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Abstract. A subobjects structure of the category Q2-FSet of Q-fuzzy sets over a complete
MYV-algebra Q = (L, A\, V,®,—) is investigated, where an Q-fuzzy set is a pair A = (A4, 9)
such that A is a set and §: A x A —  is a special map. Special subobjects (called
complete) of an Q-fuzzy set A which can be identified with some characteristic morphisms
A — QF = (L x L, ) are then investigated. It is proved that some truth-valued morphisms
-0 QF — Q% No, Ug: QFxQ* — QF are characteristic morphisms of complete subobjects.
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1. INTRODUCTION

There are various categories which can be used as a natural basis for generalization
of classical [0, 1]-fuzzy sets and their internal logic (see for example [1], [4], [6], [14],
[15], [16] and others). A very natural and classical example is the category (2-Set of
O-sets ([3]), where Q is a complete Heyting algebra Q = (A, V,—) and an Q-set is a
pair (A,d) such that A is a set and §: A x A — Q is a map such that

(1) (Va,y € A) o(z,y) = d(y, z),

(2) (Vo,y,z € A) 6(z,y) Ny, 2) < 6(w, 2),
with naturally defined morphisms. It can then be proved that this category €2-Set
can represent classical fuzzy sets A — € with their morphisms on the one hand, but
on the other hand its structure is very different from that of classical fuzzy sets. The
principal reason is that the category -Set is a topos and, hence, its external (and
internal, as well) logic is intuitionistic and based on Heyting algebra structure, while
the external logic of classical fuzzy sets is based mostly on Lukasiewicz algebra, i.e. on
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different operations ® and —. Hence, the category €2-Set is the best structure for
interpretation of some logic based on the Heyting connectives, but it offers quite poor
possibilities to interpret other logical connectives, not directly based on the Heyting
connective. It seems that the principal reason for the disadvantages of the category
Q-Set lies directly in the Heyting algebra 2. In principle, we are able to interpret
only those logical formulas which are constructed over the connectives which can
be interpreted in . In case that such connective (contained in a formula) could
not be interpreted naturally in €2, it would be almost impossible to interpret the
formula in a reasonable way. Unfortunately, Heyting algebra structure enables the
interpretation of classical connectives but not the interpretation of the Lukasiewicz
fuzzy conjunction and implication, since these are based on the connectives which
are not present in this algebra. Hence, a method improving this situation could be
based on some modification of the underlying lattice 2. This method could make it
possible to create a category which could be considered as a generalization of fuzzy
sets in a more convenient way.

In this paper we deal with the category Q-FSet of Q-fuzzy sets A = (A, d), where
Q= (L,A\V,®,—,0q,1q) is a complete MV-algebra, Aisaset and §: AxA — Qis
a map which satisfies the condition (1) but instead of condition (2) it satisfies some
modification of this condition. This category was (in a little more general form)
introduced by U. Hohle [5]-[9] and he also investigated a lot of important properties
of this category. Hohle also observed that this category is not a topos and that it
does not possess a subobject classifier in general. He also investigated some objects
in this category which could be used as subobjects classifiers (in some sense). Recall
that this classification problem is connected with the bijection relation

Subg.rset (A) = Homq rset (A, Qo),

where Qg is a version of a subobject classifier (see [3], [12]). This bijection exists in
any topos, but the category (2-FSet is not a topos in general. Hence, in the category
Q-FSet we need to find some analogy of this bijection. In this paper we characterize
in a rather simple way subobjects B € Subg rset (A) (which will be called complete
subobjects) for which a characteristic morphism ya(B): A — Q* can be found such
that the diagram

B 1 (4,0

| [

0O . o

is a pullback diagram. Moreover, we prove that among these characteristic mor-
phisms of complete subobjects the truth-valued morphisms —q, Ng,Uq: 2% x Q* —
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Q* are contained which could interprete —, A, V, respectively. The principal advan-
tage of these results is that they provide a rather simple tool for subobjects and
characteristic morphisms identification in a category 2-FSet.

2. SUBOBJECTS IN THE CATEGORY ()-FSet

Let Q = (L, A, V,®,—,1q,0q) be a complete MV-algebra, i.e. a complete residu-
ated lattice, where (¢« — b) — b = a V b holds for every a,b € L. By an Q-fuzzy set
we mean (A, ¢), where A is a set and 6: A x A —  is a map such that

(i) (Vz,y € A) d(z,y) < d(z,2) Aoy, y),
(ii) (Vo,y € A) d(z,y) =d(y,z),
(il) (Va,y,z € A) d(z,y) @ (6(y,y) — 6(y,2)) < 6(, 2).
Moreover, a Q-fuzzy set (A, «) is called separated if it satisfies the axiom

a(z,z)Valy,y) <a(z,y) =z =uy.

The category Q-FSet of ()-fuzzy sets then consists of separated )-fuzzy sets as
objects and morphisms between objects (A, «), (B, 3), which are maps f: A — B
such that

(1) (Va,ye A) B(f(2), f(y) = alz,y),

(2) (Vz e A) ala,x) = Af(@), f(2)).

The composition of morphisms is the usual composition of maps. Hohle [5] proved
that the category 2-FSet is complete and cocomplete. We mention here only that a
terminal object is To = (L, A) with the unique morphism !: (4, d) — To such that
!(a) = é(a,a). Moreover, a morphism f in this category is a monomorphism if and
only if f is injective. In this category a subobject classifier does not exist in general.
On the other hand, Hohle proves that there exists an object which has very similar
property and which can classify some special subobjects. This subobject is of the
form

Q" ={(a,p) € LX L|az=p}p),
p((a1, B1), (a2, B2)) = a1 @ (B1 — B2) Az ® (B2 — B1)-

The principal aim of this paper is to show that among objects which could be clas-
sified by this object Q* are the so called complete subobjects of any Q-fuzzy set.
Recall that amap s: A — L is an Q-subset of Q-fuzzy set A = (A, ) (abbreviated
as s C A), if
() (Va,y € A) s(2) @ (3(z,2) — 6(z1)) < s(y),
(i) (Vze A) s(x) <d(z, ).
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(In [7] this map is called d-extensional and d-strict.) Moreover, let T: (To,A) —
(%, 1) be defined such that T(w) = (w,w). Then we have u(T(z), T(y)) =z Ay
and it follows that T is a morphism.

The following proposition then extends Theorem 3.7 in [7].

Proposition 2.1. Let A = (A,d) be an Q-fuzzy set and let S(A) = {s | s C
A be an Q-subset}. Then S is a functor Q2-FSet°® — Set and there exists a natural
isomorphism

¢: S(—) = Homg pset(—, 2%).

Proof. Let A = (A,0) € Q-FSet. For a morphism (A,0) = 4 (B, ) and for
s € 8(B) we set S(f)(s) =s- f € S(A). This definition is correct since

S(f)(s)(a) ® (6(a,a) — d6(a,b))

< s(f(a)) ® (B(f(a), f(a)) — B(f(a), f(b))) < S(f)(s)(b).

Hence, S is a functor. We define a map (a such that for s € S(A) we set
(Va € A) (a(s)(a) = (8(a,a),s(a)) € Q*.

Then (a(s): A — Q* is a morphism in Q-FSet. In fact, for a,b € A we have
d(a,a) — §(a,b) < s(a) — s(b) and it follows that

M(CA(S)(G) A(5)(0)) = (8(a, a) @ (s(a) — (b)) A (3(b, ) @ (5(b) — s(a)))
> 6(a,a) @ (8(a,a) — 6(a, b)) A6(b,b) @ (5(b,b) — 5(a,b)))
= d(a,a) Ad(b,b) A d(a,b) = d(a,b).

Moreover, we have further 1(Ca (s)(a),Ca(s)(a)) = d(a,a) and it follows that Ca(s)
is a morphism.

Conversely, for a morphism f: (A,d) — Q* we define a map s such that C;l(f) =
s = prao f, where pro: Q* — L is the second projection map. Then s C A. In fact,
let a € A, f(a) = (f1, f2)- Then we have d(a,a) = f1 and s(a) = fo < f1 = 6(a,a).
Moreover, for a,b € A we have

6(a,b) < p(f(a), f(b) < d(a,a) ® (s(a) — s(b)),
and it then follows that
s(a) ® (6(a,a) — 6(a, b))
< s(a) ® (0(a,a) — (6(a, @) @ (s(a) — s(b))))

= s(a) @ ((s(a) — 5(b)) V =6(a, a))
= (s(a) @ (s(a) — 5(b))) V (s(a) @ ~6(a, a))
< s(b) V (§(a,a) ® =d(a,a)) = s(b).
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Then s € S. Let a € A. Since 6(a,a) = u(f(a), f(a)), we have

¢a 0 Cx'(F)a) = (8(a,a), 3" (f)(a) = (6(a,a), pr2 0 f(a)) = f(a).

Analogously, we have (4' o (a(s)(a) = pr2(d(a,a), s(a)) = s(a). Hence, (a, (4" are
mutually inverse. Finally, for any morphism (A, ¢) EN (B, ) the following diagram
commutes.

S(B) —E— Homg rset(B, Q%)
S(f)l lHomn,Fth(f,Q*)
S(A) —2 Homgq pset(A, Q%)
It is simple to prove that the corresponding diagram for C;l commutes as well. [

Let A = (4,0) be an Q-fuzzy set. Then a set S C A is called complete (in A) if

S = {ae A: \/ 6(a,z) = 5(a,a)}.

zeS

Let Subg rset(A) be the set of all subobjects of A which are of the form (S, §) where
S C A and let Subg, pget(A) be the set of all complete subobjects, i.e. subobjects
(S, 0) such that S is complete in A. Then we obtain two functors Sub(—), Sub®(—):
O-FSet® — Set such that for a morphism (A4, §) EN (B, ) and (S,8) € Sub(B)
we have Sub(f)(S,3) = (f~1(9),d) and analogously for Sub®(f). This definition is
correct since if (S, 3) is complete in (B, 3) then (f~1(9),d) is complete in (A, J) as

well. In fact, let a € A be such that \/  §(a,z) = §(a,a). Then we have
zef~1(S)

B(f(a), fl@) = \/ B(fa)y) = '\  B(f(a), f(x))

yeSs zef~1(9)
>V daa) = 8(a,a) = AU(a), @),
zef1(S)

and it follows that a € f~1(S).
Complete subsets of A define a closure system in A. Namely, for any S C A we
set

S = {ae A: \/ 8(a,z) = 5(a,a)}.

zeS
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_ Lemma 2.2. For any subset S C A, S is a complete set such that S C S and

S = S. Moreover, any intersection of complete sets is a complete set.

Proof. Leta€ A be such that \/ §(a,z) = §(a,a). Then we have

z€S
0(a,a) = \/ 0(a,z) = \/ (0(a,z) Ao(z,x))

zeS zeS

=\ 6(a,2) A\ d@y) =\ \ 6az)rdy)
z€S yeS €S YES

<\ V da,2)® (5(z,2) — 6(x,y))
zeSYES

< \/ 0(a,y) < §(a,a).
yeS

Hence, a € S.

O

Proposition 2.3. Let (2-FSet; be a subcategory of the category )-FSet with
the same objects and with morphisms f: (A,§) — (B, ) such that f is surjective
and B(f(x), f(y)) = é(x,y) for all x,y € A. Let S1, Sub;: Q-FSet; — Set be the

restrictions of functors S, Subg_rset, respectively.
(1) There exists a natural transformation

o: S— SubQ_Fset .
(2) For any A € Q-FSet there exists a map

wA: SU.bQ_FSet (A) — S(A)

Moreover, 1) = {¢a: A € Q-FSet}: Sub; — & is a natural transformation.

(3) For any S € Subg rset(A), the following diagram commutes.

S —— A

!l lcwu&

To —— (", p)

This diagram is a pullback if and only if S is a complete subobject.
(4) For any s € S(A), the following diagram commutes.

oa(s) —— 5 A

| [eat

To — — (Q*,p)
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(5) For any s € S(A) we have Yaca(s) < s.
(6) For any (S,8) € Subq.rset(A,5) we have ca)a(S,6) = (S, 6).

Proof. For (5,6) € Sub(A) we define s = 14 (S,0) by

(Va € A) s(a)=\/ da,2).

zeS

Then s C A. In fact, we have

s(a) ® (6(a,a) — d6(a, b)) = \/ (6(a,x) ® (6(a,a) — 0(a, b))

€S

< \/ 8(x,b) = s(b).

zeS

The map o4 is defined so that for any s € S(A),
oa(s) = ({a€ A: s(a) =d(a,a)},0) — A.
Then for a morphism (A4, §) 4, (Bf) in the category Q-FSet the diagram

S(A) U—A> SubQ_FSet(A)
smT TSubm
S(B) —22— Subg pset(B)

commutes since for any s C (B, 3) we have (o - S(f))(s) = ({a € A: s(f(a)) =
1},0) = (f~*({b € B: s(b) = 1}),8) = Sub(f) - oB(s). Moreover, if f is a morphism
in the category Subq.Fset, then the following diagram commutes.

Sub(A) —%A S(A)
sub(f)T Ts(f)
Sub(B) —2, S(B).

It is simple to prove that both diagrams from (3) and (4) then commute. Let (S, ) be
a complete subobject of A. We show that the diagram from (3) is then a pullback. In
fact, let (B, 3) be an Q-fuzzy set with a morphism « such that the following diagram
commutes.

(B.f) —— (4,9)

!l lcwua

To —— ()
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Then for b € B we obtain 6(u(b),u(b)) = B(b,b) = \ (u(b),z) and since S is
z€S

complete, it follows that u(b) € S. Hence, u: (B,[) — (S5,6) is a morphism and
it follows that the diagram is a pullback. Conversely, let the diagram from (3) be
a pullback for X = (S5,d). Let us assume that there exists a € A\ S such that

§(a,a) = \/ d(a,z). Then the following diagram commutes
zeS

(Su{a},0) —— (4,9)

!l lcwua

To  —— (@)

and there exists a morphism r: SU{a} — S such that a = r(a) € S, a contradiction.
Finally, let s € S(A) and a € A. Then we have

Yaoca(s)a)= \/ dax)= \/ az)As@)

€A r€A
s(z)=8(z,x) s(z)=6(z,x)
= \/ s(x) @ (0(z,z) — §(a,x)) < s(a).
r€EA
s(x)=0(z,x)

Analogously, for (S,d) — (A4,9) and for a € oaa(S) we have \/ d(a,z) = d(a,a)
€S
and a € S. d

Proposition 2.4.
(1) For any A € Q-FSet we have oa(s) € Subg pget(A). Hence, 0: S —
Sub§, pget 1S & natural transformation.
(2) For any A € Q-FSet we have oa - ¥y = id, where 9y is a restriction of s
onto Subgz_FSet.
(3) For any (S,8) € Subg, pget(A), the diagram

(5,0) —— A

!J{ chwA(S)

To — (Q*, 1)

is a pullback.

Proof. We show first that for any s € S(A), the subobject oa(s) is complete.
From the proof of 2.3, it follows that oa(s) = {a € A: s(a) = §(a,a)}. Thus we
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have to prove that

oala) = {a cA: \/ dax)= 5(a,a)}.

z€oA(S)

Let a be an element of the set on the right side. Since (a(s): A — (Q*,pu) is a
morphism in the category Q-FSet, for any = € oa(s) we then have

Hence, we have
d(a,a) = s(a) > \/ d(a,xz) = d(a,a),

z€oa(s)

and it follows that a € oa(s). Thus, oa(s) is complete.
Further, for any (5,0) € Sub®(A) we have oa - ¥/, (5,0) = {a € A: §(a,a) =

\ 8(a,2)} = S = S, according to Lemma 2.2. Hence, oa - ¢y = id. The rest
zes
follows directly from 2.3. |

The following Theorem summarizes all the previous results. Let Sub{ be the
restriction of Sub® onto the category Q-FSet;.

Theorem 2.5.
(1) There exists a natural transformation

X'+ Homq pset(—, ) — Subg pger(—)-
(2) For any A € Q-FSet there exists a map
XA : Subg pget(A) — Homg pset (A, 27),
such that x = {xa: A € Q-FSet;}: Subj(—) — Homgq rget, (—, Q*) is a natu-
ral transformation.

(3) For any (S,9) € Subg, pget(A), the following diagram is a pullback:

(5,0) —— (A,0)

!l lXA(S,é)

To —— (Q.p).
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(4) x ' x=id.
Proof. Let xa, Xxl be the compositions of the following maps from 2.1, 2.4:

xa: Sub‘(A) Y2 S(A) 2 Hom(A, "),

-1
Ca
—

Xa': Hom(A, Q) 25 S(A) 72 Sub®(A).

Then the proposition follows from 2.1 and 2.4. O

It should be noted that xa - x;l is not the identity in general. In fact, let L be
a complete MV -algebra such that ® # A in general. Recall that the product (2* x
0*,~) in Q-FSet is defined such that

Q" x Q= {((alvﬂl)v (a27ﬁ2)) | (Oéi,ﬁi) € Q*v N((Oﬂ,ﬂl), (a17/81))
= p((02, B2), (@2, 2))} = {((a, B1), (@, B2)) | o = B, B2},

and

V(((a; B), (@, B2)), (2, 71), (0 72))) = (v, Br); (0, 71)) A pl(; B2), (0, 72))-

Let us define a map ®q: Q* x Q* — Q* by

®a((o, 1), (o, B2)) = (o, f1 ® Pa).

Then ®gq is a morphism in Q-FSet. Indeed, for a = ((«, 81), (o, 52)) € Q* x Q* we
have

w(®a-(a), ®q-(a)) = a = o(a,a).
Furthermore, for a = ((o, £1), (o0, 82)) and b = ((0, 1), (0, 2)) we have

v(a,b)

(@@ (B —=m)) A (a® (B2 = 72)) A(e® (11 — B1)) A0 ® (T2 = f2))
@ ((Br = 1) A (B2 = 72)) N o® (11— B1) A (2 — B2))

Q(B1@Pr =TI ATR)N0®@ (11 ® T2 — B1 A B2)

a® (B =T @) AN0® (11 @72 — 1 ® )

= n(®q+(a), ®q= (b)).

(0]
(]

NN

We show that xq 'X51(®Q) # ®q in general. In fact, we have

S =x5' (®a) = ga-xa- - (o (®0)
:{((aaﬁ1)7<avﬁ2)): aaﬁi EL7 61 ®ﬁ2:aaﬁi <a}
:{((aaa)a(aaa)): Oé®a=a}.
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Further, we have xo«xa+(S) = Carxa* - Yhs o= (5), where s = 5. o (S): 2 X
Q* — L is such that for a = ((a, 81), (v, B2)) we have

S(a) - \/ V(aa X) = \/ 7((05, 51)7 (aa 62)7 (Q, Q)a (Q, Q))

xeS o€EL

=a AP AP2= 1A P
Hence, for (1, 82 such that 8; ® B2 < 81 A B2 we have

Xa - Xq' (®0)(a) = (v(a,a),s(a)) # (a, i @ B2) = a(a).

3. EXAMPLES OF COMPLETE SUBOBJECTS IN )-FSet

Since the category )-FSet seems to be a well-defined basis for investigation of
fuzzy sets, it could also be used for interpretation of formulas. The interpretation of
a formula ® of any logic in a category K, where ® has its free variables contained
in a set X of free variables, is based on a construction of a characteristic morphism
|®||: M(X) — Q, where Q is an analogy of a subobject classifier and M(X) =

[T M(i;) is the product in K of interpretations of the types ¢, corresponding to
reX
the variables x € X. If a binary logical connective 17 appears in a formula ¢, then

. . Lo . A
some interpretation of 57 has to be defined first, which is a morphism 2 x Q — Q.
In this part we want to show how the logical connectives A, V, = can be interpreted
in the category Q-FSet by using results from the previous sections.

Example [construction of Ng]. Recall that the interpretation Ng of A is (classi-
cally) the characteristic morphism of the subobject T x T: To — Q* x Q*. In the
category (2-F'Set this construction can be used if this subobject is complete.

Hence, we have S, = T x T(To) = {((w,w), (w,w)): w € Q} and let a =
((ar, B1), (o, B2)) € O* x Q* be such that

~v(a,a) = \/ ~v(a,x).

XESA
Then we have

Yaa)= \/ (@@ (B —w) Awd (=) Aa@ (B = w) Awd (@ — F))
weN

=B ABA\ (a® (B — w) A®(B2 — w) Aw)

weN

=B ANBaNa=B1 AP,

a = (a,a).
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Hence, we have a = (37 = 2 and it follows that a € S,. Then according to 2.5,
the interpretation Ng of A is the characteristic morphism Q* x Q* D2, 0% such that
Na = x(Sh), i.e. for a = ((a, B1), (o, B2)) € Q* x Q* we have

o) = ¢a - va(S0)@) = (1@, \/ 2(@x)) = (o A s,

XESA

which can be shown easily.

Example [construction of Ug]. Let us consider the following subobject Sy of the
object Q* x QF,

Sy ={((B1V B2,B1),(B1V B2,02)): b1,z € Q}.

Then Sy is complete. In fact, let a = ((a, 81), (a, B2)) € Q* x Q* be such that

BV <a=ry(aa)= \/ v(a, x).

xESy

Then we have

Bivie< \ wllaBr), (1 Vr2,m) Ap((a, Bo), (11 V 72, 72))

T1,T2€Q

= \/ a® ((B1 — 1) A (B2 — 7)) A (11 V T2)

T1,T2€Q
® (11 — B1) A (12 — T2))
\/ a®((BLV P2) = (11 V12))A(TLV T2)

T1,T1EQ

® (1 V1) — (BLVB))
=a® (B VP —= 1ALV P2) =01V e

N

Hence, a = 31 V 82 and a € S,,. Then the characteristic morphism Uq of a complete
object Sy is x(Sv) and we have

Ug(a) = (’y(a, a), \/ 1(a, x)) = (o, f1 V fa).
xESy

Example [construction of —o]. Recall that the interpretation —q of — is defined
in a category as a characteristic morphism of 1: To — %, where L is defined by
1 (a) = (e, 0). This construction can be used in the category Q2-FSet if the subobject
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corresponding to L is complete, i.e. in case that the set S = {(«,0): o € L} is
complete. But we have

?:{(a,ﬁ)eﬂ*: \/a®(5—>0)/\g®(0—>6):a}

o€L

={(,B) e a=ax(8—0)}

and it follows that S # S, in general. The interpretation —q can then be defined as
the characteristic morphism of a complete subobject S. Hence, we have —q/(a, 3) =

Cor - Y0 (9)(@, ) = (a,a @ (B — 0)).
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