y* (a) /t (b—0)*m(0) 6

B
=0= /A (b—0)2m(0)y” (6 — T)dé.
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Hence (9) yields

b
(b— )y () < - / (b— 6)2p(0)y" (6) Ao

2 / -
+3/, (b—0)*m(0)y” (6 — T)do
L ) "
~5 [0 [voas] a
o2 [0 N ) as| s

b
< W [ b=0Ppe)0—a)a0
B
W@ [ o= 0Pme)0 -7 s

that is,

b

2 < (b t*)*{[y'(t*)w-l [ o= orpene - o as

*

Iy

A

(b—0)*m(0)(0 — T —a)” de}.

Hence the first part of the theorem is proved.

(ii) In this case the proof is similar and hence is omitted.

(iii) We claim that ¢; ¢ (a,c2). If not, then a < t; < ca. If y”'(¢) < 0 for t € (a,t1)
and y”(t) < 0 for t € (t1,c2), then y"”'(t1) = 0, a contradiction. Hence y”(t) > 0
for t € (a,t1). Since y/(¢) is increasing in (a,t1), we have y'(t1) > y'(a) = y/'(t%),
a contradiction due to the definition of y/(¢*). Then our claim holds. Hence t; €
(c1,a]. The case t1 = a = t* has been discussed earlier. Thus we take t1 € (c1,a).
Integrating (6) from ¢; to ¢ (a < t < b) we obtain

y"(t) + /: [p(s)y(s)|" sgny(s) + m(s)ly(s — 7)|" sgny(s — 7)] ds
+ atLp(S)y”(S) +m(s)|y(s — 7)" sgny(s — 7)] ds = 0.
Since ¢; —a’ > 7, we have
y'(t) + /:LP(S)y"(S) +m(s)|y(s — 7)" sgny(s — 7)] ds > 0.
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Integrating the above inequality from a to t (a < t < b) we obtain

¢
y'(t) > y'(a) - / (t = 5)p(s)y"(s) + m(s)ly(s — 7)|" sgny(s — 7)] ds.
Further integration from a to b yields

1

b=y (@) < 5 [ (=) + m(s)ln(s = D)l sgnyls = 7))

Since a = t*, then proceeding as in case (i) of the proof we obtain (7). Thus the
theorem is proved. O

Remark 1. If we consider a negative semi-cycle, viz. y(a) = 0 = y(b), y(t) < 0
for t € (a,b), then we get

b

2< (bt*)_l{y’(t*)l“_l/t (b—5)*(s — a)'p(s) ds

*

B
S [0 92 - 0 m(s) ds)
A
where A and B are the same as in (7). In this case, we assume y(t) > 0 on [a,b]”
and y'(t*) = min{y'(¢): t € [a,b]}.
Thus a < t* < b and ¥/ (t*) < 0.

Remark 2. If A = b, then ff m(0)dfd = 0. If p(t) = 0 in this case, then the
inequality (7) does not hold.

Remark 2'. In the case of second order delay equations it is possible (see [3,
p. 184]) to predict the location of t* in some situations. However, such a prediction
is not possible in the case of third order delay equations.

Remark 3. For an equation of the form

(10) "' () +a(®)y'(t) + p(O)ly(®)|" sgny(t) + m(t)|y(t — 7)|" sgny(t — ) = 0,

where p,m, u,v and 7 are the same as in (6) and ¢ € C([0,0), R), we may have a
theorem similar to Theorem 2.1. Indeed, if p(t) > 0, ¢(¢) > 0 and m(¢) > 0, then
the following theorem holds.
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Theorem 2.2. (i) Ift* € (a,b), then

b
(11) 2 < (bt*)l{/t (b—5)2q(s)ds

*

b

H W [ 0= 92 - a)p(s)ds

t*

+ly ) /B(b = 5)%(s — 7~ a)’m(s) dS},

A

where A and B are the same as in (7).
(i) If t* = a is such that y”(t*) = 0, then (11) holds.

Remark 4. A result similar to Theorem 2.1 (iii) does not hold for (10) since
y'(t) > 0 for t € (c1,a].

In the sequel we consider the ‘positive left-quarter cycle case’, viz. y(a) = 0,
y'(¢) =0 and y(t) > 0 for ¢t € (a,c|, where y(t) is a solution of (6). We continue to
assume that p(t) > 0 and m(t) > 0. Let y(¢) < 0 for ¢ € [a,c]|”, where

[a,c] " ={t€eR: t<a and t>xz—7 forsome =z € [a,cl}.

Let 3'(t*) = max{y'(t): a <t < c¢}. Hence a < t* < c and y/'(t*) > 0. If t* € (a,¢),
then y”(t*) = 0. If t* = a is such that y”(t*) # 0, then we consider a negative
semi-cycle left to the positive quarter cycle, viz. y(a') = y(a) = 0, y(t) < 0 for
te (d,a),y (c) =0and y(t) > 0 for t € (a,c|, where ¢’ < a < c¢. Then there exists a
c1 € (d/,a) such that y’(c1) = 0. Hence there is ¢1 € (¢1,¢) such that y”(t1) = 0. As
in ‘semi-cycle’ case, we can show that t; € (c¢1,a]. We have the following theorem,

Theorem 2.3. (i) Ift* € (a,c), then

B

(12) 1< W [ e0-appO a1 [ e-oi-r-armoa
-
where
t*, if a+7<¢t*
A=< a+7 Iif t"<a+7<c
c, if e<a+T1
and B = c.

(i) If t* = a is such that y”(t*) = 0, then (12) holds.
(iii) Let t* = a be such that y"(t*) # 0. If ¢, —a’ > 7, then (12) holds.
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Proof. (i) Integrating (6) successively, first from t* to t (t* <t < ¢) and then
from t* to ¢, we obtain

/)= [ = proars [ e moly - ol syt dr
If a4+ 7 > ¢, then
[ e~ om@lyte = ) sgnyte = ryae <o= [ (e omiave - )
Leta+7 <ec Ifa+7 <t*, then

(c—t)m(t)y”(t — 7)dt

=
/t (c —t)m(t)y” (aV (t — 7)) dt.

/:(c—t)m(t)y(t—T sgny(t —7)d

If a+7 > t*, then

C

[ = tmlute =) sgnye - nyar< [ e = gmy e -r)a
t* a+T1
_ / (c — ym(t)y" (aV (t — 7)) dt
a+T1
_ /t (e~ Oym{t)y” @V (t — 7)) e
Hence

1) )< [ - ponraans [ e omyare-n)a

Proceeding as in the proof of Theorem 2.1 (i), we can show that

/t (e~ Om(ty* (v (t - ) dt = /A (c — Oym(t)y" (t - 7) dt.

Thus (13) yields
y'(t) < /tc(c —t)p(t) ( /at y'(s) ds)u dt + /AB (c — t)m(t) ( /at_T y'(s) ds)u dt
B

< [ e opoi—ara+ iy @) [ e om@e-r- o a.
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That is,
B

1< [y () / e — t)(t — a)p(t)dt + [y (#7))" / (c— 1)t — 7 — a)’m(t) dt.

. A
Hence the proof of part (i) is complete. The proof of part (ii) is similar to that
of part (i). One may proceed as in the proof of Theorem 2.1 (iii) to complete the
present proof. O

Remark 5. For a negative left-quarter cycle, that is, when y(a) = 0, y'(c) =0
and y(t) <0, t € (a,c|, one gets

c

(1) 1<y [ e=t=a) O aly ()1 [ e=tie—r—aymat

.
where A and B are the same as in (12) and
Yy (t*) = min{y'(t): a <t <}
Here we assume y(t) >0, t € [a,c] ™.
Remark 6. If p(¢t) = 0 and A = ¢, then (12) fails to hold.

Example 1. Consider
y"(t) +2y(t) + 2e"/2y<t - g) =0.

Clearly, y(t) = €' sin t is a solution of the equation with y(0) = 0, y(z) =0, y(t) > 0
for t € (0,n] and y(t) < 0 for ¢ € [~n,0] = [0,n] . Since here t* = 5 and a + 7 = 3,
we have A = % and B = n. Further, t* € (0, ) implies that y”(¢t*) = 0. Clearly,

AN B YRR " o 92 (s — B2 ds | = (5 4 o2
(n 2) {/71/22(71 s) sds+/n/22(7c s) (5 2)6 ds 748(5+e ) > 2.

Thus (7) is verified.

Example 2. Clearly, y(t) = e’ cost is a solution of

Y (t) + 2y(t) + 265“/2y<t - %n) =0
with y(—5) = y(5) = 0 and y(t) > 0 for -5 <t < 5. Here t* = 0 € (-3, %) and

2
a+7 =2t > % and hence A = B = 5. Thus the second integral of (7) is zero.

Clearly,

and hence (7) is true.
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In this section we apply another technique to obtain a lower bound of the distance
between two or three consecutive zeros of a solution of (6). We do not assume that
p(t) and m(t) are non-negative functions. However, the bound obtained in Section 2
is better than the bound obtained in this section. There are several instances where
the analysis of Section 2 fails while the results of this section can be applied. These
remarks will be illustrated through suitable examples.

Let y(t) be a solution of (6) with y(a) = y(b) = 0 (¢ < b) and y(t) # 0 for
a < t < b. In some cases it is possible to find a d € [a,b] such that y”(d) = 0.
If y’(t) # 0 for t € [a,b], then we consider three consecutive zeros of y(t), viz.
y(a) =y(b) =y(a’) =0 (a < b < a) and y(t) #0 for t € (a,b) U (b,a’). Then there
exist ¢; € (a,b) and ¢y € (b,a’) such that y'(c1) = y'(c2) = 0. Hence we can find
d € (c1,c2) such that y’(d) = 0. Since y”(t) # 0 for ¢t € [a,b], we have d € (b, c2).
Thus we consider two cases, viz. y”(d) = 0 for some d € [a,b] and y"(t) # 0 for
t€la,b).

Theorem 3.1. (i) If there exists a d € [a,b] such that y"(d) = 0, then

b
[ vte) + e > 5,

where M1 =max{|y(t)|: a <t < b} and L = max{M}', MY} and My = max{|y(t)|:
a—71<t< b}
(ii) Ify”( ) # 0 for t € [a,b], then

/

[ 1+ mna > 5o

where M3 = max{|y(t)|: a <t < d'}, M = max{ M}, M}} and

My = max{|y(t)|: a —7 <t <d'}.

Proof. (i) There exists ¢ € (a,b) such that M; = |y(c)|. Since

M, = ‘/ dt‘ /\y )| dt
My = ’/ dt‘ /\y )| dt,

and
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then .
2M; < / ly/(¢)| dt.
Hence, using the Cauchy-Schwarz inequality, we obtain
b 2 b b
AME < ( [ vl dt) <G-a) [ W@Pd=-b-a [ oo
a a ba
(15) <t-a) [ ol ol

where integration by parts is performed. Integrating (6) from d to t if d < ¢ or from
t to d if t < d, we obtain

2/6)141LJK$WSN“%ny@ﬁh4:L7n@HMS*TN”%ny@A*ﬂd&
Thus

()] < \ [ euts)as

+\/ m(s)lly(s — )| ds

b b b
<t [piolae+ g [ im@lae <z [ )]+ Im@)

Hence (15) yields

b
M2 < (b aPML [ [p(0)] + Im(o)]

a

that is, .
/a I9(6) + (@)} dt > i

Thus part (i) of the theorem is proved.

(ii) In this case, there exists a d € (b, c2) such that y”(d) = 0. Clearly, there is a
¢ € (a,b) U (b,a’) such that M3 = |y(c)|. Proceeding as in part (i) of the proof, we
obtain

’
a

M2 < (d/ — a) / (o) lly" (8)] dt

a

and
ly" ()] < M/ [lp(®)] + |m(t)]] dt.

The required inequality is obtained from these two inequalities. Hence part (ii) of
the theorem is proved. O
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Remark 7. For Eq. (10) we get the following bounds:

(i) If y”(d) = 0 for some d € [a, b], then

b b b
4M; < (b—a)? [M{‘/ \p(t)|dt+M2”/ \m(t)\dt+2M1q1+M1/ q/(t)|dt},

where ¢; = max{|q(t)|: t € [a,b]} and M7, My are the same as in Theorem 3.1 (i).
(ii) If y"(t) # 0 for t € [a, b], then

’ ’
a

a’ a
4M3<<a’a>2[M§‘ [ @lacs g [ mo)ar+ 2atg + ot | q’(t)dt}
a a

a

where ¢o = max{|q(t)|: a < ¢t < o'} and M3, My are the same as in Theorem 3.1
(ii).
Example 3. Consider
Yy +y=0, t=>0.

Clearly, u(t) =e t/2 cos ‘é_t is a solution of the equation with zeros given by
2 2n—-1
T Clha . S
V32

Fora= =2 and b= 3%

7 5> We notice that u(t) <0 for t € (a,b) and

( o ) *min{u’(t)- T o<t< 3—n}

3V3 IRCERRVERS

Since Z= < 35‘7“5 < \/5, we have o’ (7) = 0. From Theorem 3.1 (i) it follows that
(b—a)’>=4 or b—az> (43

However, from Theorem 2.1 (i) (see Remark 1) we obtain

An 51/3v/3 ( V3

3\/_ 3r/v3 —3)2(5— T )ds: 1673

Thus j—’i 3, that is, (b —a) > 3.

Hence the bound obtained by applying Theorem 2.1 (i) is better than the corre-
sponding bound obtained by applying Theorem 3.1 (i).
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Example 4. Clearly, y(t) = sint is a solution of the equation
y" +y =0
with y(0) =0, y(r) =0, y(t) > 0 for ¢ € (0,n). As
y'(0) = max{y'(t): 0<t<n}

and y”(0) = 0, from Theorem 2.2 (ii) we obtain

Hence b — a = 1 > v/6. On the other hand, from Remark 7 (i) one gets 4 < 272 or

b—a=x>V2. Clearly,bfa>\/6>\/§.

However, there are occasions when we fail when applying the analysis of Section 2
but the results of Section 3 can be applied.

Example 5. Consider

y"' (t) +y<t — 37“) =0, t>0.

We may see that y(t) = sint is a solution of the equation with y(0) = y(n) = 0,
y()>0fort€( n) and y(t) < 0 for t € (—m,0). Clearly, y'(0) = max{y/'(t): 0 <

< 1} and y”(0) = 0. Theorem 2.1 (ii) cannot be applied since a+7 =0+ > =15
and hence A = B = 1t (see Remark 2). However, by Theorem 3.1 (i), we get

¥
4
/ dt > —, that is, © > (4)1/3, which is true.
0 Tc

Example 6. No result of Section 2 can be applied to

" (t) — y(t - g) —0, >0,

since m(t) < 0. Clearly, y(t) = cost is a solution of the equation with y(—5) =
y(5) =0,y(t) >0fort e (-5,5) and y”’(—5) = 0. From Theorem 3.1 (i) it follows
that

/2 4

/ dt > =, thatis, => (4)%
—n/2 T
Remark 8. The distribution of zeros of solutions of second order differential

equations was discussed in [8] and of third order differential equations in [7]. However,
for higher order and delay-differential equations, the nature of distributions of zeros
of solutions is not known.

398



References

[1] R.S. Dahiya and B. Singh: A Liapunov inequality and nonoscillation theorem for a
second order nonlinear differential-difference equation. J. Math. Phys. Sci. 7 (1973),
163-170.

[2] S.B. Eliason: A Liapunov inequality for a certain second order nonlinear differential
equation. J. London Math. Soc. 2 (1970), 461-466.

[3] S.B. Eliason: Liapunov-type inequalities for certain second order functional differential
equations. SIAM J. Appl. Math. 27 (1974), 180-199.

[4] S.B. Eliason: Distance between zeros of certain differential equations having delayed
arguments. Ann. Mat. Pura Appl. 106 (1975), 273-291.

[6] P. Hartman: Ordinary Differential Equations. Wiley, New York, 1964.

[6] B. G. Pachpatte: On Liapunov-type inequalities for certain higher order differential equa-
tions. J. Math. Anal. Appl. 195 (1995), 527-536.

[7] N.Parhi and S. Panigrahi: On Liapunov-type inequality for third order differential equa-
tions. J. Math. Anal. Appl. 233 (1999), 445-460.

[8] W.T.Patula: On the distance between zeros. Proc. Amer. Math. Soc. 52 (1975),
247-251.

Authors’ address: Department of Mathematics, Berhampur University, Berhampur —
760 007, India.

399



		webmaster@dml.cz
	2020-07-03T13:36:00+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




