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Abstract. Let S = {x1,...,zn} be a finite subset of a partially ordered set P. Let f be
an incidence function of P. Let [f(z; A ;)] denote the n X n matrix having f evaluated
at the meet ; A z; of z; and z; as its 4, j-entry and [f(z; V x;)] denote the n X n matrix
having f evaluated at the join z; V z; of ; and x; as its i, j-entry. The set S is said to be
meet-closed if z; Ax; € S for all 1 <4,j < n. In this paper we get explicit combinatorial
formulas for the determinants of matrices [f(x; A ;)] and [f(z; V x;)] on any meet-closed
set S. We also obtain necessary and sufficient conditions for the matrices f(z; A ;)] and
[f(x; V x)] on any meet-closed set S to be nonsingular. Finally, we give some number-
theoretic applications.

Keywords: meet-closed set, greatest-type lower, incidence function, determinant, nonsin-
gularity

MSC 2000: 11C20, 15A57

1. INTRODUCTION

Let S = {x1,...,z,} be a set of n distinct positive integers. The matrix having
the greatest common divisor (x;, z;) of x; and z; as its 7, j-entry is called the greatest
common diwvisor (GCD) matriz, denoted by [(x;,x;)]. The matrix having the least
common multiple [x;,z;] of x; and z; as its 4, j-entry is called the least common
multiple (LCM) matriz, denoted by ([z;,x;]). The set S is said to be factor-closed
if it contains every divisor of z for any € S. H.J. S. Smith [10] showed that the

determinant of the GCD matrix [(x;,x;)] on a factor-closed set S is the product
n
I1 ¢(z;), where ¢ is Euler’s totient function. The set S is said to be ged-closed if
i=1

Supported partially by the Lady Davis Fellowship at the Technion, an NNSF of China
(10101015 and 10128103) and YSRF of Sichuan University.

431



(x5, 2;) € S forall 1 <i4,j < n. It is clear that a factor-closed set is a ged-closed set
but not conversely.

Let f be an arithmetical function. Let [f(z;,x;)] denote the n X n matrix having
f evaluated at the greatest common divisor (z;,z;) of x; and x; as its 4, j-entry.
In [10], Smith also considered the determinant of the matrix [f(z;,x;)] on a factor-

closed set S. It was shown to be the product [] (f * u)(zk), where f * p is the
k=1

Dirichlet product of f and p. In [4], Bourque and_Ligh obtained a generalization of
Smith’s result. Haukkanen [5] gave an abstract generalization of Bourque and Ligh’s
result.

Now let f be an incidence function and S = {z1,...,2,} a meet-closed set of a
finite partially ordered set (poset) P (for related definitions, see the next section).
Let [f(xz; A x;j)] denote the n x n matrix having f evaluated at the meet z; A x;
of z; and x; as its 7, j-entry, and let [f(z; V z;)] denote the n x n matrix having f
evaluated at the join z; Vx; of z; and x; as its 4, j-entry. In this paper we will obtain
explicit combinatorial formulas for the determinants of the matrices [f(z; A ;)] and
[f(z; V x;)] on any meet-closed set S. We will also get necessary and sufficient
conditions for the matrices [f(z; A ;)] and [f(x; V x;)] on any meet-closed set S to
be nonsingular. In the last section we give some number-theoretic applications.

2. PRELIMINARIES AND DEFINITIONS

Let (P,<) be a poset. We say that P is a meet semilattice if for any z,y € P
there exists a unique z € P such that

(i) z< 2z and z < y, and

(ii) if w < z and w < y for some w € P, then w < z.
In such a case z is called the meet of x and y and is denoted by = Ay. Let S be
a subset of P. We call S lower-closed if for every z,y € P with x € S and y < x
we have y € S. We call S meet-closed if for every x,y € S we have z Ay € S.
It is clear that a lower-closed set is always meet-closed but not conversely. The
concepts of “lower-closed” and “meet closed” are generalizations of “factor-closed”
and “gcd-closed” [2], [3], respectively.

Let f be a complex-valued function on P x P such that f(x,y) = 0 whenever
x € y. Then we say that f is an incidence function of P. If f and g are incidence
functions of P, their sum f + g is defined by (f + g)(z,y) = f(z,y) + g(x,y) and

their convolution f * g is defined by(f * g)(z,y) = >, f(x,2)g(z,y). The set of
T2y
all incidence functions of P under addition and convolution forms a ring with unity,

where the unity § is defined by é6(x,y) =1 if = y, and §(z,y) = 0 otherwise. The
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incidence function ¢ is defined by ((z,y) = 1 if < y, and {(x,y) = 0 otherwise.
The Mobius function p of P is the inverse of (.

In what follows, let (P,<) = (P,A,V) be a finite meet semilattice. Let S be
a subset of P and denote S = {z1,z2,...,2,} with z; < z; = i < j. For any
incidence function f of P we denote f(0,z) = f(z), where 0 = min P. For example,
let (P,<) = (Z",]). Then u(1,n) is the usual number-theoretic function u(n).

Proposition 2.1 ([5]). Let S = {z1,...,2,} be a meet-closed set. Then the
determinant of the matrix [f(x; A x;)] defined on S = {x1,...,x,} Is equal to the

product [ ¥(xk), where
k=1

(1) Grlae) = Y (Fxp)(d).
d;{dxgt,ztk<k

Note that Haukkanen [5] writes this formula without using convolution of incidence

functions.

Definition 2.2. Let T be a given subset of P. For any a,b € T and a < b, we
say that a is a greatest-type lower of bin T, if a < ¢, c < b and ¢ € T implies ¢ = a.

If (P,<) = (Z*,]), then the concept of greatest-type lower reduces to that of
greatest-type divisor introduced in [7].

Definition 2.3. Let f be a complex-valued function on P. Then f is said to be
semi-multiplicative if for any x,y € P, one has f(x)f(y) = f(x Ay)f(z V y).

The above concept of a semi-multiplicative function on P is a generalization of

the known concept of a semi-multiplicative arithmetical function [9, p. 49].

Definition 2.4. For any incidence function f, we define for any x € P the
function 1/f to be 0 if f(x) =0; 1/f(x) if f(z) # 0.

It is easy to check that the following is true.

Proposition 2.5. Let f be an incidence function. Then f is semi-multiplicative
if and only if 1/ f is semi multiplicative.
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3. COMBINATORIAL FORMULAS FOR det[f(x; A x;)] AND det(f[z; V x;])

Throughout this paper, denote by |A| the cardinality of any finite set A. In
the present section we give reductions for ¢ ;(zx) using the ideas in [6], [7]. First
one needs a generalization of the principle of cross-classification in [6] to give a
preliminary reduction for the formula of ¢ s(xx). For an alternative proof using
induction, see [8].

Lemma 3.1 ([6, Lemma 1]). Let R be a given finite set and f any complex-valued
function defined on R. For a subset T of R, we denote by T the set of those elements
of R which are not in T, i.e., T = R\ T. If Ry, ..., R,, are given m distinct subsets
of R, then

Y M@= @+ Y S f@).

zeN, Ry zER t=1 IS <..<ir<maet_, Ry

Lemma 3.2. Let f be an incidence function of P. Then

> (frm)(w,2) = f(z,y)

2<z<y

for all x,y € P. In particular, one has

S (Fm)(2) = fy)

2Ly
for ally € P.
Proof. Let z,y € P be given. Note that fxd = f and p*x{ =3J. Then

flx,y) = (f*0)(x,y) = (f * (u*Q)(,y) = ((f * ) * Q) (,y)
= > (frm@2)C(zy) = Y (fxp)(z,2).

2<z<y 2<z<y

The first assertion is proved. For the other assertion, one needs only to pick x =
min P. The proof is complete. O
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Lemma 3.3. Let n be an integer. Let S = {x1,...,z,} be a meet-closed set with
x; < xj =1 <j. Iftps(zy) is defined as in (1), then

k—1
(2) Yr(a) = flzr) + Y _(-1) > fle Ay Ao A wg,),
t=1 1< <...<iy <k—1
where f(zp Ax; A...Az;,) denotes f evaluated at the meet of xj,x;,,...,T;,.

Proof. InLemma 3.1,let m =k —1and R={d: d < x, z € S}. For 1 <
i1<k—1,1let R, ={deR: d<x;, v; € S}. Then one has R; = {d: d < xp Ax;}.
By Lemma 3.1, one has

k—1
(3) Gp(ze) = D (Frm)d)+ D (-1) > S (Frpd).
d<zy t=1 161 << Khk—1d<Tp AT A AT,

By Lemma 3.2, one has Y (f*u)(d) = f(zr) and for 1 < i3 < ... <i < k-1
d<zyg
(1<t<k—1), one has

(4) Z (f*p)(d) = fxp Aaig Ao Awy,).

dgack/\xil N ATy

It then follows from Equations (3) and (4) that (2) holds. This completes the proof
of Lemma 3.3. O

Now, we give further reduction for the formula of ¢ ¢(x)). The ideas of the proofs
of the following two lemmas are due to our article [7].

Lemma 3.4. Let S = {z1,...,z,} be a meet-closed set with z; < z; = i < j.
Fori1<k<n,letl ={i: 1<i<k—-landx; £ xx} and J, = {1,2,...,k—1}\I.
Then

[Tk |
(5) Gplor) = flae) + Y (D" D flaw Az, A Aag,).
=1 <<
ijE€Jy

Proof. If [I|] = 0, then it follows from Lemma 3.3 that Lemma 3.4 holds.
In what follows let |Ix| > 1. Note that for i € Ji one has z; < xp. Since S is
meet-closed, 21 < . Thus one has |Ji| > 1. Note also that |I| + |Jx| = k — 1. By
Lemma 3.3, one has

(6) Yg(xr) = flar) + A+ A,
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where

[Tk
N =307 > flak Az, A Aw)
r=1 11 <...<ip
ijEJk
and
[Tk [T
M A=) > N (=0 N flarAm A Ami Az Al Awy).
r=14;<...<ip s=1 th<..<ts
1€ Tk tu €l

For any given t; < ... <tg, t, € I (1 < u < s), it follows from the fact that S is
meet-closed that xx Axe, A... Az, €S. Let 21 = 2 Axyy, Ao Axe,. Then a; < xp,
and z; < x4, for 1 <wu <s. So one has [ € J;. Then by (7), one has

[ 1| [Tk
®Aa=>" SEDTED T flak A A Am Az Al Ay,)
s=1t1<...<ts r=1 11 <o <y
ty €1y i;€J%
[Ty | [Ji|—1

:Z Z Z Z ((_1)T+s'f($€k/\16i1/\.../\CEiT/\CEtl/\.../\xts)

s=1th1<...<ts r=0 1<...<ip
tu €1 i€ Tk, 1571

+ (=) flag Awgy A AT A Arg Al A Ty))

[Ty | [Ji|—1

=33 > D (O f A A, M)

s=1t1<...<ts r=0 i1 <...<1
e ;€00 i + (=) fag A A, Aay)) = 0.

Therefore it follows from Equations (6) and (8) that (5) holds. The proof of

Lemma 3.4 is complete. O
Now we can use the concept of greatest-type lower to give a further reduction

for iy (xg).

Lemma 3.5. Let S = {z1,...,2,} be a meet-closed set. For 1 < k < n, let
R ={i: 1 <i<k-—1, z; is the greatest-type lower of x} in S}. Then

| Ry
V() = flor) + Z(l)’” Z fl@p Nz, Ao A ay).
r=1 11 <o <bpe
ijERy

Proof. For the case k < 2, the lemma is clearly true. In what follows let k > 3.
Let J, ={i: 1<i<k—1and z; < zr}. Then |Ji| > 1. It is clear that Ry C Ji.
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If |J;| = 1, then J, = {1}. Note that |R;| > 1. So one has Ry = {1} = J. Thus
by Lemma 3.4, the result is true. In the following let |Ji| > 2. Let Ly = J; \ Rk.
We claim that Ly # (. Assuming otherwise implies that Ry = Ji. But 1 € Jy,
hence 1 € Ry. From |J;| > 2 one deduces that there is an ¢ € Jy, i # 1, such that
i € Jy = Rj. Since S is meet-closed, one has 1 < x;. This is impossible since x
and z; cannot both be greatest-type lowers of x; in S. Therefore the claim is true.
In a similar way to that in (6), one has by Lemma 3.4 that

Vp(ar) = flar) + A+ A,

where
[Ri|
AN/
A= E E flzp ANagy Ao ANa))
r=1 11< Ly
i;ER
and

|Rp| ||

) A= Z Z Z Z D flap Ay Ao Ami, Ay A A T)

r=011<...<1, s=1 11 <...<ts

1]€Rk tu €Ly
[L| | R |
:Z Z (-1 Z Z flxp Az Ao ANxy, ANz Ao ATp).
s=1t1<...<ts r=011<...<ip
ty €Lk i € R

To prove the lemma, one needs only to show that A = 0, which we will do in the
following.

For any given ¢t; < ... < ts (1 < s < |Lgl), tu € L, 1 < u < s, let
T={i: i€ Ry, and x;, < x; for some ¢,, 1 < u < s} and Q = R \ T. Let
|T| = h and |Q| = h/. Clearly one has that 1 < h < |Rg| and 0 < &' < |Rg| — 1.
Then one has

[Rg|
(10) Z Z Fl@e Aziy Ao ANag, ANz, Ao Ay,)
r=0 i1<...<ip
lJERk

Z Z Z Z T+T' flop Nwgy Ao NTg , Ny, A

=011 <...<i,s 7=0j1 <...<jr
1w €Q Jv€T ANTj Ny Ao Axt,)

Z Z Z Z T+T' Fler Neg Ao AT, Aoy Ao AN y)

=041 <...<t,s 7=0j1<...<jr
1w €Q €T

(since by the definition of T one has z;, A ... Axj Az A... Az, =
Ty, Ao Ay, forany j1 <...<jp, jo€T)
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Z > Flae Azig Ao Nag, Ay, Ao Aay,)

r’'=0141<...<t,s

™ h
h (e ¥ )
r=1 J1<...<jr
Jo€T

Z Z Flas Aey Ao ANag, Aoy A Aay)

=01<.. <Qz/ h
i€ h
1 —1)".
r=1
:Z > flas Awy Ao ANa, Aoy A Aag) - (1—1)"=0.
=0141<...<i,s
i, €Q

It now follows from Equations (9) and (10) that A = 0. This completes the proof of
Lemma 3.5. g

Theorem 3.6. Let S = {x1,...,2,} be a meet-closed set and f an incidence
function. Then

n n(wi)
det[f(xi/\xj)] = H(f(l’l) + Z (—1)t Z f(:z:i/\yil /\"'/\yit)>7

i=1 t=1 1< <. <i <n(s)

where f(x; Ay, A ... Ay;,) denotes f evaluated at the meet of x;,yi,,...,Yi,,
n(x;) equals the cardinality of the set of the greatest-type lowers of x; in S, and
{y1,92, -+, Un(a,) } €quals the set of the greatest-type lowers of z; in S.

Proof. This theorem follows from Proposition 2.1 and Lemma 3.5. O

Lemma 3.7. Let f be a semi-multiplicative function and S = {x1,...,z,}
a meet-closed set. If f(x;) # 0 for all 1 < i < n, then

[V )] = diag{ £ (1), f(n)} - [ﬁm Aaj)| - dig{f(@1),..., flan)}.

Proof. It follows from definition of a semi-multiplicative function that this

lemma is true. O
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Theorem 3.8. Let S = {z1,...,z,} be a meet-closed set. If f is a semi-
multiplicative function satisfying f(x;) # 0 for all 1 < i < n, then

det [f(SCZ V IJ)]

9 1 t !
[f ()] (m‘f‘ Z(_l) Z f(g;i/\yil/\.../\yit))

t=1 1<i1 <. <y <n(w;)

where f(xz; Ny, A ... ANy;,) denotes f evaluated at the meet of x;,y; ..., Vi,
n(x;) equals the cardinality of the set of the greatest-type lowers of x; in S, and
{y1,92, -, Un(a,) } equals the set of the greatest-type lowers of x; in S.

Proof. This theorem follows from Lemma 3.7 and Theorem 3.6 applied to the
function 1/f. The proof is complete. O

It follows from Theorems 3.6 and 3.8 that the following two corollaries are true.

Corollary 3.9. Let S = {x1,2,...,z,} be lower-closed and let f be an incidence

function. Then each of the following is true:

(i) One has detlf(w: A ;)] = [T(F  i)(zo)
i=1
(ii) If f is semi-multiplicative and f(z;) # 0 for all 1 < i < n, then det[f(z;Vx;)] =

@1/ 1) @)
Corollary 3.10. Let S = {x1,2z2,...,2,} be a chain with 1 < z2 < ... <
Tp—1 < xp, and f an incidence function. Then each of the following is true:

(i) One has det(f(z; A ;)] = f(w1) [T 1F(51) — flwi1)];

(i) If f is semi-multiplicative and f(z;) # 0 for all 1 < ¢ < n, then det[f(z; V ;)] =

f(@n) T (ica) = f (@)

i=2
Proof. For k, 1 <k < n,since r1 < x93 < ... < x,, one has that x;_; is the
only greatest-type lower of xy in S. It then follows from Theorems 3.6 and 3.8 that
this corollary is true. O

4. NONSINGULARITY OF MATRICES [f(z; A ;)] AND [f(z; V x;)]

We can now use the results of the preceding section to give a characterization for
nonsingularity of matrices [f(z; A ;)] and [f(z; V x;)] as follows.
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Theorem 4.1. Let S = {x1,22,...,2,} be a meet-closed set and let f be an
incidence functjon Then the matrix [f(x; A x;)] defined on S is nonsingular if and
only if for all 1 < i < n, one has

n(wi)
fla) + > (1) > f(@i Nyiy Ao Ayi,) #0,

t=1 1<i1 <...<ie<n(z;)

where f(x; Ay, A ... Ay;,) denotes f evaluated at the meet of x;,yi,,...,Yi,,
n(x;) equals the cardinality of the set of the greatest-type lowers of x; in S, and
{y1,92, -+, Un(a,) } €quals the set of the greatest-type lowers of z; in S.

Proof. First, one has that the matrix [f(x; A ;)] on S is nonsingular if and
only if det ([f(z; A x;)]) # 0. From Theorem 3.6 one knows that

:j:

det[f(z; A x4)]

( nf)(—l)t > Flas Ay, /\.../\yit)>,

i=1 t=1 1< <. <i <n(s)

where f(z; A yi, A ... ANy;,) denotes f evaluated at the meet of z;,yi,...,¥i,,
n(x;) equals the cardinality of the set of the greatest-type lowers of z; in S, and
{y1,92, -, Un(a,) } €quals the set of the greatest-type lowers of z; in S. So [f(z; Aw;)]
is nonsingular if and only if for all 1 < i < n, one has

n(z;)

Fla) + Y (-1 > F@i Nyiy Ao Ayi) #0,

t=1 1< <. < <n(x;)
as desired. (I
Theorem 4.2. Let S = {x1,x2,...,2,} be a meet-closed set and let [ be a semi-

multiplicative function Then the matrix [f(x; V x;)] defined on S is nonsingular if
and only if for all 1 <i < n one has f(z;) # 0 and

o z > :

+ (71))5 7& 0,
f(aq) oy L i< () fl@ Ay, Ao ANyi,)

where f(x; Ny, N ... Ny;,) denotes f evaluated at the meet of x,y; ..., Vi,
n(x;) equals the cardinality of the set of the greatest-type lowers of x; in S, and
{y1,92, -, Un(a,)} equals the set of the greatest-type divisors of x; in S.

Proof. This theorem follows immediately from Theorem 3.8. O
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Corollary 4.3. Let S = {x1,x9,...,2,} be lower-closed. Then each of the
following is true:
(i) The matrix [f(z; Ax;)] defined on S is nonsingular if and only if (f * u)(x;) # 0
for all 1 <i < ny
(ii) The matrix (f(x;Vx;)) defined on S is nonsingular if and only if f(z;) # 0 and
((L/f) *«p)(x;) 0 forall 1 <i < n.

Corollary 4.4. Let S = {x1,22,...,2,} be a chain with x1 < 29 < ... < Zp_1 <
zy,. Then each of the following is true:
(i) The matrix [f(xz; Ax;)] defined on S is nonsingular if and only if f(x1) # 0 and
for all k, 2 < k < n, one has f(xr—1) # f(zk);
(ii) The matrix [f(xz;V x;)] defined on S is nonsingular if and only if f(z1) # 0, and
for all k, 2 < k < n, one has f(xy) # 0 and f(zr_1) # f(xk).

5. APPLICATIONS TO MATRICES [f(z;,2;)] AND (f[z;, x;])

In the present section, we give number-theoretic applications of the results pre-
sented in Sections 3 and 4.

Theorem 5.1. Let S = {x1,...,2,} be a ged-closed set and let f be an arith-
metical function. Then

n n(z;)
det[f(ﬂﬁw%)]ZH(f(wi)Jr I E Y f<yy>)

t=1 1<in <. ..<ie<n(zq)

where f(2;,Yi,,-..,Vi,) denotes f evaluated at the greatest common divisor (z;,
Yirs-- s Yi,) Of TiyYirs ..., Yi,, n(x;) equals the cardinality of the set of the greatest-
type divisors of x; in S, and {y1,¥2,-..,Yn(z,)} €quals the set of the greatest-type

divisors of x; in S.

Proof. Let (P,<)=(Z",]|). Then this theorem follows from Theorem 3.6. [

Theorem 5.2. Let S = {z1,...,z,} be a gcd-closed set. If f is a semi-
multiplicative arithmetical function satisfying f(x;) # 0 for all 1 < i < n, then

n n(x;)
d i»Tjl) = i 2(L —-1) L )»
et(flosas)) = [TU (75 + X D Z() (CRTRT)
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where f(2;,vi,,-..,Vi,) denotes f evaluated at the greatest common divisor (z;,
Yigs- s Yi,) Of TiyYirs ..., Yi,, n(x;) equals the cardinality of the set of the greatest-
type divisors of x; in S, and {y1,¥2,-..,Yn(z,)} €quals the set of the greatest-type
divisors of x; in S.

Proof. Let (P,<)=(Z",|). Then this theorem follows from Theorem 3.8. [

Theorem 5.3. Let S = {x1,z9,...,2,} be a set of n distinct positive integers
and f an arithmetical function. If S is gcd-closed, then the matrix [f(z;, x;)] defined
on S is nonsingular if and only if for all 1 < i < n one has

fl@i) + Z(*l)t Z f(@iyirs i) #0,

t=1 1<i1 <. <@y <n(w;)

where f(x;,4i,,.-.,vi,) denotes f evaluated at the greatest common divisor of
ZiyYiys - - -5 Yi,, n(x;) equals the cardinality of the set of the greatest-type divisors
of x; in S, and {y1,¥y2,---,Yn(z,)} €quals the set of the greatest-type divisors of x;
in S.

Proof. Let (P,<) = (Z™,|). Then this theorem follows immediately from
Theorem 4.1. (I

Note that Theorem 5.3 gives an answer to the problem raised by Bourque and
Ligh in [4].

Theorem 5.4. Let S = {x1,z9,...,2,} be a set of n distinct positive integers
and f a semi-multiplicative arithmetical function. If S is gcd-closed, then the matrix
(f[zi, x;]) defined on S is nonsingular if and only if for all 1 < i < n one has f(x;) # 0

and
RS SETID > :
+ (—1)t 7& 0,
flxi) =1 1<in <. <ty <n(@:) f(@isyirs - vi)
where f(x;,Yi,,...,Y:,) denotes f evaluated at the greatest common divisor of

ZiyYiys - - -5 Yi,, n(x;) equals the cardinality of the set of the greatest-type divisors
of x; in S, and {y1,¥y2,...,Yn(z,)} €quals the set of the greatest-type divisors of x;
in S.

Proof. Let (P,<) = (Z™,|). Then this theorem follows immediately from
Theorem 4.2. O
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