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Abstract. In this paper, we introduce a simple formula for conditional Wiener integrals
over Co(B), the space of abstract Wiener space valued continuous functions. Using this
formula, we establish various formulas for a conditional Wiener integral and a conditional
Feynman integral of functionals on Cy(B) in certain classes which correspond to the classes
of functionals on the classical Wiener space introduced by Cameron and Storvick. We also
evaluate the conditional Wiener integral and conditional Feynman integral for functionals

of the form -
exp{/o 0(s, 2(s)) dn(s)}

which are of interest in Feynman integration theories and quantum mechanics.

Keywords: Banach algebra Sg7 Banach space 82’37 conditional Wiener integral, condi-
tional Feynman integral, simple formula for conditional Wiener integrals
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1. INTRODUCTION

Let Cy[0,T] denote the classical Wiener space, that is, the space of real-valued
continuous functions x(t) which are defined on [0, 7] with 2(0) = 0. The concept of
conditional Wiener integrals on this space was introduced by Yeh in [18], [19]. By a
conditional Wiener integral we mean the conditional expectation E[F|X] of a real or
complex-valued Wiener integrable function F' conditioned by a Wiener measurable
function X on Cy[0,T], which is given as a function on the value space of X. We
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shall be concerned exclusively with X given by X (z) = (2(t1),...,2(t;m)), where
0<t; <...<ty=T. In[16], Park and Skoug derived a simple formula for the
conditional Wiener integral with the conditioning function X. Using this formula,
they expressed the conditional Wiener integral directly in terms of ordinary Wiener
integrals.

Let Cy(B) be the space of abstract Wiener space-valued continuous functions z(t)
which are defined on [0, 7] with z(0) = 0. In [13], the space Cy(B) was introduced
and in [17] Ryu developed several theories which appeared in classical and abstract
Wiener spaces. In [20], Yoo introduced a Banach space S}, 5 and a Banach algebra Sg
on Cp(B) which correspond to the Banach space S and the Banach algebra S” on
the classical Wiener space, respectively, introduced by Cameron and Storvick ([3]).

In this paper, we introduce a simple formula for a conditional Wiener integral
on Cy(B). Using the formula we establish various formulas for a conditional Wiener
integral and a conditional Feynman integral of functionals in the Banach space S;LB
and the Banach algebra S on Cy(B). Also, we evaluate the conditional Wiener
integral and conditional Feynman integral of functionals of the forms

exp{/OT Q(S,x(s))ds},

exof | T@(s,w<s>>ds}w<w<T>>,

exof | T@(s,w<s>>dn<s>},

] [ 065,60 ants) ptatr)

which are of interest in Feynman integration theories and quantum mechanics.

2. PRELIMINARIES

Let (2, o7, P) be a probability space and let B be a real normed linear space with
norm || - || and let #(B) be the Borel o-field on B. Let X: (Q, </, P) — (B, %(B))
be a random variable. Let F': 2 — C be an integrable function and let Px be the
probability distribution of X on (B, %(B)). Let 2 be the o-field {X1(B;): B; €
P(B)}. Let Py be the probability measure induced by P, that is, P»(E) = P(E)
for £ € 9. For every E € 9, let

Qx(E) = /E F(w)dP(w).
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Clearly, Qx is a complex measure on 2 such that Qx(E) = 0 for every E € 2 for
which Py (F) = 0. Hence Qx < Pg, so that in view of the Radon-Nikodym theorem
there exists a Z-measurable function E[F|X] defined on 2 such that the relation

[ BIFIXI@)aPs(@) = Qx(B) = [ Plw)apw)
holds for every E € 2. Here the function E[F|X] is determined uniquely Pg-a.s.
and it is called the conditional expectation of F' given X.

Also there exists a Px-integrable function v defined on B which is unique up
to Px-a.s. such that E[F|X](w) = (¢ o X)(w) for Pg-a.s. w. ¢ is also called the
conditional expectation of F' given X and without loss of generality, it is denoted by
E[F|X](n) for n € B.

Throughout this paper, we will consider the function ¢ as the conditional expec-
tation of F' given X.

The following lemma is useful for the proof of a simple formula for conditional
Wiener integrals on Cy(B).

Lemma 2.1 (Scalora [15]). Let B be a real normed linear space and let (, <7, P)
be a probability space. If X1 and Xo defined on (Q, o/, P) are independent random
variables in B, then |1 o X1 and I3 o X5 are independent random variables for every
l1,lo € B*, where B* is the dual space of B. Furthermore, if B is separable, then

the converse is true.

Let (22, B,m) be an abstract Wiener space ([14]). Let {e;: j > 1} be a complete
orthonormal set in the real separable Hilbert space ¢ such that e;’s are in B*, the
dual of the real separable Banach space B. For each h € 57 and y € B, let

lim Y (h,e;)(y,e;), if the limit exists;
()~ = { ==

0, otherwise,

where (-, -) denotes the dual pairing between B and B*.

Note that for each h(#£ 0) in JZ, (h,-)~ is a Gaussian random variable on B with
mean zero and variance |h|?; also (h,y)™ is essentially independent of the choice of the
complete orthonormal set used in its definition and, further, (h, A\y)~ = (Ah,y)~ =
A(h,y)~ for all A € R. It is well-known that if {hq, ha,...,hy,} is an orthogonal set
in 7, then the random variables (h;,-)~ are independent. Moreover, if both h and
y are in %, then (h,y)~ = (h,y) ([12]).

Let Co(B) denote the set of all continuous functions on [0, 7] into B which vanish
at 0. Then Cy(B) is a real separable Banach space with the norm |z|c,® =
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sup ||z(t)||s. And from [13], the minimal o-field making the mapping © — x(¢)

tx

measurable is Z(Cy(B)), the Borel o-field on Cy(B). Further, the Brownian motion
in B induces a probability measure mg on (Co(B), Z(Co(B))) which is mean-zero
Gaussian ([13]).

A complex-valued measurable function defined on Cy(B) is said to be Wiener
measurable and a Wiener measurable function is said to be Wiener integrable if it is
integrable.

Definition 2.2. Let F': Cy(B) — C be Wiener integrable and let
X: (Co(B), Z(Co(B)), ms ) — (B, A(B))

be a random variable, where B is a real normed linear space with the Borel o-field
P(B). The conditional expectation E[F|X] of F given X defined on B is called the
conditional Wiener integral of F' given X.

Now we introduce the Wiener integration theorem without proof. We easily obtain
this theorem by using change of variable theorem.

Theorem 2.3 (Wiener Integration Theorem). Let t = (t1,ta,...,t,) be given

with 0 = tg <t <t < ... < t, <T . Let T;: B — B* be given by
n

T;(xl,xg,...,:rn) = (\/tl 7150.%1,\/751 7t0171 —+ \/tz 7151172,..., Z \/tj 7tjflxj>
=1

and let f: B" — C be a Borel measurable function.
Then

/ fla(tr), z(t2),. .., x(ty)) dmg (x)
Co(B)

n

X /n (fOT{)(Il,IQ,...,xn)d(Hm> (1,22, .., ZTn),
i=1

where by = we mean that if either side exists, then both sides exist and they are
equal.

The following results are useful for the proof of Theorem 3.1. For more details,
see [17].

(1) Let 0 =tyg < t1 < ... <t, <T be a partition of [0,T]. Then x(t;) — z(t;—1)
(j =1,2,...,n) are independent as functions of x on Cy(B).

(2) Let {W;: 0 <t < T} be the Wiener process on Cy(B) x [0,T], where W;(x) =
x(t) for © € Co(B). Then, {W;: 0 < t < T} is a stochastic process with
stationary increments, that is, for ¢1,t; + s,t2,ta + s € [0,T], W, — Wy, and
Wi,+s — Wi, +s have the same distribution.
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(3) Let {W;: 0 <t < T} be the Wiener process and let [ € B* — {0}. Then [ o W;
is normally distributed with mean 0 and variance #||1]|2.

3. SIMPLE FORMULA FOR A CONDITIONAL WIENER INTEGRAL

In this section, we introduce a simple formula for conditional Wiener integrals on
the space Cy(B).

Let 7: 0=tg <t1 < ... <ty =T be a partition of [0,T] and let = be in Cy(B).
Define the polygonal function [z] of 2 on [0, 7] by

t—ti
ti —ti1

(3.1) [2](t) = me,hti](t) [!E(ti—l) + (z(t;) = x(ti-1)) |,

—

where t € [0,7T]. For each €= (&1,...,&m) € B™, let [€] be the polygonal function
of € on [0,T] given as in (3.1) with & = 0. Note that both [z]: [0,7] — B and
[€]: [0,7] — B are continuous.

Throughout this section, define W;: Co(B) — B by Wi(x) = «(¢) for € Co(B),
where 0 < ¢t < T, and define X;: Cy(B) — B by X;(z) = [](¢) for € Cy(B), where
0<tT.

The following theorem corresponds to the Theorem 1 in [16]. But our proof is
different from that of the latter theorem.

Theorem 3.1. Let {W;: 0 < ¢t < T} be the Wiener process on Cy(B) x [0, T
and define X.: Co(B) — B™ by X (z) = (x(t1),...,2(tm)).

Then the processes {W; — X;: 0 < t < T} and X, (x) = (x(t1),...,z(ty)) are
stochastically independent.

Proof. First, we will show that for [ € B* — {0}, {I{(W;): 0 <t < T}isa
standard Brownian motion process and hence it is a Gaussian process. For 2 € Cy(B),
I(Wo(x)) =1(x(0)) =0. Let 0 < s <t < T and let B € A(R). Then

mas[((W2) = UW)) " (B)] = ms (W, — W,) "' (171 (B))]
= m[(Wi_s) 117 (B))]
= me[((Wi—s))~(B)],

where the second equality follows from the property (2) in Section 2. Thus I[(W;) —
(W) is normally distributed with mean 0 and variance ||||?(t—s) by the property (3)
in Section 2. By Lemma 2.1 and the property (1) in Section 2, {I(W;): 0 <t < T'}
is a process with independent increments.
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Thus for | € B* — {0}, by the property (3) in Section 2,

t—1t;—
W = Xo) = UWa) = 1(Wi,_y) = = (W) = U(Wi,,)
is normally distributed, where t;_1 <t <t;,,t1=1,...,m.

On the other hand, for s; € (0,¢,_1]U[t;, T] and l; € B* —{0}, {1 (W, ) is normally
distributed.
Let 0 <s<t<Tandl [ € B*. Then

Cov(l(Wy), 11 (W) = Cov(l(Wy), l1(Wy) — L (W) + 1 (Wy))
= E[l(Ws)ly(W; — Wi)] + E[L(W)l1 (Ws)]
_ / a(s))1 (2(s)) dma (2)
Co(B)

_ /B [(Vsa1)l (var) dm(ay)
:S/B[(ggl)ll(xl)dm(xl) = sCov(l, 1),

where the second equality follows from the first part of this proof and the fourth
equality follows from Theorem 2.3.
Thus, for t € [ti—hti], S1 € [O,ti_l] U [ti,T] and [, 1, € B*,

COV(l(Wt - Xt)» ll(Wm ))

= B[ (W) = 10W2,,) = == UW3) = 10 ) b (W)
Cov(l,ll)[t — g — %(ti - ti,l)} if 51 € [t;,T)
B t—1;1

COV(l,ll) |:51 — 81 — (51 — Sl)i| if S1 € [O,tifl]

ti —ti—1
=0.

By the first part of this proof, {{(W;—X}), 1 (W5, )} are independent for any [, 1, € B*.
By Lemma 2.1 {W; — X;, Wy, } are independent for ¢ € [t;_1,t;] and s1 € [0,¢;_1] U
[t;, T]. In particular, for i = 1,2,...,m, {W; — X;: t,—1 <t < t;} is independent of
X, (x) = (x(t1),...,2(tm)). Therefore the result follows. O

Corollary 3.2. If {W,;: 0 <t < T} is the Wiener process on Co(B) x [0, T, then
{We — X0 t;—1 <t <t;}, wherei =1,...,m, are stochastically independent.
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Corollary 3.3. Let X, be given as in Theorem 3.1. Define Y: Cy(B) — Cy(B)
by Y(x) = x — [z].

Then X, and Y are independent, that is, the o-fields induced by X, and Y,
respectively, are independent.

Proof. By Theorem 3.1, X 1(B;) = {z € Co(B): (z(t1),x(ta),...,x(tm)) €
Bi} and Y™1(By) = {z € Co(B): (Y(x)(s1),...,Y(x)(s,)) € B2} are independent,
where 0 < s1 < ... < s, < T is any partition of [0,7] and By, By are any Borel
subsets of B™ and B", respectively. Then the result follows from Problem 4 [2,
p. 216). O

The following theorem corresponds to the Theorem 2 in [16].

Theorem 3.4. Let F' be integrable on Cy(B). Let X, be given as in Theorem 3.1.
Then for every Borel measurable subset B of B™,

peB)= [ @ dma) = [ BEE )+ @)aPx )

where Px_ is the probability distribution of X, on (B™, Z(B™)).
Proof. Let A€ #B(Cy(B)) and F = x4. Then

[\ xal@)dma(e) = ma(An X (5)
B0

— [ mate e 4| Xo@) =Py (@

B

= [ msa— (el + 1 € 41 Xo(@) = Py (@
for any B € #(B™). Since x — [z] and X, (x) are independent by Corollary 3.3,

/mB 2~ [d] + €] € A)dPx, (§)

= [ Blxate— Lol + ED1apx. €.

The general case can be proved easily. O
By the definition of the conditional Wiener integral (Definition 2.2), we have
(3.2) E[F|X)(€) = E[F(x — [z] + [€])] for Px.-as. £.

The equation (3.2) is called a simple formula for the conditional Wiener integral of F’
given X, on the space Co(B).
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For A > 0 and € € B™, let F(z) = F(A\~/22), XX (z) = X,(A~!/2z), and suppose
E[F X)(€) exists. From (3.2) we have

E[FMX2)(€) = BIFA?(2(-) = [2]() + [€)())]

for a.s. €€ B™. If, for £ € B™, E[F(\"Y2(z(-) — [2](-)) + [€](-))] has the analytic

—

extension Jy(§) on C; = {\ € C: Re X > 0}, then we write

— —

INE) = B FIXA(E)

for A e Cy. Jy (5) is a version of conditional Wiener integral.

For non-zero real ¢ and 5 € B™, if the limit

—

lim B [F|X,](€)
A——igq

exists, where A approaches —ig through C, , then we write

lim E*™U\F| X, () = B Fa[F|X,](6).

A——iq

—

E* fa[F|X,](€) is a version of conditional Feynman integral.

4. EVALUATION FORMULAS FOR A CONDITIONAL FEYNMAN INTEGRAL

Let .2 be an infinite dimensional separable real Hilbert space. Let .# () be the
class of all complex Borel measures on 2. Let A, = {(s1,$2,...,5n) € [0,T]": 0 =
S0 <81 <82<...<8,<T}

Let A = ] (A, x ™) be the class of all complex Borel measures on A,, x ™"
and let ||p|| = var u, the total variation of y in ..

Let S} g = S; g (Ay x A7) be the space of functions of the form

n

(4.1) Plz) = /AW exp{iZ(hk,x(sk))N}d,u(E', )

k=1

for x € Cy(B), where u € #,. Here we take | F||7 = inf{||u|}, where the infimum
is taken over all p’s so that F' and p are related by (4.1).
Let 4" = . #" (> An x H™) be the class of all sequences {u,} of measures such

o0
that each p, € A and > ||p.|| < oo.
n=1
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Let S = Sg(O_ Ay x A™) be the space of functions on Cy(B) of the form
(4.2) F(z)=)Y_F
n=1

o0
where each F,, € S}/ g and ) ||F,||;; < oo. The norm of F is defined by || F|" =
n=1
o0
inf{ > ||Fn||;;}, where the infimum is taken over all representations of F given
n=1

by (4.2).

Theorem 4.1. Let I € S g be given by (4.1). Let 0 =tg <t; < ... <ty =T
be a partition of [0,T] and let X, (z) = (x(t1),...,2(tm))-

Then E* A [F|X.](€) and E™ fa [F|XT](5) exist for a.s. £ € B™. Moreover, for
A € C; and for a.s. Ee B™,

BN [FIX)(E) = g\ s ©),

_ L p{i[Dh G

Jit et im=n " Bniiy e m X" p=1t k=1
1 Jpt+1 l—lt s s 2
‘p—1 — °op,k D, k -
_ﬁZaP,lZ 0 —t pk—i-zt — hp k ]}d,u(s,h).
= p_

Also for non-zero real q and for a.s. E e B™,
B fa [F|XT](@ = g(ilq7 122 g}v

where A’ﬂjl jm = {(8171,...,817j1,8271,...,8273‘2,...,Sm71,...,8m,jm)2 0= s1,0 <

Ss1,1 < ... < S15 <t < 21 < ... < 824, Sty < ... <t < Sm,1 < ... <

Smyjm S<tm =T} and apy = sp1 — Sp1-1, bp = Spy1,0 = Sp,j,+1 forp=1,...,m —1,

tm = Sm,jm+1 = T, h = (h1,17---ahl,j13h2,17---ah2,j2a---ahm13---ahm,jm) c "
-1

for j1 + ...+ jm = m with the convention that Z: %Sfl’“h =0ifl =

Jp
kz:fpftspkhpk_()lfl_b"'land Z( pok> [ ](Spk)) =01if j, =0.
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Proof. By Fubini’s theorem, we obtain that for A > 0 and for a.s. 56 B™,

BIFO2(a() = () + )
= [ OG0 ~ W) + ) dma o)
Co(B)

Lo et et ~ ) +

k=1
dyu(5, h) dms (z)

ex in “1/2(0(5,.) — [2](s A (s ))™
/A% /CO(B) p{ S (i A2 (@ (s1) — [l (1)) + 8] (s1))

k=1

Z / | / eXP{ii(hk,Alﬂ(x(sk)

Jitet+im=n cdm k=1

() + [51<8k>>~} dma (2) dp(8 7).

Let spk = 8ji+...4jp—1+k a0 hpk = ji g 1j, s +k- Then

EFON2(a() — [1]()) + E)]
" ﬂm_n/A /0 exp{lg; h Ty AT / (Sp.k)
~ () + El(5p )™ } doms () du(, T
N jl_’__;m_n/A;l;jlp_”jmx%" /CO(B) pl:[lexp{ Z(h AT ( Sp.k)
1) = B a(t,) ~ alty))) + €50 o) s ).

By Corollary 3.2 and Theorem 2.3,
E[F(A2(x() = [2]() + ()] |
B Z / [/CO(B) exp{i Z (hp’k’ A (o)

Jit..FIim=n nij1 p k=1
~alty1) - ;”C_it?’_jwp)z(tp1>>)+[a<sp,k>> bama (o)
du(3, h)
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It FIm=n N3G seeed E p=1k=1
m Jp k s ¢ jp+1 ~
k —1
|:/ exp{l)\ 1/22<hp kazvap,vyp,v tp _tp Z V& vlYp v) }
p=1 L/BPF k=1 v=1 p—1 1
Jp+1
d( H m) (Yp,15 7yp7]p+1)} du(s, h)
1
m  Jp
-y | {3 D by 657"}
Jit...+Iim=n Ann ----- J E p=1k=1
m jp"!‘l -1 t s
1 &
[ oo S (X v e,
p=1 LB T =1 =1 1
Jp " s ~ Jp+1
£ ) ba( ] )| dus i)
k= P Pl 1
m Jp
- >/ exp{ 315y, €sy00)°
Jrteetim=n " By gm X" p=1L k=1
*!fa I e +Z o=y, T (s .
D i e A ty —tp 1 oo HAS

Using Morera’s theorem and Dominated Convergence Theorem, the results follow.
d

Theorem 4.2. Let F € Sf be such that
= ZFn(x) = Z/ exp{ Z hi,x }dun(é’, H),
n=1 n=1"AnXH" k=1

where each F,, € S} p and p, € A, with 3 ||Fy|;, < oo. Let X; be given as in
n=1
Theorem 4.1.
Then for any non-zero real q and a.s. £ € B™, E* fa[F|X,](£) exists and is given
by

oo o0

B[P X )( Z B F | X ( Z —iq, in, €

where g and the conditions are given as in Theorem 4.1.
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o0
Proof. Without loss of generality, we can assume that > ||un| < co. For

n=1

a.s. 5 € B™ and A > 0, by Fubini’s theorem and Dominated Convergence Theorem,

BIFO(2() ~ #]()) + )
= [ PO - ) + ) dma o)
Co(B)

n

= 3 ex /2, ~1/2[,1(s (50 ))™
B nzl/Anx%’" /CO([B) p{ Z (b, A7 sk) = A [z](sx) + [€](sk))

k=1

=D R R A1) i ol ST

A
2] } dpin (3, ).

n=1j1+...4+jm=n i1 dm p=1 =
]p+1 -1

2)\Z pl; t —tspk kath —:ppi Pk

Since Z lgen || < oo, the last series converges uniformly with respect to A on C; and

each term of the series is analytic on C,. By Morera’s theorem it is analytic on C
and by Dominated Convergence Theorem, the result follows. (]

Let ¢ be the set of all C-valued functions 6 on [0, 7] x B which have the following

form
(4.4) b(s.y) = /” expi(h, 1)~} oy (k)

where {os: s € [0,T]} is a family from .# () satisfying the following conditions:

(1) For each Borel subset E of 5, 0,(E) is a Borel measurable function of s on
[0,7].

(2) llosll € L1 ([0, 7))

Theorem 4 3. Let§ € g be given by (4. 4) and let X, be given as in Theorem 4.1.

Then F,( Uo ds]n and F(z) = exp{fo s))ds} are elements
of S for x € C’o( B). Thus for a.s. £ € B™ and non-zero real q, E“““fq [F,|X,](€) and
Eafa[F|X)(€) exist. Moreover,

B3 Fy | XC)() = g(ig, i,

and

o0

B Ja[F|X](€) = +Z Ea“qulX Z —~iq, i, €
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- m jp - m jp
where dp, (5,h) = n! [[ [] dos,, (hpx)dspr, duy,(5,0) = T[] T1 dos, , (hpx) dspk
p=1k=1 p=1k=1
and both g and the conditions are given as in Theorem 4.1 for each n € N.

Proof. By Theorems 4.1, 4.2 and by Theorem 3.3 in [20], we have the results.
O

Let .7 (B) be the class of all functions on B of the form

(4.5) v = [ esplilh)pav()

for y € B where v € .4 (7).
For A > 0 and £ € B™,

3
I
=
oy
3
|
<
=
i

(4.6) A2 @(T) — [2)(T)) + €]
Hence we have the following results.

Theorem 4.4. Let § € ¢4 and ¢ € .Z (B) be given by (4.4) and (4.5), respectively,
and let X be given as in Theorem 4.1.

Then the functions

and

F(z) = exp{/OT G(S,z(s))ds}qp(:z:(T))

—

are elements of Sij for v € Cy(B). Thus E** e [Fo|X,)(€) and E* fa[F| X )(€) exist
for a.s. E € B™. Moreover, for a non-zero real q and for a.s. 5 cB™,

BRI FIX](E) = 9(En) + 3 1 B R X6
=06 |1+ S a0 8.

where the conditions are given as in Theorem 4.3.

Proof. By Theorem 4.3 and (4.6), we have the results. O
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Let n be a C-valued Borel measure on [0,7]. Then n = ps + g + v can be
decomposed uniquely into the sum of a discrete measure v, a continuous but singular
measure ps (with respect to the Lebesgue measure) and an absolutely continuous
measure [, (with respect to the Lebesgue measure) ([8, p. 142]). Let u = ps + pq
and let d,, denote the Dirac measure with total mass one concentrated at 7,. Note
that p is a continuous measure.

Let ¢* be the set of all C-valued functions 6 on [0, T x B which have the form (4.4)
where {0s: s € [0,T]} is the family from .# () satisfying the following conditions:

(1) For each Borel subset E of ., o5(E) is a Borel measurable function of s on
0,77,
(2) [loll € Lu ([0, T, (0, T]), In).

Theorem 4.5. Let n = pu + Z wp 0. s where 0 <7 < ... <7 <T and the wy’s
=1
areinC forp =1, 2 ,7. Let 9 € g be given by (4. 4) and X, be given as in The-
orem 4.1. Let F,( [fo dn( )]" and F(z) = exp{fo ) dn(s )}
Then for all non- zerorealq andas f € B™, Eanfq [F | X ](€ ) and Eaan[F|X 163 )

exist. Moreover,

E*Ja[FIX,](€) +Z Ea“f"[F |X-1(6)

lp

LI VD S | B SR 16

n=1lgqi+...+qm=np=11,0+...+lp r,=ap

[ > [ i3S e @)

A

J1te A drpr1=lp0 ¥ Dlp,0id1 o dry 1 a=0 i*=1
Tp Jut1+1 u— 1Ja+1+1
ex { Z Z ﬂu+1v Z Z Spal* hp,a,i*
u=0 v=1 a=0 i*=1 t _tp 1
& ot — Spaie e, — s i+
T2 T T, et Gty
if—1 P p—1 i—y P p—1

Tp Ja+1+1

5 S ey,

a=u+1 i*=1

(o) (7 o) <ﬁjﬁ%>@1’

}

a=01*=1 a=11*=1 a=011*=1
where Bup = Spu—10 — Spu—1u-1, lp—1 = S$po0,0, lp = Sprpsdrp+1+1s Tp,a
Spa—ljatl = Spa0s Mpa—tjot1 = D0 kpaics Mpryjeyatl = 0, Wp =
=1
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wn+,_,+Tp71+k and Alp,();j17---7j7'p+1 = {(Sp7071, <3 Sp0,G1r s Sp,rp,la ey SP,Tp7jrp+1):
0< tp_l < Sp,0,1 <... < Sp,0,51 < Tp,l < 8p11 < oo < Spigy <Tp2 < ...<Tpr, <
Sprpl S one < Sp,rpsdiry 1 < t, < T'} with, upon reordering 7,’s, t;+’s and renaming
Tp 'S, 0< T1,1 < T2 < ... < Ty <t < 721 < oo < T2y Kto<...<tm1 <
Tl < oo < Tmypy, Stm =1 wherery + ...+ 1, =7.

Proof. By reordering 7,’s, ¢;+’s and renaming 7,’s, let 0 < 711 <712 < ... <
T1,r, <t < T21 < ... < T2r, Lo <. ... <tpo1 < Tm,l < oo < Tgra, <t =T,
where r1 + ...+, =7r. Let A; =[0,¢1] and Ay, = (tp—1,tp] forp=2,....m

From the multinomial expansion theorem, the simplex trick [11], Fubini’s theorem
and Corollary 3.2, it follows that for A > 0 and a.s. 56 B™,

E[F,(A2(x() = [2]() + [E]())]
N 5, A2 (a(s) — [a](s ] (s s mg(x
L@U“J “)[MHWDWﬂdM)

| m tp
= T s, ATV (2(s) — [2)(s HS S
Ol | A | I CERGE R O IE

a1t tam=n B
Tp

+pr 60 (7o, A2 (@ (Tp,0) — [2] (7p,0)) + [ﬂ(Tp,k))] pde(fE)

qP! Ipa lp,rp
= — W 7))
Z 'H/CO(B)|: Loal.. 1 | p,1 P,rp

@t tgm=n 1”” lp,ot- - Flp,rp=0p P

J."

p—1

“2wwmwmmwﬂw

N

—

wmm/%mwwmw+mwwﬂhm@

LN 11 >

15 0+ +lp,rp=ap k=1 JitFirp+1=lp,0

ESE

- ¥

qg1+...+qgm=n p Ay

p,O;jlw“wjrp+1

/CO(B) {ﬁ Jﬁl 6(spains A2 (@(spai) = 2] (sp.aie)) + [a(sp,a,i*)):|

a=014*=1

—

x [ﬁ (0(5p.0.0, A7/ (2(5p,0,0) = [2)(5p,0.0)) + [él(sp,a,o)))l"’“] dmg (x)

(i)

a=014i*=1
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— Z n'ﬁ{ Z LHl

@t tgm=n  p=1"lp ot Flp,r,=qp

gl A

Tp Ja+1 a Jutl
‘/Bl R H H 9(3p7oz,7;* R )\_1/2 (Z Z ﬁu vYu—1,v + Z ﬁa+1 vYa,v
p,0 TTp

Jit-. +er+1 =lp,0 P01 drp 1

a=01i*=1 u=1 v=1
s . rp+1 5, +1 .
—_ paz* tp—1 (Z Z B Yu— 1U)> [f](3p7a,i*))
u=1 v=1
Tp o Ju+l
|:H <0 <5P,a,07 >\71/2 <Z Z ﬂu,vyufl,v
a=1 u=1 v=1
s 0 rp+1 5,41 - lp.o
- plgaftp 1 (Z Z ﬁu,vyu—l,v)) + [6](51),(1,0))) :|
u=1 v=1

Ipo+rp+1
d( H m)(yo,la"'7y0,j1+17y1,17~"7y1,j2+17"'7yrp,17~'~7yrp,jrp+1+1)
1
Tp Ja+1
A(IL T #)@) .
a=011*=1

where wpy . = Wy, ¢ yr,+ and the last equality follows from Theorem 2.3. From
Fubini’s theorem and unsymmetric Fubini’s theorem ([10]), it follows that

E[F, (A2 (2() = []()) + [€](-))]
m Tp wlp,kk
SRS (D SV ol

Q1+t gm=np=1"l, o+...+Hlp rpy=qp k=1

/A, /f p{ Z f(h 1€ (sp,aiv >>~}

Jit.. +er+1 =lpo P,0F L i1 a—0 i*=1
Tp Jat1+1 o jutl
ixT1/2 .
1, o+rp+1 €Xpy! pa,l*, ﬂu,vyufl,v
r
BroT a=0 i*=1 u=1 v=1
¢ s t rp+1 gy, +1
°p,a,i* — Yp—1
+Z ﬁonLl.,vya,v* t —t E E ‘/ﬁuvyu 17j> }
v=1 u=1 v=1
lp,o+rp+1 Tp Jatl r lpa
a( I m)@e(II Hosp,a,i*)m [T on. )
1 a=0i*=1 a=1i*=1
Tp Ja+1
(T T )|
a=04*=1
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Y ﬁ[ Z [HZU;]C'}

Qi+t gm=n p=1 "y o Alp oy =ap k=1 PK

Tp Ja+1+1

|: / / exp{ E E paz ) Sp,a,i*)) }
Jit-.. +er+1 Ip,0 Aty i1, Jrp+1 A a=0 i*=1
Tp Jut+1+1 u— 1]a+1+1 s
p 1 = 9p,a,i*
exp{ § ﬁu+1 v § § ¢ ’ hp,a,i*
u=0 v=1 =0 i*=1 p—1
v—1 ¢ s Ju+1+1t s
p—1 = °p,u* P~ Op,u,i*
T T Ty e T 2y T e
=1 » 7 tp—l i—y P tp—1

Tp ]a+1+1

by S ey,

2}
a=u+1 *=1

Tp Ja+1 s lpa
d(H 11 g) <H 11 %)az, P

a=04*=1 a=14*=1

(T 11 )1] )

a=013*=1

where hp,rp,jrp +1+1 = 0 and the last equality follows from Section 2 in this paper (or
see [12]).

Using the same process as in Theorems 4.1, 4.2 and 4.3, we can get the result. [

o0

Remark 4.6. Let n = 1+ > w,0,,, where the 7,.’s are in [0, T] and the w,’s are
r=1

in C for r € N. In the proof of the above theorem, A, contains infinitely many 7,’s

for some p € {1,...,m}. Using the following version of the Rp-nomial formula ([11,
p. 41])

[eS) ap [eS) ! )
(S -5 S e
r=0

lpol... !
rp=0 lp,()"!‘-u"!‘lp,rpZQpJp,rp?éO p,0 DTp

we can show that £ fa[F| X |(£) exists for a.s. £ € B™ and for any non-zero real q.

Corollary 4.7. Letn = wpéTp, where 0 < 71 < ... < 7. < T and the w,’s
p=1
are in C forp =1,...,r. Let 0 € 4* be given by (4.4). Let F,, F be given as in

Theorem 4.5 and X, be given as in Theorem 4.1.
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Then for all non-zero real q and a.s. 5 e B,

o o0 1 ' . [e's)
B (GRS R IR SGES ED DD
n=1 " n=1q1+...4+qm=n
m Tp wlp’k
[ > |7 / o052 3
lpk' 9
p=1 “p 1+ Hlp =0, Th=1 k=1a=1
1 rp+1 u— 1 Tpk Tpk p,k 2
exp{ g D (T = Tym)| 3 2 thwZ =T
2qi ot Pt tp — tp— — tp tp 1=

k=1a=1

where wp k. = Wry 4. +r,_,+k, With, upon introducing 7,’s, Tp0 = tp—1, Tp,r,+1 = lp,
0 < 71,1 < .o < i <t < ... <ttt < Tm1 < oo < Tm,rp, <ty = T and
"m4+...+rm,m=r.

Corollary 4.8. Let n = p and 6 € 4* be given by (4.4). Let F,, F be given as

in Theorem 4.5 and X, be given as in Theorem 4.1.
Then for all non-zero real ¢ and a.s. 5 e B,

E 4 F| X, Z E‘*“fq FolX/)(€)

Sy oy T exp{ (e e

n=1qi1+...+qgm=np=1

1 qp+1 k—1 s 2
_ —— O‘h ha
eXP{qu;(Sk Sk 1)275 —t, +Zt ftpl }
d(HUSk)W(H n)@).
k=1 k=1
where Ay, = {(51,...,5¢,): 0 <t 1 =50 <51 <...<8g, <Sq,41=1p}

By (4.6), we have the following results.

Theorem 4.9. Let n be given as in Theorem 4.5. Let § € ¥* and ¢ €
f([B) be gjven by (4.4) and (4.5), respectively. Let Gn(x) = F, ( )¢( (T)) =
[ 0 )dn(s)] " ((T)) and G(x) = F(z)p((T)) = exp{ f, 0( )dn(s)}

w(ac(T)) Where F,, F are given as in Theorem 4.5. Let XT be given as in Theorem 4.1.
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Then for all non-zero real ¢ and a.s. £ € B™, E* fa[G,,| X,](€) and E*™f4[G| X,](€)

exist. Moreover,

Fanfq [GIXT](g) =Y(&n) + Z %Eanfq [GnIXT](g)

= () + Y B R XN E b En)

— B [F|X,)(E)(Em),

— —

where E*fa[F, | X,](¢) and E*fa[F|X,](€) are given as in Theorem 4.5.

Corollary 4.10. Let n be given as in Corollary 4.7. Let 0 € 4* and ¢ € F(B)
be given by (4.4) and (4.5), respectively. Let G,,, G be given as in Theorem 4.9 and
X, be given as in Theorem 4.1.

Then for all non-zero real ¢ and a.s. 5 e B,

B HGIXNE) = vlEn) + 3 B G X

= ¢(&m) +Z _Ea“qu|X]< E)Y(&m)

Ea“f"[FlX JEP(Em),

where E* f1[F,|X,|(€) and E™f[F|X,]() are given as in Corollary 4.7.

Corollary 4.11. Let n be given as in Corollary 4.8. Let § € 4* and ¢ € F(B)
be given by (4.4) and (4.5), respectively. Let G,,, G be given as in Theorem 4.9 and
X, be given as in Theorem 4.1.

Then for all non-zero real q and a.s. 5 e B,

B 51 [G1X,)() = (6m) +Z LB (G X))

SIS B X ) (m)
= B F|X] ()4 (Em),

where B fa[F,| X](€) and E™fa[F|X,](£) are given as in Corollary 4.8.
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