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Abstract. For z € B™, the boundary of the unit ball in C", let A(z) = {\: |A] <1}. If
f € O(B™) then we call E(f) = {z € 0B™: fA(z) |(2)|? dA(z) = oo} the exceptional set
for f. In this note we give a tool for describing such sets. Moreover we prove that if E is
a G and F, subset of the projective (n — 1)-dimensional space P"~! = P(C") then there
exists a holomorphic function f in the unit ball B™ so that E(f) = E.
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1. INTRODUCTION

Let S denote the unit sphere in the complex space C". Wojtaszczyk constructed in
[6, Theorem 1] a sequence of homogeneous polynomials in C* with special properties
on the boundary of the unit ball B” in C*. By means of those polynomials he could
give an example of a function f € Q(B™), the space of holomorphic functions in B",
such that | f| is not integrable with any power p, 1 < p < 0o, on any slice of the form
A(z) =Cz N B, where z € S (see [6]).

In this note we focus our attention on another related problem. Suppose now
that f is a holomorphic function in the unit ball B” in C". Let II; be the set of all

complex one-dimensional linear subspaces of C". Let
E(f)={A€Tl;: f|lans is not L*-integrable on AN B"}.

It turns out that F(f) is a Gs-set in the natural topology in II;. Note that II;
can be identified with the projective (n — 1)-dimensional space P"~! = P(C"). Now
let E be a given arbitrary Gs-subset of P"~1. We try to construct f € O(B")
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such that F = FE(f). Such function can be obtained (see Theorem 3.6 below) by
means of modified Wojtaszczyk polynomials; the construction of those polynomials
is performed in Theorem 3.5.

We give also examples of functions holomorphic in the unit ball with another kind
of bad behavior on one-dimensional slices (Proposition 4.1).

Note that other examples of functions with bad behavior on lower-dimensional
subsets of B" were given by several authors; see e.g. [2], [3], [4], [6].

2. SLICES

There is a natural, unitarily invariant (Lebesgue) measure on S. We normalize
it so that the measure of the whole sphere S equals 1 and we denote this measure
by o. Moreover there exists a natural (Lebesgue) measure on P"~!. We denote this
measure by op. First we prove a result about the relation between homogeneous
polynomials and slices A(z).

Proposition 2.1. Let f € O(B") and f(z) = ). pm(z) where p,(2) is a
meN
sequence of homogeneous polynomials of the degree m. If for z € S we denote A =

A(z) =Cz N B" then

e 2
/|f|2dA<oo¢>ZM<oo
A m=1 m

Moreover

Proof. For z € OB™ let A = A(z) = Cz N B". We can calculate

/|f|2dA:/ F(A2) FdAfZ/ [P () PAI2™ A
A

Al

=2n Z / [pm (2 |2T2m+1 dr = Z [P s 12.

<r<l
From this follows

o 2
/|f|2dA<oo<:>27|pm(z)| < 00
A m=1 m
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To prove the second part, first we can easily prove that there exist constants ¢,¢ > 0
independent of the choice of the function f such that

¢ / TOREDS / / P () PIAP™ dAop < @ / F)P dy.
B~ m—1 JwepPr—1 JIN<1 n

Now because

. 2 2m - |pm(w)
E P (W)] | A dAdop == E / —————do
m=1 /wepnl /|)\<1 | ( )| | | ’ w 3 m+1 ?

we conclude that

/Bn If(y)IQdy<00<:>Z/ Pl 47y < oo,

me=1 wePn—1 m

O

Proposition 2.2. If f € O(B™) then E(f) is a Gs subset of the projective space
[

Proof. Let f € O(B™). There exists a sequence of homogeneous polynomi-

als p,(z) such that p,,(z) is of degree m for every m and f(z) = > pr(z). Let
k=0

he(2) = X |pr(2)|2k~ 2%, For t < s < 1 we define gs(2;\) = Y pr(2s)\*. There
k=1 k=0

exists M, > 0 such that if Al < 1, z € B” then |gs(z;A)] < ‘M,. Therefore by
Cauchy’s inequality it follows that |py(zs)| < M; for z € B". From this it follows
that |pr(2)] < s7*M, for z € B". Now, it is clear that h; is continuous. We define
h(z) = sup hi(z). Because E(f) = h~!(c0), therefore it is enough to prove that

t<

heo) = () Uhi (M),
MeN t<1

Let z € B" be such that h(z) = co. Let M € N. There exists ¢ < 1 such that
hi(z) > M and therefore z € |J h; '((M;o0)). Moreover if h(z) < oo for some
t<1

z € B" then for M > h(z) we have z ¢ |J h; '((M;o0)). The proof is complete. [
t<1
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3. HOMOGENEOUS POLYNOMIALS
Definition 3.1. In the complex n-dimensional space C"* we will always consider

the usual scalar product (-,-). On the unit sphere S we will consider a unitary

invariant pseudo-metric o:
0(z1,22) = /1 — {21, 22)|
As usual, we denote the open ball with center zy € S and radius r
B(zo;r) :={z€8S: 0(z0,2) < r}.

There is a natural, unitarily invariant (Lebesgue) measure on S. We normalize it so
that the measure of the whole sphere S equals 1 and we denote this measure by o.
As in the paper [6] using (1.4.5) of [5] we easily compute that

T2 g o(B(zo0;7)) < gn—lp2n=2

A subset A C S is called a-separated if p(z1, 22) > « for all distinct elements z; and
) of A.

Lemma 3.2. Suppose that {Ci,...,(s} is a C/v/N-separated subset of S. Then
for C > 2 we have s < N" 1,

Proof. Since the balls B((;; C/(2V/N)) are disjoint we get

C«2n 2 S C
2271 2Nn—1 \Z ( (<-772\/N)> <l

so s < N L, O

Now we need the following Lemmas from the paper [6]:

Lemma 3.3 [6, Lemma 2]. If A C S is a/v/N-separated then for each > «a
there exists an integer K = K (o, 3) such that A can be partitioned into K disjoint
(/v/N-separated sets.
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Lemma 3.4 [6, Proposition 1]. There exists a constant C > 2 such that for all
integers N large enough, for each C'/v/N-separated subset {1, ...,&,} of S and each
integer k with N < k < 2N the polynomial

S

pr(z) =Y (z.6)F

=1

satisfies
1. |pr(2)| <2 for all z €S,
2. |pr(2)| = 0.5 for each z € S such that o(z,£;) < 1/(4V/N) for some j = 1,...,s.

Now we are ready to prove the following result (compare: [6, Theorem 1]).

Theorem 3.5. There exists K € N such that for 0 < € < 1 and for each pair of
closed subsets D, T of S such that o(z,w) > 0 for all z € D and all w € T we can
choose mg = mo(D,T,c) € N and a sequence p,,(z) of homogeneous polynomials of
degree m which satisfy

1. |pm(z)| <2 for all z € S, m > my,

K(m+1)—1
2. S |pi(2)| = 0.5 for all z € T, m > my,

3. S pi(2)] <27EM™ forall z € D, m > my.

Proof. Let C be as in Lemma 3.4. Let K = K(«,3) be as in Lemma 3.3 for
a=0.25and g = C. For N = Km fix a maximal 1/(4\/N)—separated subset A C T.
Using Lemma 3.3 we can divide A into at least K disjoint C/ v/N-separated subsets
A, Aq,..., Ax_1. We define

Prm+j(2) = Z <Z,5>Km+j

§EA;

for 7=0,1,..., K — 1. From Lemma 3.4 we infer that there exists mg so large that
for m > mg we have |prm+;(2)| <2 for all z €S and |pxm+;(2)| = 0.5 for

1
z € B(ﬁ; —)
gg]. 4N

K-1
Since A= |J A, is a maximal 1/ (4\/N )-separated subset of T we conclude that

U U #(eits) - Urles) >

J=0 €€A; teA

99



and from this it follows that

K(m+1)—1
Z |pi(2)| = 0.5 for all z €T, m > my.

i=Km

Without loss of generality we can assume that mg is so large that o(z,w) > /1/N¢
for all z € D and w € T. Using Lemma 3.2 we have for mg large enough, m > my,
N=Kmand z€ D

K—1 K—1
S Iprmei () < D0 D W OFH <Y |z
j=0 J=0 €A, £eA
1 N 1 NeN'—¢
n—1
< Z(1ﬁ> SN <1F)
£eA
Nn—1 1

Now we prove the main Theorem of this note.

Theorem 3.6. If F is a G5 and F,, subset of P"~! then we can choose a function
f € O(B™) such that E = E(f).

Proof. There exist sequences D; and S; of closed subsets of P*~! such that
S; C Siy1, USi=Fand D; C Diyq, UD; =P '\ E. If z,w € S and (z;w) € Ry
then we have

Therefore because D; N'S; = @ we conclude that g(z;w) > 0 for each z € D;
and each w € §;. By Theorem 3.5 there exist K € N, ¢ € Ry, a sequence
of numbers m; such that Km; + K < Km;;1, and homogeneous polynomials
PEm+0(2),- -+, Prm;+K—1(2) satisfying
K(m;+1)—1
1. S pe()?=1forall z € S;,

v=Km;
K(mi+1)71 .
2. Y p(2)?<1/2 for all z € D,

v=Km;

3. [pp(z)|<cforall zeSandv=Km; +j,i€eN, j=0,1,..., K — 1.
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Let A ={Km;+j:i€N,j=0,...,K —1}. We define f(z) := 3 v}/?p,(2).
vEA

Because |p,(z)| < ¢|z]” for all z € B"™ we have f € O(B™). If z ¢ E then there exists
Jo € N such that z € D; for all j > jo and therefore we have

Sl Y P Y <
k

vEA vEA U< Kmj, =jo

and we conclude that [ .. |f[* < oc.
If z € F then there exists ig such that z € S; for all ¢ > ig. Therefore:

DI =) 1 =00
veEA k=i
Now it is clear that [ g, |f|* = cco. It follows therefore that E = E(f). O

4. HIGHLY NONINTEGRABLE FUNCTIONS

We give a nontrivial example of a highly nonintegrable function in the unit ball
as another application of Theorem 3.5 .

Proposition 4.1. There exists a function f € O(B™) such that f|c.rp~ is
bounded for all z € S and [, |f|* = occ.

Proof. There exists a sequence of numbers €; > 0, a sequence S; of closed sub-
sets, and a sequence U; of open subsets of P?"~! which have the following properties:

1. S, cU,

2. U;NU; =0 for i # j,

3. o(z,w) >¢; forall z € S\ U; and w € S;,

4. o(S;) >0 for all j € N.
If we define D; = P"~1\ U, then D; are closed in P"~! and o(z,w) > 0 for all z € D;
and all w € S;. Because

K K ¢ K K K K K
Zafg (20“) :ZZaiaj< Z(a?—i—a?):QKZa?

i=1 i=1 j=1 i=1 j=1 i=1

for K € N and a; > 0, by Theorem 3.5 there exist K € N, ¢ € R, a sequence of
numbers m; (j € N) so that Km; + K < Kmj;1 and a sequence of homogeneous
polynomials p,,(z) of degree m such that

1. |pm(z)| < cforall z €8S,
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K(m;+1)—1
2. Y |p()>1forallze s,

v=Km;
K(mj+1)—1
3. > Ipo(2)] <27\/m_f<mj_1 for all z € S\ U;.
v=Km;

We can assume that m; is so large that

for all 7 € N.
We define
K(m;+1)—
' Vops(2)
f(z) =
jGZN v_;mj U(SJ)
Because

V[P (2)] C\/ Km; + K|Z|ij < cmy; |Z|ij

\/— \/— = 9j
forv=Km;+i,i=0,1,...,K—1,j €N, z € B", it is easy to see that f € OQ(B").
Let z € S, A € C where |\| = 1. Because U; NU; = () for i # j there exists jo € N so
that z € S\ |J U;. Now we have

JZjo

K (mj+1)—1 K (mj+1)—1
Volpo(2)] Volpo(2)]
If(A2)] — N Y2l
22 TS A 2 Ve
Km; + K
D SRLIIELS S
j=jo 4 a(S;) J>J0

and we conclude that f|c.np» is bounded.

Moreover we can write

m]+1 | 1
v
DU DU RIS S R
JEN v=Km; pr—t jEN S 0( j)
and we conclude by Proposition 2.1 that g, |f]* = oc. O
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