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Abstract. We prove that every modular function on a multilattice L with values in
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operations uniformly continuous with respect to the exponential uniformity on the power
set of L.
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INTRODUCTION

The foundations of the theory of multilattices were laid in the fifties by M. Benado
in [11], motivated by numerous examples of posets which are multilattices but not
lattices, and the research was carried on many papers (for example, [10], [16], [18],
[19], [20] and many others). In particular, by [10], examples of multilattices are the
intervals of modular interval spaces, which are a common generalization of L, type
Banach spaces, hyperconvex metric spaces and modular lattices.

The aim of the present paper is to prove that modular functions on multilattices
generate a topological structure analogously as modular functions on lattices. We
recall that in [13] I. Fleischer and T. Traynor, extending a result of K. Birkhoff in [12]
for increasing real-valued modular functions, proved that every modular function on
a lattice L with values in a topological Abelian group generates a lattice uniformity
on L, i.e. a uniformity which makes the lattice operations of L uniformly continuous.

This result allowed to use the theory of lattice uniformities developed in [22], [23],
[27], [7], to extend to modular functions on lattices many results of classical measure
theory, which have applications in particular in non-commutative measure theory
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and in fuzzy measure theory (see, for example, [1], [2], [4], [5], [6], [3], [8], [9], [13],
[14], [15], [21], [23], [24], [25], [27]).

In [19], the results of [12] have been extended to modular functions on multilat-
tices, proving that every increasing real-valued modular function on a multilattice L
generates a pseudometric on L.

In the present paper, extending the results of [13], we prove that every modular
function p on a multilattice L with values in a topological Abelian group generates
a multilattice uniformity U(u) on L, i.e. a uniformity which makes the multilattice
operations of L uniformly continuous with respect to the exponential uniformity on
the power set of L, and U(u) is the weakest multilattice uniformity which makes
p uniformly continuous (see Theorem 2.2.3). For increasing real-valued modular
functions, U () coincides with the uniformity generated by the pseudometric in [19]
and, if L is a lattice, coincides with the lattice uniformity of [13].

The paper is organized as follows: in Section 1, we study properties of multilattice
uniformities and give a characterization of multilattice uniformities (Theorem 1.4)
which allows to simplify the proof of the main result. In Section 2.1, we study
properties of a set associated to a modular function, which are essential tools for the
proof of the main result. Finally, in Section 2.2, we prove the main result.

PRELIMINARIES

Let (L,<) be a poset. For a,b € L denote by U(a,b) and L(a,b) the sets of all
upper and lower bounds of the set {a, b}, respectively. Further, let a Vb be the set of
all minimal elements of U(a,b) and a A b the set of all maximal elements of L(a, b).

L is said to be a (directed) multilattice if:
(1) For every a,b € L, U(a,b) # 0 and L(a,b) # 0.
(2) For every ¢ € U(a,b), there exists d € a V b with d
(3) For every ¢ € L(a,b), there exists d € a A b with d

<ec.
= cC.
If G is an Abelian group, a function u: L — G is called modular if, for every a,b € L,
ccanbandd e aVb, p(a)+ p(b) = u(c)+ pu(d). Then, if 4 is modular and a,b € L,
we have p(r) = p(s) for every r,s € a Vb and pu(t) = p(u) for every t,u € a A b.
A congruence on L is an equivalence relation 6 such that (a,b) € 6 and (¢,d) € 0

imply (aVe,bVd) € 0 and (aAc,bAd) € 6, where (aVec,bVd) € 6§ means that:
(1) For every z € a V ¢, there exists 2z’ € bV d with (2/,z) € 6.

(2) For every 2z’ € bV d, there exists z € a V ¢ with (z,2') € 0.

The meaning of (a A c,bAd) € 6 is analogous.

The following result holds.
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Theorem ([19], Th. 2.2). Let L be a directed multilattice and 6 reflexive binary
relation on L. Then 0 is a congruence relation iff the following conditions hold:
(1) (a,b) € 0 iff there exists c € a Ab and d € a \VV b such that (c,d) € 6.
(2) (a,b) €0, (b,c) € 0 and a < b < c imply (a,c) € 0.
(3) (a,b) €0 and a < bimply (aVe,bVe) € 0 and (aAc,bAc) €D,

Through the paper, L will denote a directed multilattice and G a topological
Abelian group.

We set A = {(a,b) € L x L: a = b}. If a,b € L and a < b, we set [a,b] =
{c € L: a < ¢ < b}. We say that a subset A of L is convez if, for every a,b € A
with a < b, [a,b] C A. A filter on L is a non-empty family I of non-empty subsets
of L which is closed with respect to the intersections and contains the oversets of its
elements.

We recall that, if (L,U) is a uniform space, the exponential uniformity on the
power set P(L) of L is the uniformity which has as its base the family consisting of
the sets

2V = {(A,B) € P(L) x P(L): Yz € A,3y € B: (x,y) € U;
Vye B,z e A: (x,y) €U},

where U € Y. For U,V € Y and z € L we set U~! = {(a,b) € L x L: (b,a) € U},
UoV ={(a,b) e LxL: 3ce€ L: (a,c) €U, (¢,b) e V}and U(z) ={y € L: (x,y) €
U}.

1. MULTILATTICE UNIFORMITIES

In this section we introduce and study multilattice uniformities, since in the next
section we will see that every modular function generates a multilattice uniformity.
A uniformity U on L is called a multilattice uniformity if the maps

Vi (a,b) e LxL—aVbe P(L), A: (a,b) e LxL—aAbe P(L)

are uniformly continuous with respect to the product uniformity in L x L and the
exponential uniformity in P(L). Then U is a multilattice uniformity iff, for every
U € U, there exists V € U such that (a,b) € V and (c,d) € V imply (aVe,bVvd) € 2V
and (a Ac,bAd) €2Y.

Lemma 1.1. Let U be a uniformity on L. Then U is a multilattice uniformity
iff, for every U € U, there exists V € U such that (a,b) € V and ¢ € L imply
(aVe,bVe) €2V and (aAe,bAc) €2V,
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Proof. = is trivial

< Let U,V € U be such that VoV C U and choose, corresponding to V, V' € U
as in the assumption. Let (a,b) € V', (¢,d) € V' and z € a V ¢. Then we can choose
z' € bV ¢ such that (z,2') € V and, corresponding to z’, we can choose z”/ € dV b
such that (', 2"”) € V. Therefore (z,2") € VoV CU.

In a similar way we obtain the other conditions. O

Proposition 1.2. Let U be a multilattice uniformity. Then, for every U € U,
there exists V € U with V. C U and the following property: for every (a,b) € V,
there exist ¢ € a Ab and d € a V b such that [c,d] X [¢,d] C V.

Proof. Let U €Y and
V={(a,b) e LxL: 3c€andb, d€aVb: [c,d] x][c,d] CU}.

Trivially V C U. Let (a,b) € V, ¢ € aAband d € aVb be such that [¢,d] x [e,d] C U.
We prove that [¢,d] x [¢,d] C V.

Let z,y € [¢,d]. Then we can choose e € x Ay such that e > cand f € x V y such
that f < d. Then [e, f] x [e, f] C [¢,d] X [¢,d] CU, hence (z,y) € V.

It remains to prove that V' € . Choose a symmetric Wy € U such that Wyo W,y C
U and, for every i € {1,2,3}, W; € U with the following property: (a,b) € W; and
(e,d) € W; imply (a V c,bVd) € 2Wi-1 and (a A c,bAd) € 2"i-1. We prove that
W3 C V. Let (a,b) € W3, c € aAb,d € aVband z,y € [c,d]. We have to prove
that (z,y) € U. By (a,b) € W3 and (a,a) € W3, we get (a,d) € Wy by the choice
of W5. Moreover, by (a,d) € Wa, (z,2) € Wy and © A d = = and by the choice of
W3, we can choose e € zAa such that (e, ) € Wi. Finally, by (a,b) € W3 C W3 and
(a,a) € Wy we get (a,c) € W1. By (e,x) € Wh, (a,¢) e Wi, cVez=zandeVa=a
we get (a,x) € Wy by the choice of Wi. In a similar way we obtain that (a,y) € Wp.
Therefore (z,y) € Wy o Wy = Wy o Wy C U. O

Proposition 1.3. Let U be a multilattice uniformity. Then:
(1) For every U € U there exists V' € U such that V C U and, for every x € L,
V(z) is convex.
(2) The topology generated by U is locally convex, i.e. every x € L has a base of
convex neighbourhoods.

Proof. (2) follows by (1).

(1) The proof is similar to the proof of 1.1.6 of [22] for lattice uniformities. We
repeat the proof for completeness.

For AC L, set ¢(A) = {x € L: Ja,b € A: a < x < b}. It is easy to see that
¢(A) is the smallest convex set which contains A. Let U € Y. By (1.2), we can choose
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Vi € U such that Vi oVy C U and, for every (a,b) € Vi with a < b, [a,b] x [a,b] C Vi.
Choose a symmetric V5 € U such that V5 o Vo C V7 and set

V={(z,y) € Lx L: y € c¢(Va(z))}-

Then V' € U since Vo C V and, for every x € L, V(x) is convex since V(x) = ¢(Va(x)).
We prove that V' C U. Let (z,y) € V and a,b € Va(z) be such that a < y < b.
Since (z,a) € Va, (z,b) € Vo and V3 is symmetric, we get (a,b) € V4. By the choice
of Vi, since a,y € [a,b], we get (a,y) € V1. Since (z,a) € Vo C Vi, we obtain
(z,y) €VioV; CU. O

The following result gives a characterization of multilattice uniformities which
allows to simplify the proof of the main result of the next section. It is similar to a
characterization of lattice uniformities contained in a manuscript of Hans Weber.

Theorem 1.4. Let U be a filter on L x L. Then U is a multilattice uniformity iff

the following conditions hold:

(1) ForeveryU eUd, ACU.

(2) For every U € U, there exists V. € U such that (a,b) € V implies that there
exist c€ aNbandd € aVb with (¢,d) e U.

(3) For every U € U, there exists V € U such that (¢,d) € V,c€aAbandd €aVb
imply (a,b) € U.

(4) For every U € U, there exists V € U such that (a,b) € V, (b,c) € V and
a < b< cimply (a,c) €U.

(5) For every U € U, there exists V € U such that (a,b) € V,a < bandc € L
imply (aVe,bVe) €2V and (aAe,bAc) e 2Y.

Proof. = If U is a multilattice uniformity, then (1), (4) and (5) hold by
definition and (2), (3) follow by (1.2).

< (i) We first prove that, for every U € U, there exists V € U such that V—! C U.

Let U € U. By (3) we can choose V' € U such that (¢,d) € V, ¢ € a Ab and
d € a Vb imply (a,b) € U. Moreover, by (2) we can choose V' € U such that
(a,b) € V' implies that there exist ¢ € a Ab and d € a V b such that (¢,d) € V. Let
(a,b) € (V')~L. Then, since (b,a) € V', we can find ¢ € aAb and d € a Vb such that
(¢,d) € V. Therefore (a,b) € U.

(ii) We prove that, for every U € U, there exists V' € U such that (a,b) € V and
a < b imply [a,b] x [a,b] C U.

Let U € U. By (3), let Vi € U be such that (¢,d) € Vi, c€aAbandd €aVd
imply (a,b) € U. By (5), let V5 € U be such that (a,b) € V2, a < b and ¢ € L imply
(aNe,bAc) € 2Y1. Again by (5), let V3 € U be such that (a,b) € V3,a <bandc€ L
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imply (aVec,bVe) € 2Y2. Let (x,y) € Va3 with x < y, and a,b € [z,y]. We prove that
(a,b) € U. Since < a,band y > a, b, we can choose ¢ € aAb and d € aVb such that
c>xand d<y. Hence z < ¢ < d < y. Since (z,y) € Vs, cVe=cand cVy =y,
by the choice of V3 we get (¢,y) € Vao. Moreover, since cAd = c and y Ad = d, by
the choice of Va we get (c,d) € V1. Then, by the choice of V1, we get (a,b) € U.

(iii) We prove that, for every U € U, there exists V € U such that VoV C U.

Let U € U. By (ii), let V4 € U be such that (a,b) € V4 and a < b imply
[a,b] x [a,b] C U. By (4), we can choose Vo € U such that (a,b) € V3, (b,c) € V;
and (c¢,d) € Va with a <b < ¢ < d, imply (a,d) € V1. By (5), we can choose V3 € U
with V3 C Va such that (a,b) € V3, a < b and ¢ € L imply (a V ¢,bV c) € 2" and
(aAe,bAc) € 2Y2. Finally, by (2) we can choose V4 € U such that (a,b) € V; implies
that there exist ¢ € a Ab and d € a Vv b such that (c,d) € V5.

We prove that V, oV, C U. Let (z,y) € V4 and (y, z) € V4. By the choice of Vj
wecan findc e x Ay, d€axVy,ecyAzand f €yV 2z such that (¢,d) € V5 and
(e, f) € V5 C Va. Since (¢,d) € V3 withe< dand ¢V f = f by f >y > ¢, then
by the choice of V3 we can find wy € dV f such that (f,w;) € Va. In a similar way,
since d A e =e by e < y < d, we can find ws € ¢ A e such that (we,e) € Va.

By (we,e) € Va, (e, f) € Vo and (f,w1) € Vo with wy < e < f < wy we get
by the choice of V5 that (we,w1) € Vi. Since wy < wi, by the choise of V; we
obtain [wa,w1] X [we,w1] C U. Now observe that x, z € [we, w1], since z > ¢ > wa,
r<d<wy,z>e>wsand z < f <w;. Then (z,2) € U.

(iv) We prove that, for every U € U, there exists V' € U such that (a,b) € V and
c€ Limply (aVe,bVe) €2V and (aAe,bAc) €2V,

Let U € U. By (iii), let Vi € U be symmetric and such that V4 o V3 0 V4 C U.
By (5), choose V2 € U such that (a,b) € Vo, a < band ¢ € L imply (aVe,bVe) € 2V
and (a Ac,bAc) €21, By (ii), let V3 € U be such that (a,b) € V3 and a < b imply
[a,b] x [a,b] C Va. Moreover, by (2), let V3 € U be such that (a,b) € V4 implies that
there exist ¢ € a Ab and d € a V b such that (c,d) € V.

Let (a,b) € Va, c € L and z € a V ¢. We prove that there exists z’ € bV ¢ such
that (z,2’) € U. The other conditions can be proved in a similar way.

Since (a,b) € Vi, we can find r € a Ab and s € a V b such that (r,s) € V3. Then
[r,s] X [r,s] CVa. Since r < a < sand r <b< s, weget (r,a) € V2 and (b, s) € Va.
Since (r,a) € Vo with r < a, and z € a V¢, we can find ¢ € rV ¢ such that (¢,2) € V4.
Since (r,s) € [r,s] x [r,s] C Vo and t € 7V ¢, we can find u € sV ¢ such that
(t,u) € V4. Finally, since (b,s) € V2 with b < s and v € sV ¢, we can find 2’ € bV ¢
such that (2/,u) € V5. Then (z,2') € V1 o V; o V4 C U by the symmetry of V;.

By (i)—(iv), (1.1) and the assumptions, we conclude that U is a multilattice uni-
formity. O
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2. MODULAR FUNCTIONS

In this section, pu: L — G will denote a modular function.
If a,b € L and a < b, we set

p(a;b) = {p(d) — p(c): a <e<d< b

The aim of this section is to prove that p generates a multilattice uniformity which
has as its base the family consisting of the sets

{(a,b) e Lx L: 3c€anb, deaVb: ulc,d) CW},

where W is a 0-neighbourhood in G (Theorem 2.2.3).
The essential steps to prove this result are contained in the following subsection.

2.1. We shall study the properties of the set u(a,b).

Proposition 2.1.1. Leta,b€ L, c € aAbandd € aVb. Then, for every ¢’ € aAb
and d' € a Vb, we have u(c,d) C u(d,d") + p(c,d).

Proof. LetefGLbesuchthatc e< f<d.

(i) First suppose that a < e < f <d. Thend € evVbandd € fVb. Sincec <a<e
and ¢’ < b, we can find t € e A b such that ¢t > ¢/. Moreover, since t < e < f and
t < b, we can find ¢’ € f A b such that ¢ > t. Then, since p is modular, we get

u(f) — ple) = p(t') — u(t) € u(d,d’),

sinced <t<t' <b< d.

(ii) Now suppose c < e < f < a. Thenc € eAbandce fAb. Byd >a > f
and d’ > b, we can find ¢t € f Vb such that ¢ < d’. Moreover, by ¢t > e, b, we can find
t’ € eV b such that ¢ < ¢. Then we get

u(f) = ple) = p(t) — p(t') € p(c, d),

sinced <b<t' <t d.

(i) Now we consider the general case. Since ¢ < e,a, we can find z € e A a such
that z > ¢. Since z < f,a, we can find 2’ € f A a such that 2’ > z. Moreover, since
d > f,a, we can find t € f V a such that ¢ < d. Finally, since t > e, a, we can find
t' € eV a such that ¢’ <t. Then

p(f) = ple) = p(2") — p(z) + p(t) — pt').

Since ¢ < 2 < 2’ <aand a <t <t <d, we have u(z') — u(z) € ule,a) C u(c,d)

by (ii) and p(t) — pu(t') € pla,d) € p(c’,d') by (i). Therefore u(f)—u(e) € p(c',d’)+
u(d,d). O
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Proposition 2.1.2. Let a,b€ L,c€ aVbandd e aAb. Then p(a,c) = p(d,b).

Proof. Leta<e< f<c ThenceeVbandce fVb Since d < b and
d < a<e,wecan find t € e Ab such that ¢ > d. Moreover, since e < f, we can find
t' € f Absuch that ¢/ > ¢t. Then d < t <t <b. Therefore

u(f) — ule) = pu(t') — p(t) € p(d,b).

Nowlet d<e< f<b Thendc€aNeandd€aANf. Sincec>aandc>=b=> f, we
can choose t € a V f such that ¢t < ¢. Moreover, since e < f, we can choose t’' € a Ve
such that ' <t. Then a < t' <t < c. Therefore

Corollary 2.1.3.
(1) Ifa < b, ¢, then u(c,d)
(2) If a > b, ¢, then u(d, c)

wu(a,b) for every d € bV c.

-
C wu(b,a) for every d € b A c.

Proof. (1)Letd e bVe. Since a < b, ¢, we can find € b A ¢ such that z > a
By (2.1.2), p(e,d) = p(z,b) C pu(a,b), since z,b € [a, b].

(2) Let d € bAc. Since a > b, ¢, we can find € bV ¢ such that z < a. By (2.1.2),
u(d, c) = u(b,z) C p(b,a), since x,b € [b,al. O

Proposition 2.1.4. If a < b and ¢,d € [a,b], then there exist z € ¢ A d and
z' € ¢V d such that u(z,z’) C u(a,b).

Proof. Since a < ¢,d, we can find z € ¢ A d such that z > a. Since b > ¢, d, we
can find 2z’ € ¢V d such that 2’ <b. Hence, if z < e < f <2/, thene, f € [a,b]. O

Proposition 2.1.5. If a < ¢ < b, then p(a,b) C p(a,c) + p(e, b).

Proof. Leta<e< f<b. Sincea<e,c, wecanfindt € eAcsuchthatt>a
Since t < f, ¢, we can find ¢’ € f A ¢ such that ¢ > t. Moreover, since b > ¢, f, we
can choose z € f V ¢ such that z < b and, since z > ¢, e, we can choose 2’ € ¢V e
such that 2’ < z. Then

u(f) = ple) = p(t') — p(t) + p(z) — p(2").

Since a < t < < z < b, we have pu(t') — p(t) € pla,c) and
w(z) — u(z") € p(e,b). O
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Corollary 2.1.6. If a < b,d, ¢ < b,d, z € aNc and 2’ € bV d, then p(z,z") C
pu(a, ) + p(a,b) + p(c, d).

Proof. Since a < b,d, by (2.1.3) u(d,2") C p(a,b). Since b > a,c, we can find
t € aV ¢ such that t By (2.1.2), u(z,¢) = p(a,t) C p(a,d), since a,t € [a,bl.

t < b.
Moreover, since z < ¢ < d < 2/, by (2.1.5) we get

1(z,2") € p(z, ¢) + ple,d) + p(d, 2') € p(a,b) + p(a,b) + plc, d).

Proposition 2.1.7. Let a,b € L with a < b, and ¢ € L. Then:
(1) For every z € bV c there exists 2’ € aV ¢ such that 2’ < z and (7', z) C u(a,b).
(2) For every z € a V ¢ there exist 2/ € bV ¢, 21 € 2 N2’ and z3 € z V 2’ such that

:U/(Zlsz) - :u’(avb) +,U/((l,b)
Proof. (1)Let z€bVe. Since z > b > a and z > ¢, we can find 2’ € aV ¢ such

that 2’ < z. Let 2/ < e < f < z. Since evidently z € bV 2/, by (2.1.3) (1) we have
u(z',2) € pla,b).

(2) Let z € aVecand Z € bV z. Since Z > b, ¢, we can find 2’ € bV ¢ such that
2’ < Z. Since a < b,z, we can find p € b A z such that p > a. Since p < 2,2/, we
can find ¢ € 2z A 2/ such that ¢ > p. Moreover, since Z € bV z and 2’ < Z, we have
Z € zV z'. We prove that u(g,z) C p(a,b) + u(a,d). Since ¢ < z < Z, by (2.1.5) we
obtain

w(q,%Z) € plg, 2) + p(z,%).

Let u € g Ac. Since z € ¢ V ¢, using (2.1.2) and (2.1.3) we obtain
(g, 2) = plu, ¢) C (g, ') = p(z,2).
Further, s(2,%) = u(p,b) C pa(a,b), so that u(g,) C (e, b) + p(a,b). O
In a similar way we obtain the following dual statement of (2.1.7).

Proposition 2.1.8. Let a,b € L with a < b, and ¢ € L. Then:
(1) For every z € a Ac there exists z' € bAc such that 2’ > z and u(z,2") C u(a,b).
(2) For every z € b A c there exist 2/ € a ANc, z1 € z AN 2" and zg € 2V 2’ such that

w(z1, 22) € pa,b) + p(a,b).

2.2. Now, using the results of Sections 1 and 2.1, we prove that u generates a
multilattice uniformity.
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For every 0-neighbourhood W in G we set
Uw ={(a,b) e Lx L: 3c€andb, deaVb: ulc,d) CW}
and denote by U(u) the family of all oversets of the sets Uyy.

Lemma 2.2.1. Uy has the following properties:
(1) Ifa < b, then (a,b) € Uy iff p(a,b) C W.
(2) (a,b) € Uw iff there exist c € a ANb and d € a V b such that (¢, d) € Uw.
(3) If (a,b) € Uy and a < b, then [a,b] x [a,b] C U .

Proof. (1) is trivial.

(2) follows by (1).

(3) Let ¢,d € [a,b]. By (2.1.4), we can find z € ¢ Ad and 2’ € ¢V d such that
w(z,2") C p(a,b) CW. Then (¢,d) € Upy. O

Lemma 2.2.2. For a,b € L with a <b, let p*(a,b) = {u(d) — p(c): ¢, d € [a,bl]}.
Then i(a,b) € p*(a,b) C p(a,d) — p(a,b).

Proof. The first inclusion is clear. Now let ¢,d € [a,b]. Then p(d) — p(c) =
p(d) — pla) = (u(c) — p(a)) € pla,b) — pla,b). O

Theorem 2.2.3. Let L be a directed multilattice, G a topological Abelian group
and p: L — G a modular function. Then U () is the weakest multilattice uniformity
which makes p uniformly continuous. Further, U(u) has the following properties:

(1) For every U € U(p) there exists V. € U(p) with V' C U such that (a,b) € V,
ccaAbanddeaVbimply [cd x[c,d CU.

(2) For every U € U(p) there exists V € U(w) with V. C U such that (a,b) € V,
a<bc>a,e<bdebVcand f€aANeimply (¢,d) €U and (e, f) € U.

Proof. (i) It is clear that U(u) is closed with respect to the intersections. To
prove that U () is a multilattice uniformity, we prove that U (p) satisfies the following
conditions of (1.4):

(a) For every U € U(p), A CU.

(b) For every U € U there exists V € U such that (a,b) € V implies that there
exists c€ a Aband d € a Vb with (¢,d) € U.

(c) For every U € U(u) there exists V' € U(u) such that (¢,d) € V, c € a Ab and
d € aVbimply (a,b) € U.

(d) For every U € U there exists V € U such that (a,b) € V, (b,c) € V and
a <b< cimply (a,c) €U.

(e) For every U € U(p), there exists V' € U(u) such that (a,b) € V, a < b and
c€ Limply (aVe,bVe) €2V and (aAe,bAc) €2V,
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(a) is trivial since, for every a € L, u(a,a) = {0}.
(b) follows by (2.2.1) (2).

(c) Let U € U(u) and let W be a 0-neighbourhood in G such that Uy C U.
By (2.2.1) (3), (c) is satisfied with V' = Uy

(d) Choose U and V as in the proof of (c¢) and let W’ be a 0-neighbourhood in G
such that W/ + W’ C W. By (2.1.5), if a < b < ¢, then u(a,c) C p(a,b) + u(b,c).
Therefore (d) is satisfied with V' = Uy

In a similar way we obtain (e) by (2.1.7) and (2.1.8).

By (1.4), U(p) is a multilattice uniformity.

(ii) To prove (1), let U € U(n) and let W be a 0-neighbourhood in G such that
Uw C U. Let W’ be a 0-neighbourhood in G such that W/+W’' C W. If (a,b) € Uw,
by (2.2.1) (2) we can choose ¢ € a Ab and d € a V b such that (¢,d) € Uw. Let
reaAband s €aVb By (2.1.1), u(r,s) C ple,d) + plc,d) CW' + W' C W, from
which (r,s) € Uw. Since r < s, by (2.2.1) (3) we get [r,s] x [r,s] CUw CU.

In a similar way we obtain (2) by (2.1.3).

(iii) Now we prove that 4 is uniformly continuous with respect to U ().

Let W, W’ be 0-neighbourhoods in G such that W’ — W’ C W. Let (a,b) € Uy,
c€aANbandd e aVbbesuch that u(c,d) C W’. Since a,b € [c,d], hence by (2.2.2)
p(a) = u(b) € p(e,d) W' = W' C W.

(iv) Now let ¢ be a multilattice uniformity which makes p uniformly continuous.
We prove that U(u) < U.

Let W be a 0-neighbourhood in G. Since p is U-uniformly continuous, we can
choose V' € U such that

(%) (a,b) € V = p(a) — p(b) € W.

Since U is a multilattice uniformity, by (1.2) we can choose V' € U such that
(a,b) € V' implies that there exist ¢ € aAband d € a Vb with [¢,d] x [c,d] C V. We
prove that V' C Uy .

Let (a,b) € V' and let ¢ € a Ab, d € a Vb be such that [¢,d] x [¢,d] C V. If
e,f € [e,d] and e < f, then (e, f) € V. By (x), we get u(f) — u(e) € W. Then
p(e,d) C W, from which (a,b) € Uy . O

Corollary 2.2.4. Another base of U(u) is the family consisting of the sets
Uy = {(a,b) € L x L: p(c,d) CW Ye€aAnb, Vd € aV b},

where W is a 0-neighbourhood in G.

Proof. Let W be a 0-neighbourhoodin G. It is clear that Uj;, C Uy,. Moreover,
by (1) of (2.2.3), we can choose V' € U() such that (a,b) € V,c € anbandd € aVb
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imply (¢,d) € Uy . Choose a 0-neighbourhood W’ in G such that Uy, C V. Then
Uw: C Ujy. O

Proposition 2.2.5. Let 7(u) be the topology generated by U(u). Then 7(u) has
the following properties:
(1) Every a € L has a base of convex neighbourhoods in 7(u).
(2) For every a € L and every neighbourhood Uy of a in 7(), there exists a neigh-
bourhood Vj of a in 7(u) with Vo C Uy such that b € Vg implies [c,d] C Uy for
everyce€aNbandd € aVb.

Proof. (1) follows by (1.3) and (2.2.3).

(2) Let a € L and U € U(p). By (2) of (2.2.3), we can choose V' € U(p) such that
(z,y) € V implies [c,d] x [¢,d] C U for every ¢ € z Ay and every d € x Vy. Then
V(a) € U(a). Moreover, if b € V(a), c € aAband d € aV b, then (a,x) € U for
every z € [¢,d], since a € [¢,d]. Then [c,d] C U(a). O

Using (2.2.5), with the same proof as in 3.2 of [24] we get the following result.

Corollary 2.2.6. The topology 7(u) generated by U(u) is the weakest topology
with the properties (1) and (2) of (2.2.5) which makes j continuous.

Now we prove that p generates a congruence relation. We set
N(p)={(a,b) e Lx L: 3c€aAb, d€aVb: pu is constant on [c,d]}.

By (2.1.1), it is easy to see that (a,b) € N(u) iff 1 is constant on [c,d] for every
¢ € aAband every d € aVb. Moreover, if the topology of G is Hausdorff, by (2.2.4)
we get N(p) =(W{U: Uel(u)}.

Proposition 2.2.7. N(u) is a congruence relation.

Proof. Tt is clear that N(u) is reflexive and symmetric.

We prove that N(u) verifies the conditions of Theorem 2.2 of [19] cited in the
Preliminaries.

The equivalence (a,b) € N(u) iff there exists ¢ € a Ab and d € a V b such that
(¢,d) € N(p) is trivial.

The condition that (a,b) € N(u), (b,c) € N(p) and a < b < ¢ imply (a,c) € N(u)
follows by (2.1.5).

The condition that (a,b) € N(u) and a < b imply (a V ¢,bV ¢) € N(u) and
(aNc,bAc) € N(u) follows by (2.1.7) and (2.1.8). O
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Remark. In [19] it has been proved that, if 4 is an increasing real-valued modular
function on a multilattice, the function defined by

d(a,b) = u(d) — pu(c), a,b€ L, c€aAb, deaVb,

is a pseudometric. Hence, in this case, U(u) coincides with the uniformity generated
by d.

If L is a lattice and p is a G-valued modular function, in [13] it has been proved
that u generates a lattice uniformity ¢/, which has as its base the family consisting
of the sets

{(a,b) € L x L: p(d) — pu(c) e WVe,defanb,aVd], c<d},
where W is a 0-neighbourhood in G. Then, if L is a lattice, U () = U,.
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