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Abstract. In this paper we investigate holomorphically projective mappings of general-
ized Ké&hlerian spaces. In the case of equitorsion holomorphically projective mappings of
generalized Kihlerian spaces we obtain five invariant geometric objects for these mappings.
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1. INTRODUCTION

A generalized Riemannian space GRy in the sense of Eisenhart’s definition [1] is
a differentiable N-dimensional manifold, equipped with a nonsymmetric basic tensor
gij. Connection coeflicients of this space are generalized Cristoffel’s symbols of the
second kind. Generally, T, # T ..

In a generalized Riemannian space one can define four kinds of covariant deriva-
tives [3], [4]. For example, for a tensor a’ in GRy we have

i i P i i i P i
Gjim = Jerm J ij pr Yjlm = JrFmP j Fm] P’
1 2
i i P i i i J )
Gjim = Jerm J Fm] pr Gjlm = @ JrFmP j ij P
4
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In the case of the space GRy we have five independent curvature tensors [6] (in

[6] IE? is denoted by ]2%)

N v

Bin =i = Dojom + T Ty = T o
Rl = Do = Do + Ly = T T+ T8, (D = 15,
Rimn = D = T + U5 = T T 4+ (T = Ty,
Rn = 5 (Chnn + Ty = T = Ty + T Ty + T, T,

—F?nFinp — FZjF;m).

Kihlerian spaces and their mappings were investigated by many authors, for ex-
ample K. Yano [11], [12], M. Prvanovié [9], N. S. Sinyukov [10], J. Mikes [2] and many
others.

In [7] we defined a generalized Kihlerian space GKn as a generalized N-
dimensional Riemannian space with a (nonsymmetric) metric tensor g;; and an

almost complex structure F(z) such that

h _ h
(1.1) F(x)Ff (z) = =47,
(1.2) 9w FIF) = gij, g2 = g™, F],
(13) Filij =0 (9: 132)7

where | denotes the covariant derivative of the kind 6 with respect to the metric

0
tensor g;;, and ij denotes the symmetrization over i, j.
Generalizing the concept of an analytic planar curve in a K#hlerian space [8], [10]
we obtained in [7] an analogous notion for a generalized Kihlerian space.

A curve
(1.4) I:zh=2"t) (h=1,2,...,N)
is said to be analytic planar if the relation

A"
(1.5) - T APAT = a(t)A" + b(t)F} AP

is satisfied, where A" = dz"/dt and a(t), b(t) are functions of the parameter .

Let us consider two N-dimensional generalized K#hlerian spaces GKy and GK
h

7

with almost complex structures F, ih and F,, respectively. We introduce a common
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by the mapping f coordinate system, i.e. if M € GKy, M = f(M) € GK y and
at the local carte (%as, ) we have (M) = (x!,22,...,2") € RY then at the local
carte (% 57,7 = ¢ o f~1) we have

@(M) = (‘P © f_l)(M) = QD(M) = (xl’xZ’ e 7$N)'
We suppose that
(1.6) Fh'=F

in the common by the mapping f: GKy — GK y coordinate system.
Diffeomorfism f: GKy — GK y is holomorphically projective or analytic planar

[7] if it maps analytic planar curves of the space GK into analytic planar curves of

the space GK x. In this case, Cristoffel’s symbols of the second kind of these spaces

satisfy the relations [7]

(1.7) T} =Tl + o)y + o Fjy + &

15

where (ij) denotes a symmetrization without division by indices ¢, j and fzhj is an
anti-symmetric tensor. In (1.7) the vector o; can be selected such that o; = —, F?.
Then we have

(1.8) T = T0y + vdyy) — v FGES + €.

2. EQUITORSION HOLOMORPHICALLY PROJECTIVE MAPPINGS

Let f: GKx — GK n be a holomorphically projective mapping, and let the tor-
sion tensor F?j and fﬁ‘j of the spaces GKy and GK y satisfy the condition
\2

Vv

Th _ 1h
(2.1) Tl =Tl

In this case the mapping f is called an equitorsion holomorphically projective mapping
of the spaces GKy and GK y. Then (1.7) implies

(2.2) ho—0.

)

2.1. Holomorphically projective parameters of the first kind.
Curvature tensors of the first kind ll% and ? of the spaces GK n and GK y, respec-

tively, are connected by the relation [5]

(2.3) Rjn = R + PP pio_pP Pl oTP Pl

7
1 Jmn ]mn im|n ]n|m jm* pn jn* pm mn ipo
1
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where Pi’; = flhj - F?j is a deformation tensor. Substituting (1.8) and (2.2) into (2.3)
we get

+ F;)(Fyiqlppm - Frirﬂ{’pn) + F;(Fﬁ?pm - Fﬁz?’pn)
+ 2000805 + 200,00 — 200, F Fy — 210 g FLF

P

where we denote

(2.5) 11% = Yi|j — itk + O FPg FY.
1

Contracting with respect to indices 4, n in (2.4) we obtain

(2.6) ?jm = Ifjm + 'lf)[mj] - N?jm - Fngﬁlb(pq)

+ 200,y — 20, g FEy — 2T, g FYFY.

\4

Anti-symmetrization without division in (2.6) with respect to indices j, m yields

@7) (N 2)pgm) = Rigon) — Bijon) + 45,0 — 20,0, F Fy

+ 218 Y FL Fy — QF%quFgFjT + 21 Y FlFy,.
Vv Vv
Symmetrizing without division with respect to j, m in (2.6) we arrive at

(2:8) Rgm) = Rigm) = Nobgm) = 2F] Fiythipq) — 200, g F Fy

— 2T% g FALFy — 20 g FAF] — 2%,y FUF)

For the spaces GKy and GK y the relations [7]

(2.9) If(pq)FipFJq = Il%(ij) - 21—‘%1FZVSFJ’TF§1 + 21"%Fg€1
and
(2.10) If(pq)Fz‘pFJq = }E(ij) - QFZT)VqFZVSFjTFﬁm + QF%JFZT

are valid, respectively.
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By composition with F} iF 4 » contraction with respect to j, m, and using the
conditions (2.9), (2.10) we get from (2.8)

(2.11) Rigm) = Bigm) = Nt o) Fy Fy = 20 gm) + 2050 Fy F,
+ QF%d)mFg Fi+ 2r§?vj¢ngF; + 200 o P EY
From (2.8) and (2.11) we have
(212) (N = DF}Fibipg = (N = 2)(m) + 20 oV E
+ 217 Y FLF) + QFP s Fy F o+ 2T o F F.

Substituting (2.12) into (2.9) we obtain

2 T
(213) (N +20(m) = Rigm) = Bigm) = 7 5 (NThy o F F

+ NT? 4, F4 F7 + QFP Ui By 4 20 )

— 2F‘;’Qrquz‘}Fj’7 — 2F§r7/)qF;?F;r

Using (2.7) and (2.13) we get

— 2N —
(2.14) (N + 2)11pjm = l?jm — ll%jm + 21“1’ iU — ~ mquFqFr
2 . r
R AL el e S L
N ) q’r‘/ll)mFTFq - 2F7€\1/’r‘quI(71FJT

Eliminating 1); by using the condition

(2.15) b, —Th = (N +2)i;

we reduce the equation (2.14) to the form

(2.16) (N +2)¢5m = Lim = Bjm + Pjm = Ljm,

where we denote

2 N -1 1
= = P _ s qrpr - 1P 7S T
(217) Pjm =+ — (F,@jrgp o DS Ey — 5 F]TFSngLF
1 S T S T S T
. 2rgrrst Ff — —— QFgTrme Ff =10, I3 FF; )
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In the same manner the geometric objects P P jm of the space GK y is defined. Elim-

inating 1, from (2.4) we obtain
1
where the magnitude

i i 1 i i

(219) HPW' jiun = RYp + N 55 0 Bin = Pin) + 85 (Bjmn) = Pln)
_5;(R'm _ij) +FfF£(€;pm - prm) - Fprvlz(R n Z{jpn)

+ FZFP(Rpm — P,,m) F?Fg(R,m — If ") — 2anan] — 25;rfm a

+ 212 T3 FqFl +2TP T FIF!]

mn® sq mn=sqtprj

is expressed by geometric objects of the space GK . In the same manner the magni-
tude H PWi jmn is expressed by geometric objects of the space GK . The magnitude

H PI/I/i jmn 1s not a tensor, and we call it the equitorsion holomorphically projective

parameter of the first kind of the space GK . From the facts given above, we have

Theorem 2.1. The equitorsion holomorphically projective parameter (2.19) is an
invariant of equitorsion holomorphically projective mappings f: GKy — GK .

2.2. Holomorphically projective parameters of the second kind.
For the curvature tensors g and ? of the spaces GK and GK y the relation

(2.20) R, =R +P

odmn T G J\n_ nﬂ\m mj* np nj* mp

+ PP pi PP P +2Fp P!

is valid [5], where Pj, is a deformation tensor. Substituting (1.8) and (2.2) into
(2.20) we get

+ F;)(Friqum - Frinlé’pn) + Fj(Ff;lé)pm - Frgﬂé’pn)

where we denote
(2.22) 12bij = Yi|j — itk + o F g F.
2
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Contracting by indices ¢, n in (2.21) we arrive at
(2.23) Bijm = Bijm + mg) = Njm = FY Lt g

+ 205,y — 200, g F{F] — 200, 0 FFy.

\4

Anti-symmetrization without division in (2.23) with respect to indices j, m yields
(224) (N 2)p5m) = Bijon) — Bpjon) + 4850 = 200 F

+ QFZT:jqugF;l — 2Ff€nz/)qFJqF£ + QFZT)vjquglF;.
Symmetrizing with respect to indices j, m in (2.23) we get
(2:24) Rigm) = Bom) = NYm) = 257 Fipa) — 200 g Y FY

- 2r§?vj¢ngF; — 212,00 F Fy — 2F%¢ngFg.

For the spaces GKpy and GK ythe following relations are valid [7]:

(2.25) g(PQ)FipFJq = ‘?(ij) - QF%F%SFJTF; + QF%JFZT
and
(2.26) ?(PQ)Fiijq = ?(ij) - QF%ZF%SFJ'TF; + 2F§V<1Fg€n'

By composition with Fqum, contracting with respect to indices j, m, and using
(2.25), (2.26) we obtain from (2.24’) the relation

(2:27) Bim) = Bigm) = Ny FJ Fi = 2 im) + 205, g F By

20 g FE] 4+ 2080 Fy Ff + 2T o Fy .
From (2.24') and (2.27) we get
(2.28) (N — 2)Fnglz2ﬁ(pq) = (N - 2)7,2[1(jm) + QFZ;quFJqF;

AT b F, Fy o 200 s 4 20 i F
Substituting (2.28) in (2.27) we conclude that

— 2 -
+ NFfvjqu,%F; + QF%qil)jF;F,% + QF%qql)mF;FJq)

— 2Ff@anFz‘}Fj’7 — 2Ffj1/)sz‘}F;1.
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From (2.24) and (2.29) we get

(2.30) (N + 2)12@]-,” = Rjm — ij + 2r§mz/),, - 2rfm¢ngF;
_ 2N - 2 . .
N — 1/)q qu_me qungp
¥ 3 2 w]FTFq . 2r§?qume;Ff.

Eliminating ¢; by condition (2.15) we reduce the last equation to the form

(2.31) (N 4+ 2)Yjm = Rjm — Rjm + Pjm — Pjm,
5 2 2 2 2

where we denote

2
¥y s Is S q T
(2:32) Pim = 573 (F]mrgp T2, D3 P — S 2r§zmrsqF F
1 T S T S T
— e T Tl F L — g Tl F‘I)

Eliminating zZZij from (2.21) we get

(2.33) HPW' jonn = HPW" jn,

where

(2.34) HPIg/i jmn = RZ P [6, (Bjn = Pjn) + 5§(l§[mn] = L))

Jmn N 42
*5;(R'm*1§ ) FpFl(Rpm*PPM) FPF;(Rn*éDpn)

+ FJFE(Bym — Pym) = F{FR(Ryn = Py) = 287 —ort T

it nm I nm= qj
+ 2FﬁmF§qF‘1Fl + QFﬁmfinqFl]
The magnitude H PVzVi jmn is not a tensor, and we call it the equitorsion holomor-

phically projective parameter of the second kind of the space GK . From the facts

given above, we have

Theorem 2.2. The equitorsion holomorphically projective parameter of the sec-
ond kind is an invariant of equitorsion holomorphically projective mappings of the
spaces GK and GK .
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2.3. Holomorphically projective parameters of the third kind.
The curvature tensors g and E of the space GKy and GK N satisfy the relation [5]

(2.35) R

P! L om +PL P — PPP!

Y _
j 715—’? jmgn njlm jm* np nj* pm

jmn jmn +

+ 2P0, Ty + 20, By

Substituting (1.8) and (2.2) in (2.35) we get

(2-36) ?;mn = ?ijn + 5:nwj’ﬂ + 5;' (wmn - anm) - 5iﬂpjm
2 2 1 1
+ F;)(Frzﬂlppm - F’rlnqu’ﬂ) + F;(Fﬁ?pm - Frgﬂé’pn)

+ 21,00 + 21 0 — 20, b FAED, — 21 by FIL FY,

\% \% \% \%

where we denote

(2.37) 'lé}ij = %‘{Lg‘ — by + UpF e FY,  (0=1,2).

The following equality is also valid [5]:

From the equation (2.36) we get

+ Ff(FriL@lbpm - Frinaﬁpn) + F;(Fr}z@fpm - Ffm%’pn)
+ 205, 0 + 20,10 — 2rgvn¢qFfF; - 2rgvn¢qF;Fg

\%

+ 2Ff@jwn + 21“%]-1/),” - QF;,vjqugF}; - 2F§y¢ngF5.

Contracting with respect to i, n in (2.38) we arrive at

(2.39) l?jm = gjm + 11P[mj] - N11ij - F;‘)Fgﬂf(m)

+ 2anij =20, Y FIFY, — 2T s B FE.

Vv

By anti-symmetrization without division (2.39) with respect to j, m we get
(240) (N +2)8pjm) = Bijm) = Bijon) +4L7,0p — 20000 FLE,

+ 2 g B = 2yt B FE o+ 2 o F Y.
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Symmetrizing with respect to j, m in (2.39) we obtain
(241) Rim) = Bim) = Nibgm) = 2F] Fiydhpq) — 2000 FYET,

= 25 0o I — QF%qu;Ff = 2,00 F Y.

By composition with F} JF 4 contraction with respect to j, m, and using the
conditions [7], one obtains

(2.42) ]g(pq)FfFf = g(m 2F§ql“gsF’”FS + QngFgm
and
(2.43) l?(pq)FipFJq = g(m 21"?T’(11“;175FTFS + 21"§’ql“gm

\4

From (2.41) we have
(2.44) Rgm) = Biim) = N F} Fiy = 20Gm) + 20 tog B FY
+ QF%quFﬂF;L + 2F;vqmefFJq + 2F;vqijngl
and (2.41) and (2.44) imply
(245) (N = 2)F7Fbm = (N = 2 gm) + 2L FEE
+ 21“%]ijng + QF;;ijnglFf + 2F;cn¢qquFf.
Substituting (2.45) into (2.44) we have

(2.46) (N + 2)/‘1# Jjm) = jm) - ?(]m) — N Q(qu 'l/)nglFf
+ ercanF;? FP + 2I‘;vqme7%’ Ff+ gp;vqwj FPFY)

= 26 FF, - 2I‘;€anFﬁFf.

From (2.40) and (2.46) we get

2N 2
@AT) (N + D = Rim = T + 20ty — S5 Ty buFiFE

2 2
q T q
TN e aF”*mW’meFa‘

2 T
— st PP ngﬂqugF,z.
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Eliminating ; from the last equation we have
(2.48) (N + 2)jm = Bym — Bjm + Pjm = Pjm,

where we denote

2 N — 1
_ vy q s T S q
(2.49) Igjm =N 12 (F’@jrg‘” -~ 3 2ijrsnglFf -N 3 2rpml“sqF FP
1 s S s S S s S
- mquFsmeFf mrpqrstme — ijquFﬁF5L>

Eliminating ., from (2.36) we obtain
1

(20.50) HP?’ jmn = HPIg/i jmns
where
7 1 1 7 7

N+2
- 5;< m — J;jm> F;’F;ugfpm — Pym) = FYFL(Bon — Pyn)

JerFp(RIOm - Ppm) F;Frea(an - 133 ) QFP ra 51

Jn qp-m

—2T? T9 §° 4 2I'7 T FpFZ + 219 TS Fle —ort TP

mn= qp®j pnt s P sq mj pn
— 2F§WF§m + QFZJFin,‘{F},’l + QFLJFin,‘le,f]
The magnitude H PVgi jmn is not a tensor and we call it the equitorsion holomor-

phically projective parameter of the third kind of the space GK . By virtue of the
facts given above we have the following result:

Theorem 2.3. The equitorsion holomorphically projective parameter of the third
kind is an invariant of equitorsion holomorphically projective mappings of generalized
Kihlerian spaces.

2.4. Holomorphically projective parameters of the fourth kind. For cur-
vature tensors {4% and ? of spaces GKy and GK y the following relation is valid [5]:

(2.52) Ri. =R + 4+ PP pi _ ppop

g dmn T Yy Jm\ "J |m jm* np nj* pm

+2P? I‘Z +21"p Pl
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where P, is the deformation tensor. Substituting (1.8) and (2.2) in (2.52) we have
(253) R, =Ry, + 5;’,115]-,1 +6 (ff’"” — zlpnm) — 5;11pjm
+ F;)(Frlﬂ/)pm - Fviyﬂ/)pn) + F;(F}prm - Fﬁﬂﬁpn)
+2r1 in +2r1 jthm — 2T} g FIFY — 21“ g FLFP.
In the same manner as in the previous cases we get
(2.54) HPW jmn = HPW" juna,
where we denote
(255) HPW juan = B+ 75 [ (B = o) + 83 By = Pl
_5;( »m—ij)—i—Fpr;(R m_gpm)_Fvain(R n_gpn)

+ FJFY(Rym — Pym) = F{F5(Ryn — Ppn) — 215, T4,0;

J" gp-m

—2T? T9 §° 4 2I'? T Fsz + 219 TS Fsz —ort TP

mn qar-J Pn sq Pn sq m_] pn

— 21"jwl“§m + QFLJquFgF,’,’l + 2F;JF§qF,%F£ .
The magnitude H Pli/i jmn 1S Dot a tensor either, and we call it the equitorsion

projective parameter of the fourth kind of the space GK . In this case we have

Theorem 2.4. The equitorsion holomorphically projective parameter of the
fourth kind is an invariant of equitorsion holomorphically projective mappings of
generalized Kéhlerian spaces GK  and GKy.

2.5. Holomorphically projective tensor.
For curvature tensors of the fifth kind 1? and ? of the spaces GK y and GK y the

following relation is valid:

i i 1 1A 7
(2.56) R, =R+ =(Pin — +Pm—

]mn 5 Jmn 2 ]m\n ]n|m

+ Pt P!

n]\m jm* pn
— P]pnanp + Pgl]Pflp — ngP;m + 4F§nP1§m + 4F§mPZ§n)
Substituting (1.8) and (2.2) in (2.56) we have
(2.57) R;mn = szmn + Op W jn 4 65 fn] — G ¥ jm
12 12 12
+ F;)(Frlzwpm - Frlnwzm) + F;(Frfz/)pm - Fﬁﬂ/’pn)»
12 12 12 12
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where we denote
1
1 2

Contracting with respect to i, n in (2.57) we get

(2.59) Rjm = Rjm — ¥ (jm) — Njm — FYFL1) (g
5 5 12 12 12

Using anti-symmetrization without division in (2.59) with respect to j, m we get

(2.60) (N + 204 im) = Rijm) = Bijm.

Symmetrizing without division with respect to j, m in (2.59) we have

(2.61) Bijm) = Bgm) = NV m) = 2F7 F Y o)

By composition with Fg FJ", contracting with respect to j, m, and using the relations

(2.62) R( )F F = R(”) + 2F’T’ngSFTFS — 21";}11“231
and
(2.63) R(pq)F F = R(U) + 2I‘7qugsFTFS QF?ngm,

\4

one obtains from (2.61) the equality

Ry = Ry \ — PEd .
(2.64) Bjmy = Bjmy = N o) FY Fy = 20 (jm).
From (2.61) and (2.64) we obtain
2.65 FPEA — .
(2.65) i Fn ) = Yim)
Substituting (2.65) in (2.64) we have
(2.66) (N +2) P Gm) = Bjm) — Bjm)-
From (2.61) and (2.66) one gets

(2.67) (N +2)Yjm = Rjm — Rjm
12 5 5
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Eliminating v, from (2.57) we have
12
(2.68) HP?’ jmn = HPI/g/i jmns
where

% % 1 %
(269)  HPW jmn = Bl + 5775 00 Bin + 0 Blaun) = 5, By
—|—F;’(FflR — Fi an)—i—Fz(FpRpm—Fpan)]

ms

Contrary to the previous cases the magnitude H PV;/i jmn 1s a tensor and we call it

the equitorsion holomorphically projective tensor of the space GK .
Based on the facts given above, we have the

Theorem 2.5. The equitorsion holomorphically projective tensor is an invariant
of equitorsion holomorphically projective mappings of generalized Kéhlerian spaces.

2.6. The case of Kihlerian spaces.
In the case of holomorphically projective mappings of Kédhlerian spaces the mag-
nitudes HPVg/ijmn, (0 = 1,...,5), given by (2.19, 34, 51, 55, 69) reduce to the

holomorphically projective curvature tensor [10]

7 1 ) 7 7
HPW joun = R + 5 N Rty + Ff By Py + 2F F Ry,
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