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Abstract. For every product preserving bundle functor T# on fibered manifolds, we
describe the underlying functor of any order (r,s,q),s > r < q. We define the bundle
Kg:ls’qY of (k,l)-dimensional contact elements of the order (r, s, q) on a fibered manifold Y
and we characterize its elements geometrically. Then we study the bundle of general contact
elements of type pu. We also determine all natural transformations of K g:ls’qY into itself and

of T(K,Z’f’qY) into itself and we find all natural operators lifting projectable vector fields

and horizontal one-forms from Y to K Z’ls’qY.

Keywords: jet of fibered manifold morphism, contact element, Weil bundle, natural
operator
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It is well known that the product preserving bundle functors on the category . f
of all manifolds coincide with the Weil functors, [7]. Recently it has been pointed
out that every Weil algebra A determines an underlying Weil algebra Ay for every
integer k, so that we have the underlying functors 74* of each Weil functor T4, [5].
Moreover, the second author clarified that all product preserving bundle functors on
the category F#.# of all fibered manifolds are of the form 7%, where y: A — B
is a homomorphism of Weil algebras, [10]. In the first part of the present paper
we deduce there is an underlying Weil algebra homomorphism i, s 4 of u for every
integers 1, s, q satisfying s > r < ¢. This defines the underlying functors T#ma of
T*. In the case of a fibered velocities functor, our construction reduces to decreasing
the order of fibered jets.

In the second part we start with the definition of the bundle K'Y of contact
elements of dimension (k,!) and order (r,s,q), s > r < ¢, on a fibered manifold
Y. Our approach is based on the classical formal construction by C. Ehresmann,
[4, p. 356]. Then we clarify that the formally defined contact elements characterize
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properly the contact of fibered submanifolds of Y. Next we show how the recent
ideas by J. Munoz, R. J. Muriel and J. Rodriguez, [11], and the first author, [5], can
be used for introducing the bundle K*Y — Y of contact elements determined by an
arbitrary Weil algebra homomorphism .

The last part of the present paper is devoted to some naturality problems. First
we deduce that the only natural transformation of K;’;"*Y" into itself is the identity.
Then we prove that every natural operator transforming projectable vector fields on
Y into vector fields on K;’)*?Y is a constant multiple of the flow operator. This
implies that every natural transformation of the tangent bundle TK,’;"?Y into itself
is a constant multiple of the identity. Finally we deduce that every natural operator
transforming horizontal one-forms on Y into one-forms on K'Y is a constant
multiple of the vertical lifting.

All manifolds and maps are assumed to be infinitely differentiable. Unless other-
wise specified, we use the terminology and notation from [7].

1. THE UNDERLYING FUNCTORS OF T#

We recall that the classical concept of r-jet can be generalized as follows. Consider
a fibered manifold p: ¥ — M and a manifold ). For two maps f, g: ¥ — @Q we
define j;»°f = j;’°g, y € Y by requiring the r-th order contact of f and g at y and
the s-th order contact, s > r, of the restrictions to the fiber Y, passing through
y,x = p(y), i.e.

(1) j; :j;g and j;(f‘ym):];(g|yw)

The space of all such (r, s)-jets is denoted by r, s(Y, Q).
If also @ is a fibered manifold 7: Z — N and f, g: Y — Z are two F.#-
morphisms, whose base maps are denoted by f, g: M — N, we can require a

higher order contact of the base maps as well. Hence for every ¢ > r we define
jy*tf = jy*g by (1) and

(2) jif =Jig-
If h: Z — W is another % .#-morphism, the formula
Q) Jyealio f) = (Tjih) o (iy*1)

introduces a well defined composition of (r, s, ¢)-jets. The space of all (r, s, q)-jets of
F A -morphisms of Y into Z is denoted by J"*(Y, Z).
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A classical r-jet X € J;(Y, Z), is called projectable if there is an r-jet X €
Jh) (M, N) () satisfying (jIm)oX = Xo(jyp). One verifies easily that J""" (Y, Z) C
J"(Y, Z) is the subspace of all projectable r-jets.

If m =dim M and m +n = dimY, we introduce the principal fiber bundle of all
(r,s,q)-frames on Y by

P2y = invJy e (R™™,Y),
where inv indicates the invertible jets and (0,0) € R™ x R™. Its structure group is
G = iang:S’q(Rm’", R™™)0.0
and both multiplication in G;%7 and its action on P™*9Y are given by the jet
composition. We define a bundle functor T3} of (k,l;r,s)-velocities on .# f by
TQ = J&’S(Rk’l , Q) for every manifold @ and
(4) T, f(Go09) = doo(fog)s  doog € T,/ Q
for every smooth map f: @ — Q. Moreover, we introduce a bundle functor 7}";*% of
(k,l;7, s, q)-velocities on F.# by
Ty = JERHY)
for every fibered manifold Y. Then every .#.#-morphism f: Y — Z induces T}
1,7 — T, Z by means of the jet composition. One finds easily

(5) Ty =T{M xu VY,

where T}/ M is the bundle of all (k, ¢)-velocities on M and V;°Y is the bundle of all
vertical (I, s)-velocities on Y.

Remark 1. If £ — N is an epimorphism of vector spaces, then J"*4(Y, FE) —
Y has an induced structure of a vector bundle. So we can define, analogously to
Ehresmann, [4], a vector bundle over YV’

(6) TrP Ty = J9(Y, R g 0.
Every .#.#-morphism f: Y — Z, f(y) = z, induces a linear map
™) Xyt f): (T 2)s — (TEY),
by means of the jet composition
Ay f)(X) =X o (Gy>f), X e (T3] "2)..

Similarly to [7, p. 123], if we denote by Tl::ls’qDY the dual vector bundle of (6) and
define T,:’ls’quf: T,:’ls’qDY — Tg’ls’qDZ by using the dual maps to (7), we obtain
another bundle functor T}/ Son Fo.

1019



Clearly, the functor Tkrls "7 preserves products. The second author showed that
the product preserving bundle functors on .#.# are in bijection with the homomor-
phisms p: A — B of Weil algebras, [10]. The functor T# determined by such a
homomorphism is defined by

(8) THY = TAM x5y TPY

where we consider the map py: TAM — TPM induced by p and the submersion
TBp: TBY — TBM. For an .Z .#-morphism f: Y — Z, one defines

(9) THf=TAf xre; TP f: THY — TVZ.

In the case of T);"%, A is the jet algebra Dj = R(k)/m(k)?"", where R(k) is the
algebra of polynomials in k variables and m(k) is its maximal ideal,

(10) Dy = Rk +1)/(m(k)m(k +1)", m(k +1)*+)

)

and the homomorphism
(1) 3 O - Of;

is induced by the canonical injection R(k) — R(k+1), [3]. So T4 =T}l and T? = Ty
in this case. Forevery 7 < r,5<s,q7< ¢, s > T < @, the construction of lower order
jets induces a natural transformation 77"% — TZ? 9. Generalizing [5], we introduce
analogous underlying bundles for every T*.

Having a Weil algebra A, we write A = R x N4, where N4 is the nilpotent ideal.
For every integer ¢, we define the induced algebra A, to be A/N%™" [5]. Since the
order of A is the smallest integer h = ord A satisfying NZH =0, we have 4, = A4
for ¢ > ord A. Consider another Weil algebra B = R x Np and a homomorphism
u: A— B. For s > r, we define
(12) B, = B/{u(Na)Np, N5™).

If ¢ > r, we have u(N%™') C u(Na)Np. So there is an induced Weil algebra
homomorphism

(13) Mrsq: Ag — Bl

Definition 1. The morphism (13) is called the underlying homomorphism of
of the order (r,s,q), s > r < gq.
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Consider another Weil algebra homomorphism v: C — D. By a morphism f:
u — v we mean a pair f = (f1, f2) of Weil algebra homomorphisms f1: A — C,
fa: B — D such that the following diagram commutes:

A" . B

(14) f1 l lfz
c Y- D

We say that f is an epimorphism if both f; and f> are surjective. The group of
all isomorphisms p — p will be denoted by Aut p.

Since f1(N4T) < Ng,+1, there is an induced homomorphism fi,: A, — Cj.
Similarly, we have fo({u(NA)NE, Ngt1)) € (v(Ne)N§, N5, so that there is an
induced homomorphism

f2,7‘,5: Bﬁ,s - Dlrl,s-
Using the standard algebra, we deduce

Proposition 1. We have
J2,7,5 © Hr,s,g = Vr,s,4 © f1,q-

So, for every s > r < g, there is an induced morphism

(15) frsa=(fras fors): trsa = Vrsa:

Definition 2. The functor T#=4 is called the underlying functor of the order
(r,s,q) of T, s 2 7 < q.

By [10] the natural transformations T# — T" are in bijection with the morphisms
©— v. So we have

Corollary 1. Every natural transformation T* — TV is projectable over a natural
transformation T+ — TVm=q for every s > r < q.

Remark 2. In [5], the first author showed that T4 M — TA~-1M is in affine
bundle, whose associated vector bundle is the pullback of TM ® (N7 /Nt over
T4 -1 M. In the fibered case, one deduces in the same way the following two results.

(i) If s > r, then THr=9Y — THrs-1.4Y is an affine bundle, whose associated vector
bundle is the pullback of VY ® (Ng/N5t') over T#rs-14Y where VY denotes
the vertical tangent bundle of Y.

(i) If ¢ > r, then THr=9Y — THr=a-1Y is an affine bundle, whose associated vector
bundle is the pullback of TM @ (N4 /N4t') over THr=a-1Y.
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2. CONTACT ELEMENTS

We recall that X € T} M is said to be regular if X is r-jet of an immersion. For
k < m, the subset regT} M of all regular elements is an open dense submanifold of
Ty M. The bundle KM of contact (k,r)-elements on M is the factor space

(16) KiM :=reg Ty M/G},

with respect to the right action of Gj, defined by the jet composition.
In the fibered case, an .#.#-morphism f: Y — Z with the base map f will be
called a fibered immersion if both f and f are immersions.

Definition 3. regT, 'Y C T,V is the subset of all (r,s,q)-jets of fibered

immersions.

By (5) we have T,S”ll’lY = T!M xp V'Y, One verifies easily that
(17) reg T,S)’ll’lY =reg TE M x p reg V'Y,

As a direct consequence of the definition, X € 7}7,"?Y is regular if and only if its
projection into T; ,S ’ll’lY is regular. So we have

(18) reg T, "Y = reg T M Xy Teg 7Y,

where reg T, 'Y C T;)Y is the subset of all (r, s)-jets of immersions.
Analogously to the manifold case, we introduce

Definition 4. The bundle K';""Y" of contact (k,[;7, s, q)-elements of Y is the

75,4

factor space reg T} )Y /G

We show later in a more general setting that there is a canonical manifold structure
on K;'7Y. We shall need the following assertion.

Proposition 2. The group G};'* coincides with Aut ¢, "

Proof. Write § = ¢, /7" for short. Let z; or x;,y, be the generating elements of
R(k) or R(k +1), respectively. The elements of D} are polynomials in z; of degree at
most q. Each element of D};? is a polynomial of degree at most s in ¥, and of degree
at most r in the monomials that contain at least one z;.

Consider a morphism f: § — 6. It is determined by the values fi(z;) € Df
and fa(y,) € D)}, These data define an element of Jg5/(R*!, R*!)g 0. Consider
X1 = jlp1 € DY = JG(RF,R) and Xo = jg:ggpg € IDZ? = JS:S(R’“’Z, R). Construct
an % ./ -morphism : RF — RN o(t, 7) = (¢1(t), p2(t, 7)), t € R¥ 7 € Rl. This
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identifies (X1, X3) with an element of Jg'5(R®!, R:!). In the covariant approach to
natural transformations of Weil functors, [6], the action of the semigroup Mor(d, §) of
all morphisms 6 — ¢ corresponds to the composition of (r, s, ¢)-jets. This identifies
Jog 1 (REL RE-)g o with Mor(d,4). Clearly, the invertible (r, s, q)-jets correspond to
the isomorphisms. O

We are going to describe how the contact (k,I;r, s, g)-elements on Y characterize
the contact of fibered submanifolds of Y. We say that a submanifold Z C Y is a
fibered submanifold of Y if N = p(Z) C M is a submanifold and the restricted and
corestricted map Z — N is a fibered manifold. The fibered dimension of Z is the pair
(k,1), k =dim N, k+1 = dim Z. A local parametrization of Z is a fibered immersion

:T,5,q

@: R — Z. Hence jy % € reg T, ;Y and the change of fibered parametrization
at (0,0) corresponds to the jet composition of jy 5@ with an element g € G}/7
We recall that, in the manifold case, every n-dimensional submanifold N C M
determines canonically a contact (n,r)-element k' N C K] M for every x € N, and
two n-dimensional submanifolds N, N C M have r-th order contact at x € NN N if

Definition 5. We say that fibered submanifolds Z,Z C Y of the same fibered
dimension (k,1) have a contact of order (r,s,q) at y € ZNZ, s > < g, if

(19) kiZ=kIZ kiZ,=kiZ, and KIN = kIN,

where Z, or Z, is the fiber over x = p(y).

We write (k; Z, k; Z,, kIN) = k;;*>?Z and say this is the contact (r, s, ¢)-element
of Z at y. The identification of kj*?Z with an element of K;’]"?Y is based on the

following assertion.

Proposition 3. We have k;*12 = k;’s’qi iff there exist fibered parametrizations
@ of Z and p of Z, ¢(0,0) = y = $(0,0), satisfying

(20) Jo"e = Joo P

Proof. By the definition of composition of (r, s, q)-jets, (20) implies (19) di-
rectly. Conversely, assume (19). From the manifold case we know there is a local

coordinate system z',...,2™ on M such that N or N can be parametrized in the
form
(21) 2 =%, 0 = () or a2t =P,
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respectively, a = 1,...,k,b = k+1,...,m. Then kIN = kgﬁ is equivalent to
jggob = jg@b. Next we can add such fiber coordinates 2™ %!, ...,2™+" on Y that the
fibered parametrization of Z or Z is (21) and

(22) xm+c — 7€ xm+d — (Pm+d(ta, TC) or zm+d _ ¢m+d(ta’ 7_(:)7

respectively, ¢ = 1,...,l, d = [+ 1,...,n. In this situation, k}Z = kjZ im-
plies ji o™+ = ji (@™t Finally, ksZ, = k;?x is equivalent to j5¢0™+4(0, 1)

r—m+d T,8,q—

J6@™ (0, 7). Thus, (19) is equivalent to jy'a v = jy'o*@.

ool

Every Weil algebra A induces a vector space A=Ny /N3 and every homomor-
phism ;i: A — Binduces a linear map ji: A — B. Write B = B/ji(A) for the factor
vector space. In the manifold case, the underlying bundle 741 M of TAM is isomor-
phic to TklM, k = dim A, and renglM C M characterizes reg T4 M C TA*M. In
[5], reg TAM C T4M is defined as the inverse image of reg 741 M with respect to the
canonical projection T4M — Tt M, see also [11]. In the fibered case, if | = dim E#,
then (12) implies that the underlying bundle T#0-1.1Y" is isomorphic to

TEM x 0 VY.
Then we define
(23) reg THo11Y = reg TE M x5y reg V'Y

and reg THY is the inverse image of reg T#01.'Y with respect to the canonical pro-
jection. Thus, analogously to (18) we have

(24) reg THY =reg TAM x 75y, reg TPY.

In the manifold case, the following concept was introduced in [5], [11].

Definition 6. The bundle of contact elements of type i on Y is the factor space
KMY =regTHY/ Aut p.

We shall write x: regTHY — KH"Y for the factor projection.

We introduce the manifold structure on K*Y by using the ideas by Alonso [1].
First we have to generalize his algebraic lemma. Denote by a the image of a € N4
in A and by b the image of b € Ng in B".
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Lemma 1. Let f: ¢;,%! — p be an epimorphism. Let ai,...,ar € Na,
bi1,...,bp € Np have the property that ai,...,a; is a basis in A and b,..., b
is a basis in B". Then there exist generators x1,...,%, of DI and additional
generators yi,...,y, of Dy, satisfying fi(x1) = a1,..., fi(zr) = ax, fi(*es1) =
0, filwm) =0, falyr) = bu, ..., fa(n) = by, fo(yrs1) =0, fo(yn) =0.

Proof. By the surjectivity of f1, there exist 1, ...,z € D?, satisfying f1(z1) =
ai, ..., fi(zx) = ax. Complete them by some z;._ ..., 2, to a system of generators
of D¢ . Hence we have

fi(z)) = Pu(a1,...,ax), u=k+1,...,m

for some polynomials P,. Then we define z,, = 2/, — P, (21, ..., z)). Further, by the
surjectivity of fa, there exist y1,...,y € D)%, satisfying fo(y1) = b1, ..., fa(y1) = bi.
Complete them by some y;, ,...,y, to a system of additional generators of D, .
Hence we have

fo(yh) = Py(ular), ... u(am), b1, ..., by), v=I1+1,...,n

for some polynomials P,. Then we define y, = v, — P, (67;%2(x1), ..., 0% (2m),
Yly-onsYl)- O

Proposition 4. Let f,g: 0% — p be two epimorphisms. Then there exists an
isomorphism h: 6% — 6% satisfying f = g o h.

Proof. For given ay,...,a,b1,...,b;, Lemma 1 yields some zi,...,y,, for f
and some z¥,...,y! for g. Define h by setting hi(z}) = =f,...,hi(z),) = =7,
ha(y1) = y1, - ha(yn) = yn.- O

Consider a fixed epimorphism f: 6;:%7 — p.

Lemma 2. For every isomorphism ¢g: p — u, there exists an isomorphism h:
Ol — o5 satisfying g o f = f o h.

Proof. We apply Proposition 4 to f and go f. 0

By this lemma, for every g € Autpu there is an element h € GJ% that is f-
projectable over g. The subgroup G of all such elements is a closed subgroup, so a
Lie group, and the induced map f: G — Aut p is surjective. The kernel G C G is a
closed subgroup and the factor group G /G is isomorphic to Aut .

The epimorphism f induces a natural transformation fy: T;;%57Y — T*Y, which
maps reg T7:50Y = P*"1Y onto regT"Y. We start with the case Y = R™". We
have

(25) PrSaR™T = R i Gl
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The natural transformation fpm.» coincides with the factor projection of (25) into
(26) R™™ x (ansrf/a) =reg THR™"™.

Then the group identification (G7%7/G)/(G/G) = G54 /G implies
(27) KMR™™ = R™™ x (G351 G).

This decomposition introduces the manifold structure on K#R™" that is indepen-
dent of the choice of f. Indeed, if we replace f by another epimorphism ;%7 — p,
we find the effect of an inner automorphism of G7%1. Globalizing this result to an
arbitrary Y, we obtain

Proposition 5. There is a unique manifold structure on K*Y such that the
factor projection : regTHY — KHY is a submersion.

We have also proved the following assertion.

Corollary 2. regT"Y — K"Y is a principal fiber bundle with structure group
Aut p.

3. SOME NATURAL PROPERTIES OF K[!

First of all we show that the functor K’;"? is rigid from the naturality point of

view.

Proposition 6. The only natural transformation ¢: K)}''Y — K'Y is the
identity.

Proof. By locality, we may assume Y = R™". Let i: R*!' — R™" be the
injection
(28) =2 =0, 5=y " =0.

Write ¢ = k(joo%). Since K,'7R™" is the orbit of o with respect to fibered

:T58,4

isomorphisms of R™™, it suffices to prove €'(¢) = o. Let € (0) = x(jo}y"n). Since

7 is a fibered immersion, there exist integers i1, ..., %k, j1,--.,j; such that the map
@: Rk,l N Rk’l,
(29) Fi=a"on, ..., B =a"%on gl =ylon ..., § =yloy
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is a local fibered isomorphism of R”". Consider a fibered isomorphism e;, 0 # ¢ € R,
on R™" of the form

(30) T =tz + 2t T =2, §¢ =ty + P, §¢ =yl
We have K;'["e;(0) = o for all t. By naturality, e, preserves ¢’(¢) as well. For
t — 0 we obtain ¢'(0) = £(jyy"77), where 7] is expressed by (29) and

(32) T =, T = fo(u), 5¢ =0, 7% = fU(u,v).
Consider a fibered isomorphism d;, 0 # t € R, on R™" of the form
(33) Tt =a, T =ta’, g° =y, g =ty

Since d; preserves g, it preserves € (o) as well. For t — 0 we obtain €(9) = 0. O

In the case of n = 0, the fibered manifold idy;: M — M is identified with M.
Then the only non-trivial situation is [l = 0, »r = s = ¢. In this case we obtain
the classical bundle KM of all contact (k,r)-elements on M, [8]. The following
corollary represents a new result in the manifold case.

Corollary 3. The only natural transformation KM — KM is the identity.

Proposition 44.4 from [8] reads that every natural operator transforming vector
fields on a manifold M into vector fields on KM is a constant multiple of the flow
operator. We generalize this result to the fibered manifold case.

Proposition 7. For m > k, every natural operator < transforming projectable
vector fields on a fibered manifold Y into vector fields on K;'}’?Y is a constant
multiple of the flow operator J¢; ;"4

Proof. Consider Y = R"™" and g from the proof of Proposition 6. First we
deduce that </ is uniquely determined by </ (9/0z™),. Write 7: K J/R™" —
R™™ for the bundle projection. Let X be a projectable vector field on R"™™ over
a vector field X1 on R™. Consider 7 € K J/R™" over 19 € KjR™, n(1) = (2,y),
with the property that X;(x) is transversal to 79. In this situation, there exists a
fibered isomorphism of R™"™ transforming 7 into ¢ and the germ of X at (z,y) into
the germ of 9/9x™ at (0,0). For m > k, all 7 with this property form a dense subset
in K,::ls’q[Rm*”.

Next we prove & = ae%/k’jf’q—i—“f/, a € R, where ¥ is a m-vertical operator, i.e. every
¥ (X) is a m-vertical vector field. Write

(34) Tﬂ(%(axm)) z:az m

ai,bj e R

OO
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Consider the fibered isomorphisms ¢; = (tal,... ta™= 1 2™ tyl ... ty"), t # 0,
on R™™. They preserve 0/90z™ and p, so they preserve Tnw(e/(0/0x™),) as well.
On the other hand, ¢; transforms (34) into

m—1

0 0 - 0
; Ox 0,0 Ox 0,0 ; oy’ 0,0
This implies a1 = ... = a1 =by = ... = b, = 0. Hence ¥ = &/ — a,, 7" is a

m-vertical operator.
It remains to show ¥ (9/02™), = 0, which is equivalent to ¥ = 0. Let 1)~ be the
flow of ¥ (0/0x™). By m-verticality,

(35) ¥ (0) = k(oo nr),

where 7, is a smoothly parametrized family of fibered immersions R¥! — R™7"
sending (0,0) into (0,0). By continuity of ¢, we may assume i, = a and j. = ¢ in
(29) with 7 replaced by n, for 7 sufficiently small. Thus, every 7, can be chosen in
the form (32) with f°(0) = 0 and f¢(0,0) = 0. Consider the fibered isomorphism k;

1 1
(36) Tt = zxa, =2, ¢ = Zyc, 7 =y, 0£teR

Since k; preserves 0/0x™, K;'""k; commutes with 1. Clearly, K;'7"%k:(0) = o,
so that K77k (17 0) = ¥-(0). Then (36) implies

bro=k(jg 5 (ke onr)) = k(5 (ke 0 mr 0 tidg")).

For t — 0, we obtain ¢, (0) = 0. Hence ¥ (9/9z™), = 0. O

Now it is easy to determine all natural transformations of TK,’}"?Y into itself.

Proposition 8. For m > k, every natural transformation #: TK, Y —
TK, 'Y is a constant multiple of the identity.

Proof. Let p: TK;"Y — K77 be the bundle projection, & the zero
section and I the identity of TK,7""Y. Then po B o 0: K. 'Y — K'Y is a
natural transformation, so the identity of K;’;"*Y" by Proposition 6.

First we show that p o & = p. Write o = J,/;”% (9/02™) ,,
proof of Proposition 6. Since the orbit of o is dense, it suffices to verify p(%B(c)) = o.

where g is from the

We have p(#(10)) = jo .o *n-, 7 € R. Analogously to the proof of Proposition 7, we
may assume 7, is of the form (32) with f*(0) = 0 and f¢(0,0) = 0 for 7 sufficiently
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small. The fibered isomorphisms (36) preserve p(%#(rc)). For t — 0, we obtain
p(#(10)) = p. Using the homotheties on R™", we find p(#(0)) = o.

This implies that Zo.%#,";”" is a natural operator transforming projectable vector
fields from Y to K'Y, so a constant multiple of %"} by Proposition 7. Hence
PB(c) = co for some ¢ € R. Using the fact the orbit of o is dense, we obtain & = cI.

O

A one-form w: TY — R is called horizontal if w(X) = 0 for every vertical tangent
vector X of Y. In general, given a fibered manifold ¢: Z — N, the vertical lift of a
one-form w: TN — R is the one-form woTq: TZ — R.

Proposition 9. For m > k, every natural operator & transforming horizontal
one-forms on Y into one-forms on K'["?Y is a constant multiple of the vertical
lifting.

Proof. Consider o from the proof of Proposition 8. Since the orbit of o is
dense, & is uniquely determined by the evaluations (& (w), o) for all horizontal one-
forms w on R™™. The homotheties hy on R™" ¢ # 0, preserve g and map 9/9z™
into t0/0x™, so they send o into to. Using the naturality of & with respect to hy, we
obtain a homogenity condition (& (hjw),o) = t(&(w),c). By the nonlinear Peetre
theorem and the homogeneous function theorem, [7], we deduce that (& (w), o) is lin-
ear in wp o € T (R™™. Using the naturality of & with respect to the transformations
(tzt, ... tam= L™yl o y"), t # 0, we obtain (£(dzt),0) =0fori=1,...,m—1.
Hence & is determined by (& (dz™), o). This proves our claim. O

For the manifold case, we obtain

Corollary 4. Every natural operator transforming one-forms on a manifold M
into one-forms on KM is a constant multiple of the vertical lifting.
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