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0. INTRODUCTION

There are two related constructions of universal algebras from a given set S of
terms. Denote by U the set of all terms containing a subterm belonging to S. There
exist both the least and the greatest congruence with U among its blocks. The
first construction is taking the factor of 7" through the least such congruence, the
second through the largest. The first construction has been investigated, e.g., in
the papers [1], [3] and [4]. In the present paper we start to investigate the second
construction. In order to simplify notation, we restrict our attention to the algebras
with a single binary operation, i.e., groupoids. By a termal groupoid we mean the
factor of T' through the largest congruence with U among its blocks, for a subset U
of T closed for overterms.

Of special interest are the termal groupoids corresponding to a set of terms U such
that U is closed for both overterms and substitution instances. In this case there
also exists the greatest equational theory with U among its blocks.

We will concentrate on the abstract characterization of termal groupoids, questions
of finiteness and the description of the equational theory.

For basics of universal algebra, the reader is referred to [2].

While working on this paper the author was partially supported by the Grant Agency of
the Czech Republic, grant #201/99/0263.

705



1. GENERAL TERMAL GROUPOIDS

Let X be a nonempty set of variables. We denote by T(X) the absolutely free
groupoid over X, i.e., the groupoid of terms over X.

For a term t we define two mappings «; and 3; of T(X) into itself by az(u) = tu
and G;(u) = ut (for all u € T(X)). These mappings are called elementary lifts. By
a lift we mean a composition of a finite number of elementary lifts. Every lift L can
be uniquely expressed as L = Q7 ... Q%l for some n > 0, some terms tq,...,t, and
symbols Q° € {a, 3}; the terms t1, ..., t, will be called its basic terms; the number n
will be called the height of the lift. For n =0, L is the identity on T(X).

A term w is a subterm of a term ¢ if and only if L(u) = ¢ for a lift L. In this
case we write u ~ t; we also say that ¢ is an overterm of u. The relation u C t is a
(partial) ordering on T(X) satisfying the minimal condition.

Two terms u, v are said to be similar (we write u ~ v) if f(u) = v for an
automorphism f of T(X). (We could also say that v results from u by renaming
variables.) Two sets U, V of terms are said to be similar (we write U ~ V) if they
contain the same terms up to similarity.

For a subset U of T(X) we denote by M(U) the set of the terms minimal in U,
i.e., the set of the terms u € U such that v ¢ U for any proper subterm v of w.
Any two terms in M(U) are either similar or subterm-incomparable. We have
M(T(X)) = X.

For a set U of terms, we denote by O(U) the set of all overterms of terms from U.
By an up-set (of terms) we mean a subset U of T(X) such that O(U) = U. For
an arbitrary subset U, O(U) is the up-set generated by U. If U is a set of pairwise
subterm-incomparable terms, then M(O(U)) = U.

For every nonempty subset U of T(X) we define a binary relation Cy on T(X)
by v Cy v if and only if L(u) € O(U) implies L(v) € O(U) for any lift L. It is
evident that this relation is a quasiordering and u Cy v implies L(u) Ey L(v) for
any lift L. We write u =y v if both v Cy v and v Cy u. Clearly, the relation =y is
a congruence of T(X).

For a nonempty subset U of T(X), any groupoid isomorphic to T(X)/=y will be
called the termal groupoid of U. A groupoid is said to be termal if it is the termal
groupoid of a nonempty subset of T(X), for a set of variables X. By a finitely
determined termal groupoid we mean a groupoid isomorphic to T(X)/=y, for a
finite set X and a finite subset U of T(X).

Proposition 1.1. Let U be a nonempty subset of T(X). Then =y is just
the largest congruence of T(X) such that O(U) is one of its blocks. The termal

706



groupoid T(X)/=y is finite if and only if there exists a congruence s of T(X) such
that T(X)/s is finite and O(U) is a block of s.

Proof. It is easy. a

Proposition 1.2. Let U be a nonempty set of pairwise subterm-incomparable
terms and let u, v be two terms such that u ¢ O(U) —U. Then u Cy v if and only
if L(u) € U implies L(v) € O(U) for any lift L. Consequently, if u,v ¢ O(U), then
u =g v if and only if L(u) € U is equivalent with L(v) € U for any lift L.

Proof. The direct implication is clear. In order to prove the converse, let
L(u) € O(U); we need to show that L(v) € O(U). This is evident in the case that
at least one of the basic terms of L belongs to O(U). In the opposite case we have
L = LyL; for two lifts Ly, Ly such that Li(u) € U. Then Lyi(v) € O(U) by the
assumption, and hence L(v) = LyLq(v) € O(U). O

Corollary 1.3. If X is at most countable and if U is finite, then the relations
Cy and =y are both recursive.

Corollary 1.4. Let U be a nonempty set of pairwise subterm-incomparable
terms. Denote by S the set of the terms that are subterm-incomparable with any
term from U. If S is nonempty, then it is a block of =y and s Ty t for any s € S
and any term t.

In the next proposition we describe an effective construction of termal groupoids.

Proposition 1.5. Let U be a nonempty set of pairwise subterm-incomparable
terms. Denote by P the set of proper subterms of terms from U. Define an equiva-
lence r on P by (u,v) € r if and only if L(u) € U is equivalent with L(v) € U for any
lift L. If every term is subterm-comparable with a term from U, put G = (P/r)U{0};
in the opposite case put G = (P/r) U {0, 1}. Define multiplication on G as follows:
Oa = a0 = 0 for all a; 1b = bl = 1 for all b # 0; if u,v € P and uwv € P,
put (u/r)(v/r) = (wv)/r; if ww € U, put (u/r)(v/r) = 0; in all other cases put

1.

(
(u/r)(v/r) =

Proof. It follows from 1.2 and 1.4. O

Then G is the termal groupoid of U.

Corollary 1.6. IfU is finite, then the termal groupoid of U is finite.
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A groupoid G is said to be 0O-simple if it contains a zero element 0 and for every
nontrivial congruence s of G there exists an element a € G —{0} such that (a,0) € s.
For example, every simple groupoid with zero is 0-simple.

Proposition 1.7. Let G be a 0-simple groupoid and let X be a generating subset
of G. Denote by f the homomorphism of T(X) onto G extending the identity and
put U = f=1(0). Then G is the termal gr oupoid of U.

Proof. The kernel of f is a congruence of T(X) and the up-set U is one of its
blocks. It follows by 1.1 that the kernel of f is contained in =y. But then, there
exists a congruence s of G such that for any terms v and v, u =y v if and only if
(f(u), f(v)) € s. Since {0} is a block of s, it follows from the 0-simplicity of G that
s is the identity, so that =y is the kernel of f. Consequently, G is isomorphic to
T(X)/=v. O

Theorem 1.8. A groupoid is a termal groupoid if and only if it is 0-simple. A
groupoid is a termal groupoid with respect to a finite set of variables X (and an
arbitrary subset U of T(X)) if and only if it is 0-simple and finitely generated.

Proof. It follows from 1.1, 1.7 and the definitions. O

By a divisibility cycle in a groupoid G we mean a finite sequence a1, ...,a, (n > 1)
of elements of GG such that a; pas 0 ... 0 a, o a1, where g is the divisibility relation
defined as follows: a o b if and only if either b = ac or b = ca for an element ¢ € G.

An element z of a groupoid G is said to be a zero among nonzeros if it is a nonzero
element and za = az = z for all nonzero elements a of G. Of course, a groupoid can

have at most one zero among nonzeros.

Theorem 1.9. The following are equivalent for a groupoid G:
(1) G is a finitely determined termal groupoid;
(2) G is a finite 0-simple groupoid in which all members of any divisibility cycle are
equal to either 0 or a zero among nonzeros;
(3) G is a finite 0-simple groupoid and whenever G is isomorphic to the factor
T(X)/=v for a finite set X and a set U of pairwise subterm-incomparable
terms, then U is finite.

Proof. (1) implies (2): G is finite by 1.6 and 0-simple by 1.8. Let X be finite
and let U be a finite set of pairwise subterm-incomparable terms from T(X); let f be
a homomorphism of T(X) onto G such that =y is the kernel of f. Suppose that
there exists a divisibility cycle a1, ..., a, in G containing neither 0 nor a zero among

nonzeros. There is a term u with a1 = f(u). The existence of the cycle means that
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there is a lift L of height n such that f(L(u)) = f(u) = a;. Then f(L%(u)) = a; for
all i > 0. Since a; is neither 0 nor a zero among nonzeros, each of the terms L*(u) is
a proper subterm of a term from U. It follows that there are arbitrarily long terms
in U, and U is infinite.

(2) implies (3): Let X be finite, U be a set of pairwise subterm-incomparable
terms and f be a homomorphism of T(X) onto G with kernel =;;. Suppose that
U is infinite. Since X is finite, there exists a term u € U such that u can be expressed
as u = L(x) for a variable x and a lift L of height larger than the cardinality of G. We
have L = FE, ... E; for elementary lifts E1,..., E,. For every ¢ put L; = F;... Ey.
Since n is larger than the cardinality of G, there exist two numbers 0 < i < j < n
with f(L;(w)) = f(L;(w)). But then f(L;(u)),..., f(L;j—1(w)) is a divisibility cycle
in G and f(L;(u)) is neither 0 nor a zero among nonzeros.

(3) implies (1): This follows from 1.7. O

Proposition 1.10. Let U be a set of pairwise subterm-incomparable terms
containing at least one term not belonging to X. The termal groupoid of U is simple
if and only if every term is either a subterm or an overterm of a term from U and
for every pair u,v of proper subterms of terms from U there exists a lift L with
L(u) =y v.

Proof. Let G be the termal groupoid constructed as in 1.5; let G be simple. If
some term is neither a subterm nor an overterm of a term from U, then the element 1
belongs to G and {0,1} U idg is a congruence, so that G = {0,1}; this gives a
contradiction. Let u be a proper subterm of a term from U. Define a binary relation s
on T(X) by (p,q) € s if and only if either p =y g or else p =y L1 (u) and ¢ = La(u)
for two lifts L1 and L,. It is easy to verify that s is a congruence containing =y .
Moreover, s properly contains =g, and thus s is the largest congruence of T(X).
This means that for every pair u,v of proper subterms of terms from U there exists
a lift L with L(u) =y v.

Now let the termal groupoid G be not simple. There is a nontrivial congruence s
of T(X) properly containing =y. Since G is 0-simple, there is a term u ¢ O(U) such
that (u,w) € s for all terms w € U. If every term is either a subterm or an overterm
of a term from U, then u is a proper subterm of a term from U; there exists a term v
with (u,v) ¢ s, and v is also a proper subterm of a term from U. But then, it is easy
to see that L(u) £y v for any lift L. O

Proposition 1.11. Every simple groupoid with 0 is termal. However, if a simple
groupoid with 0 contains at least three elements, then it is never finitely determined.

Proof. It follows from 1.7, 1.9 and 1.10. (|
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Example 1.12. Let X = {z}. For every ¢ > 2 put t; = x(z...(xx)), where
x occurs ¢ times. Put U = {t;x: ¢ > 2}. Then U is an infinite set of pairwise
subterm-incomparable terms. The termal groupoid T(X)/=y is finite: it has four
elements 0, x, a, b and multiplication table

R 8 O

o oo oo
SO QR OR
SR O
> oo O

2. FULLY TERMAL GROUPOIDS

From now on let X be an infinitely countable set of variables.

For two terms u, v we write u < v if there exists a substitution f (i.e., an endomor-
phism of T(X)) such that f(u) is a subterm of v. The relation < is a quasiordering
on T(X) satisfying the minimal condition. Two terms u, v are similar if and only if
both u < v and v < u. Wewriteu<vifu<vbutv;<_u.

By a full set of terms we mean a nonempty subset U of T(X) such that w € U
and u < t imply ¢t € U. For a nonempty subset J of T(X) we denote by F(J) the
set of the terms ¢ such that u < ¢ for some u € J; this is the full set generated
by J. A nonempty subset J of T(X) is said to be irreducible if it consists of pairwise
incomparable terms (incomparable with respect to the quasiordering <). Every full
set is generated by an irreducible subset J, and J is determined uniquely up to the
similarity of terms by U.

By a fully termal groupoid we mean a termal groupoid determined by a full set of
terms over the infinite set of variables X, i.e., a groupoid isomorphic to T(X)/=y
for and a full subset U of T(X).

It is easy to see that for a full set of terms U, the congruence =y of T(X) is
invariant, i.e., v =y v implies f(u) =y f(v) for any automorphism f of T(X).
(However, the congruence is not necessarily fully invariant.)

A term ¢t is said to be linear if no variable has more than one occurrence in ¢.

Lemma 2.1. Let J be an irreducible subset of T(X); put U = F(J). The
following are equivalent:
(1) =z =y y for all variables x,y;
(2) x =y y for at least one pair x, y of distinct variables x, y;
(3) J contains only linear terms.
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Proof. The equivalence of the first two conditions is obvious.

(1) implies (3): Suppose that J contains a non-linear term u. There is a variable
with at least two occurrences in u. So, we have u = L(x) for a lift L such that z is
contained in at least one of the basic terms of L. Since X is infinite, there exists a
variable y with no occurrence in u. Put v = L(y). By (1) we have =y y and hence
u =y v; since u € U, we get v € U. Since v < u, we get a contradiction with u € J.

(3) implies (1): Let L(x) € U for a lift L. Then L(z) > u for a term u € J. Since
w is linear, it is easy to see that also L(y) > u, so that L(y) € U. This proves z Ty y
for all variables x,y. Consequently, x =y y for all variables x,y. (Il

Lemma 2.2. Let S be a set of linear terms closed under taking subterms. Define
a binary relation s on T(X) by (u,v) € s if and only if the following two conditions
are satisfied for all w € S:
(1) w < w if and only if w < v;
(2) f(w) =wu for a substitution f if and only if g(w) = v for a substitution g.
Then s is a congruence of T(X).

Proof. Tt is evident that s is an equivalence relation. Let (u,v) € s and let
t be a term. By symmetry, it is sufficient to prove (ut,vt) € s.

Let f(w) = ut for a substitution f and a term w € S. If w is a variable, then it is
evident that g(w) = vt for a substitution g. So, let w = wiws. We have f(w;) = u
and f(ws) = t. Since (u,v) € s and wy € S, we have g(w1) = v for a substitution g;
since no variable occurring in we occurs in wq, it is possible to choose g in such a
way that it coincides with f on all the variables occurring in ws. But then g(ws) =t
and g(w) = vt.

Let w < ut for a term w € S. If w < u, then w < v by (u,v) € s, and hence
w < vt. If w < ¢, then w < vt is obvious. It remains to consider the case when
f(w) = ut for a substitution f. But in this case we already know that g(w) = vt for
a substitution g, so that w < vt again. O

Lemma 2.3. Let J be an irreducible subset of T(X) such that the groupoid
T(X)/=v with U = F(J) is finite. Then J contains only linear terms.

Proof. It follows from 2.1. O

Theorem 2.4. Let J be a finite irreducible subset of T(X). The fully termal
groupoid T(X)/=y is finite if and only if J contains only linear terms.

Proof. The direct implication follows from 2.3. Let J be a finite set of pairwise
in comparable linear terms. Denote by S the set of subterms of terms from J.
Clearly, S is a finite set of linear terms and S is closed under taking subterms.
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Define the congruence s of T(X) in the same way as in 2.2. Clearly, T(X)/s is a
finite groupoid (it has at most n? elements, where n is the cardinality of S). It is
evident that (u,v) € s and v € U imply v € U. Define a binary relation r on T(X)
by (u,v) € r if and only if either (u,v) € s or {u,v} C U. Then r is a congruence
of T(X) and U is a block of r. Since s C r, the factor T(X)/r is finite. From this
it follows by 1.1 that T(X)/=y is finite. O

3. THE EQUATIONAL THEORY OF A FULLY TERMAL GROUPOID

Again, let X be a countably infinite set of variables.

For a full subset U of T(X), we denote by E(U) the equational theory of the
fully termal groupoid T(X)/=y, i.e., the set of all equations that are satisfied in the
groupoid.

Lemma 3.1. Let r be a congruence of T(X). An equation (u,v) is satisfied in
T(X)/r if and only if (f(u), f(v)) € r for any substitution f.

Proof. It is easy. ([

Proposition 3.2. Let U be a full set of terms. The following are equivalent for
an equation (u,v):
(1) (uav) € E(U);
(2) f(u) =v f(v) for any substitution f;
(3) for any lift L and any substitution f, L(f(u)) € U if and only if L(f(v)) € U;
(4) every immediate consequence of (u,v) belongs to (U x U) U (=U x =U);
(5) every consequence of (u,v) belongs to (U x U) U (=U x =U).

Proof. The equivalence of (1) with (2) follows from 3.1. Condition (3) is just
a reformulation of (2). Immediate consequences of an equation (u,v) are just the
equations (L(f(u)), L(f(v))) for alift L and a substitution f, so (4) is a reformulation
of (3). The equivalence with (5) is obvious. O

Proposition 3.3. Let U be a full set of terms. Then U is a block of E(U), and
E(U) is just the largest equational theory E such that U is a block of E.
Proof. It follows from 3.2. |

Proposition 3.4. Let U be a full set of terms and let (u,v) € E(U) be an
equation such that u,v ¢ U. Then the terms u, v contain the same variables.
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Proof. Suppose that there exists a variable x contained in u but not contained
in v. Take an arbitrary term ¢ € U and denote by f the substitution such that
f@)=tand f(y) =y forally € X —{z}. Then (f(u), f(v)) € E(U). But f(u) € U
and f(v) =v ¢ U, a contradiction. O

Proposition 3.5. Let U be a full set of terms containing a linear term not
belonging to X. Let (z,u) € E(U) for a variable x and a term u. Then u = x.

Proof. It is sufficient to derive a contradiction in the case that u is a composed
term, u = ujuy. Take a linear term ¢ € U of minimal length; we can suppose that
t does not contain x. We can express t as t = L(y1y2) for a lift L and a pair of distinct
variables y1,y2. Since (z,u) € E(U), we have (L(z), L(u)) € E(U). But L(z) ¢ U
(since L(z) is a linear term shorter than t), while L(u) € U (since L(u) > t), a
contradiction. O

For every n > 0 define a set P, of similar linear terms of length 2" as follows:
Py =X; Pyy1 = {uv: u,v € P, and uv is linear}.
Proposition 3.6. Let U be the full set generated by a single linear term t. Then

(zy,yz) € E(U) if and only if t € P, for some n.

Proof. Let (zy,yx) € E(U). If uv is an arbitrary composed subterm of ¢, then
t = L(uw) for a lift L; we have (¢, L(vu)) € E(U) and thus L(vu) > ¢, from which we
easily obtain u ~ v. Since u ~ v for any composed subterm uv of ¢, it follows that
t € P, for some n. The converse is obvious. [l

Proposition 3.7. Let J be a nonempty set of linear terms and U be the full set
generated by J. Let G be a 0-simple groupoid and let a be a generator of G. Denote
by h the homomorphism of T(X) onto G such that h(z) = a for all variables x and
suppose that h=1({0}) = U. Then =y is the kernel of h and G is the termal groupoid
of U.

Proof. It is easy. O

Example 3.8. Let

X ={x,y,z,u,x1,22,...}
and
T = {ul(((@y2)1)r2) - Ja): k> 0},
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Applying 3.7, one can easily verify that the groupoid T(X)/=y with U = F(J) has
four elements (denote them 0, a, b, ¢) and the following multiplication table:

o Q9 O

O O O OO
QO ot Ol
o0 0 oo
o O O Oofo

Notice that, according to 1.9, this termal groupoid is not finitely determined.

We are going to describe the equational theory E(U) in the special case when U is
the full set generated by a single linear term. To this purpose we need some notation.
For two terms u and v, write u — v if there is a substitution f with f(u) = v.

For a subterm w of ¢, occurrences of u in ¢ can be identified with the lifts L such
that L(u) = t. Let L be a lift, expressed as the composition of elementary lifts,

L=Qu ...QL (Q"€{a,p} for all i). Alift K is said to be a regular part of L if
thereisak € {0,...,n} such that K = Qy ...Qu "1 Q" *!1=qQ' ... Q"=Q"
and Up—g+1 — UL, ..y Up — Ug.

For a linear term ¢, define a binary relation R; on T(X) by (u,v) € R, if and only
if whenever L(p) =t for a lift L and a subterm p of ¢t with p — u, then K(q) = ¢ for
a regular part K of L and a subterm q of ¢t with ¢ — v.

Theorem 3.9. Lett be a linear term and U be the full set {w: w > t} generated
by t. An equation (u,v) belongs to E(U) if and only if either u,v >t or else u,v } t
and (u,v) € Ry N R; .

Proof. Let (u,v) € E(U) and u,v # t. We are going to prove that (u,v) € R;.
Let L(p) = t for a lift L = Q7 ...QL and a subterm p of ¢t with p — u. Evi-

U1

dently, ¢t < L(u) and hence ¢ < L(v). There is a substitution f such that f(¢) is

a subterm of L(v). Since none of the terms v,ui,...,u, belongs to U, we get
f(t)=Q% ...QL (v) for some k € {1,...,n}.

Let us prove by induction on ¢ = 0, ...,k that

—i+1 k—i+1 k
QU =@ .L.Q"=Q

and
FQut Qe () =@ ...QL (v).

This is clear for ¢ = 0. Suppose that the assertion is true for a number ¢ < k, and let
us prove it for the number i + 1. If Q™% # Q%% then f(Q7 "' (p)) = ug_s; this

Un—i—1
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is possible only if £k = n, but then we immediately obtain a contradiction. Hence
Q"' = Q**. But then,

FQu QL () =Q5 .. QL (v)

and we are through.

For ¢« = k£ we obtain

QU =Q',...,Q"=Q" and f(QI F ...QL, (p) =v.

Put ¢ =Qp" ... Q4 (p) and K = Q7 ... Qu" ! so that f(q) = v and K(q) =
Clearly, f(up—k+1) = u1,..., f(un) = uk. Hence K is a regular part of L.
Conversely, let (u,v) € R; N R; ' and u,v # t. In order to prove (u,v) € E(U),

it is sufficient to show that if f(t) = L(u) for a substitution f and a lift L, then

L(v) >t Let L=Q7 ... . We have n > 1. Suppose L(v) # t.
Let us prove by induction oni=0,...,n— 1 that there is a subterm p; of ¢t with
t=Qu ...Qu " (p;) for some terms vy, ...,v,. This is clear for i = 0. Let the

assertion be true for a number ¢ < n — 1. In order to prove that it is true for the
number ¢ + 1, it is sufficient to show that p; is not a variable. So, suppose that
pi is a variable. We have f(p;) = Qp '7' ...Q} (u). Define a substitution g by
g(pi) = Qu "1 ...QL (v) and g(y) = f(y) for all variables y # p;. Then evidently
g(t) = L(v), so that L(v) > t, a contradiction.

In particular, there is a subterm p = p,,—1 of ¢t with ¢t = Q' ...Q}

v, (p) for some

terms vy,...,v,. We have f(p) = w and f(v1) = wuy,..., f(v,) = un Since

(u,v) € Ry, there exist a regular part K = Q. ..Qﬁ;kktll of Qy . ul, a sub-
term ¢ of ¢t with K(q) =t and a substitution g with g(q) = v. The term
—k
L(v) =Qy, - Qu, (9(Q1 F ... Qy, (1))

contains the subterm

k —k k —k

g """ 711,1(9( Zyl,k st ’Llll(p))) N Qn +1( ( :)ln,k tte il(p)))
Since vp—_gy1 — VI — U,...,U, — Uk — Uk, the subterm is of the form h(t) for a
substitution h. We get L(v) > t. O
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