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Abstract. We provide new sufficient conditions for the convergence of the secant method
to a locally unique solution of a nonlinear equation in a Banach space. Our new idea uses
“Lipschitz-type” and center- “Lipschitz-type” instead of just “Lipschitz-type” conditions on
the divided difference of the operator involved. It turns out that this way our error bounds
are more precise than the earlier ones and under our convergence hypotheses we can cover
cases where the earlier conditions are violated.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a locally unique
solution z* of the equation

(1) F(z) =0,

where F' is a nonlinear operator defined on a convex subset D of a Banach space X
with values in a Banach space Y.

A large number of problems in applied mathematics and also in engineering are
solved by finding the solutions of certain equations [4], [7], [16]. For example, dy-
namic systems are mathematically modeled by difference or differential equations,
and their solutions usually represent the states of the systems. For the sake of sim-
plicity, assume that a time-invariant system is driven by the equation & = Q(z) (for
some suitable operator ()), where z is the state. Then the equilibrium states are
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determined by solving equation (1). Similar equations are used in the case of dis-
crete systems. The unknowns of engineering equations can be functions (difference,
differential, and integral equations), vectors (systems of linear or nonlinear algebraic
equations), or real or complex numbers (single algebraic equations with single un-
knowns). Except in special cases, the most commonly used solution methods are
iterative—when starting from one or several initial approximations a sequence is
constructed that converges to a solution of the equation. Iteration methods are also
applied for solving optimization problems. In such cases, the iteration sequences
converge to an optimal solution of the problem at hand. Since all of these methods
have the same recursive structure, they can be introduced and discussed in a general
framework.

We consider the secant method in the form
(2) Tpal = Tp — (5F(J:n_1,acn)_1F(wn) (n>0),

where 0F (z,y) € L(X,Y) (z,y € D) is a consistent approximation of the Fréchet-
derivative of F' [3], [4], [10]. Bosarge and Falb [4], Dennis [5], Potra [11], Argy-
ros [1], [2], Gutiérrez [6], [7], and others [8], [10], [3], [12], have provided sufficient
convergence conditions for the secant method based on “Lipschitz-type” conditions
on 0F. Here using “Lipschitz-type” and center-“Lipschitz-type” conditions we pro-
vide a semilocal convergence analysis for (2). It turns out that our error bounds are
more precise and our convergence conditions hold in cases where the corresponding
hypotheses in the earlier references mentioned above are violated.

2. SEMILOCAL CONVERGENCE ANALYSIS FOR THE SECANT METHOD
We need the following result on majorizing sequences.

Lemma 1. Assume there exist non-negative parameters l, ly, 1, ¢, and a € [0, 1],

—1++1+4
0, —itvitaa . a0

(3) §e 2a

[0,1), a=0
such that:
(4) (I+68lp)(c+n) <6,
(5) n < dc,
and
(6) lo < al



Then,
(a) the iteration {t,} (n > —1) given by

(7) t,1 :0, t() =C, tl :C+7’],
l(tn—i-l - tn—l)
L —lo[tny1 —to + tn)]

tn+2 = tn+1 + (tn+1 - tn) (n = 0)

is non-decreasing, bounded above by

8 = ——

( ) 1 o 5 + C,
and converges to some t* such that

©)) 0<t™ <™.

Moreover, the following error bounds hold for all n > 0

(10) 0 < tngo — tny1 < O(tns1 —tn) < 8"
(b) The iteration {s,} (n > 0) given by

(11) S_1—8y=¢, So—S81=1,

Z(Snfl - 5n+1)
1 —1o[(so+5-1) — (8n + Snt1

Sn4+1 — Sn+42 = )] (Sn — 5n+1) (?’L > 0)

for s_1, sg, s1 = 0 is non-increasing, bounded below by
(12) § =89 — T

and converges to some s* such that

(13) 0<s™ <™
Moreover, the following error bounds hold for all n > 0

(14) 0 < Spt1 — Snt2 < I(sn — Snt1) < sntly,

Proof. (a) The result clearly holds if § =0 or [ = 0 or ¢ = 0. Let us assume
that § #£ 0, [ # 0 and ¢ # 0. We must show that for all k£ > 0:

(15) Utk — te—1) 4 6lo[(trs1 — to) +tr] <6,
1 —lo[(tkt1 — to) + tx] > 0.
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The inequalities (15) hold for £ = 0 by the initial conditions. But then (7) gives
0<ts —t1 < 3(t —to).

Let us assume (10) and (15) hold for all £ < n + 1. By the induction hypotheses we
have in turn:

(16) I(try2 —tr) + Olo[(tere — to) + tat1]
1—¢"2 1—g"!

< — _
X l[(tk+2 tk+1) + (tk+1 tk)] + 510 13 + T35

n+ dlgc

Bl
SUTH 48"+ 705(2 — R — 552y 4 Glge.

We must show that ¢ is the upper bound in (16). Instead by (5) we can show that

16%(1 + 0)n + 15105(2 — 882 5y 4 Slge < (1+ 6lo) (¢ + 1)
or
8lo # — 1]17 <lle+n—6"(146)n]
or
P Lk R I U ) I z[ﬁ =65 (1+6)n
1-6 B
or
ad? (14 6)(1 — 1) < (1 —6)(1 4 68)(1 — 8%
or

ad®> +6-1<0,

which is true by the choice of §. Moreover, by (5) and (10)

ol
(17) 8lo[(tra — to) + thpa] < (2 — 8FF% — ¥ 1)y + dlge
1-6

< (I +6lo)(c+n) <0,

which proves the second inequality in (15). We must also show that

(18) te <t (k> —1).
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For k =—1,0,1,2 we have t_1 =0 < t**, to = n < t**, t; = n+ ¢ < t** by (8), and
to=c+n+0on=c+ (14 n < t* by the choice of §. Assume (18) holds for all
k< n-+1. It follows from (10) that

thgo Stpp1 +0(thrr —te) <t +0(te —th—1) + 6(try1 — ti)

<
< ...<t1+5(t1—to)-i—...—l—(S(t}H_l—tk)
<

c+n+on+... 46y
1_5k+2

n
<
c+ 135 n

1-6

+c=t*".

That is, {t,} (n > —1) is bounded above by ¢t**. It also follows from (7) and (15)
that it is also non-decreasing and as such it converges to some t* satisfying (9).

(b) We proceed as in part (a) but we show that {s,} (n > —1) is non-increasing
and bounded below by s**. Note that the inequality corresponding to (16) is

[(sk — skt2) < O[1 — B(so + 5-1) + B(sk+1 + sk+2)],

or

16" (so — s1) + 0¥ (50 — 51)]

1— gkt 1—ght2
<o|1— 10(80 +S_1) +lo<80 — ﬁ(SO — 81)) +l(80 - ﬁ(SO - 81)):|,

or
_ sk+1 _ sk+2

must be bounded above by §, which was shown in part (a).

That completes the proof of Lemma 1. O

Remark 1. It follows from (16) and (17) that the conclusions of Lemma 1 hold if
(3), (5), (6) are replaced by the weaker conditions: for all n > 0 there exists § € [0,1)
such that

5l
167(1 + &) + 170

52— 62 — 5" yn + Sloe < 6,

and

dlo

—52- 52— 5"y + Slge < 1.
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The above conditions hold in many cases for all n > 0. One such stronger case is:

20lon
1-—

(L+0)n+ 5

+ dlpec < 6,

and

25l0767 + (510 < 1.

We shall study the iterative procedure (2) for triplets (F,xz_1,x) belonging to the
class C(l,1o,n, c) defined as follows:

Definition 1. Let [, [y, , ¢ be non-negative parameters satisfying the hypotheses
of Lemma 1 or Remark 1 (including (4)).

We say that a triplet (F,z_1,zq) belongs to the class C(l,ly,n, ¢) if:
c1) F is a nonlinear operator defined on a convex subset D of a Banach space X
with values in a Banach space Y;
c2) w_1 and z are two points belonging to the interior D® of D and satisfying the

inequality

(19) ||CL‘0 - .”L'_1|| <c

c3) F is Fréchet-differentiable on DY and there exists an operator §F: DY x D% —
L(X,Y) such that:
the linear operator A = 0F(x_1,x0) is invertible, its inverse A~! is bounded
and
IATEF (o) < s
JA[SF (2,y) — F' ()]l < U(lz — 2]l + lly — 2I)),
JA[BF (z, y) — F'(o)]ll < lo(lz = 2ol + lly — zoll)

for all z,y,z € D.
c4) theset D, = {x € D; F is continuous at 2} contains the closed ball U(zg, s*) =
{z € X |||z — 0| < s*} where s* is given in Lemma 1.

We present the following semilocal convergence theorem for secant method (2).

Theorem 1. If (F,z_1,20) € C(l,lo,n,c) then the sequence {z,} (n > —1)
generated by the secant method (2) is well defined, remains in U (x, s*) for a]] n>=0
and converges to a solution x* € U(zg, s*) of the equation F(x) = 0.
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Moreover the following estimates hold for all n > 0

(23) [Tn+2 — Tng1ll < Sng1 — Sns2,

(24) |zn — 2| < an

and

(25) |20 — 2| > Bn

where,

(26) 5.1 = ! ;rléoc’ S0 = L g[éoc for Iy # 0,

the sequence {s,} (n > 0) is given by (11), and «,, [, are respectively the non-
negative solutions of the equations

l0t2 — 210(80 — ||£17n — IoH)t
(27) =z = a1l + |Tn-1 — Zn—2|)l|[2n — -1l =0,

(28) U7+ [ll|lwn — @n—1l + 1 = lo(llzn — @oll + llzn—1 — o]l + )]t

+ [lo([[zn — @oll + [|[Tn-1 — w0l + ¢) = 1][|Tp+1 — 2]l = 0.

Proof. We first show that the operator L = 0F(u,v) is invertible for all
u,v € DO with

(29) [l — ol + [Jv — zol| < 2s0.
It follows from (22) and (29) that

[ATHL = F'(z0))|| + [|A™ (F' (o) — A)|

(30) I—-AT'L| =AY L - A)] <]
<lo(lu = zoll + llv = zoll + [lwo — z1[]) < 1.

According to the Banach Lemma on invertible operators [9] and (30) L is invertible
and

(31) IL7 A < [L = lo(lu — o]l + [lv — zoll + )] .
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Condition (21) implies the Lipschitz condition for F’
(32) AT (F () = F'(0)| < 2lllu—v], u,ve D"

By the identity

(33) F(z) - F(y) = / Fl(y + t(z — y)) di(z — )
we get

(34) A5 [F(2) = Fy) = F'(w)(@ = ] < Uz = ull + |y = ul))llz — y]

and

(35) | Ag [F () = F(y) = 6F (u,v)(x =)l < (|2 —vll + [ly = vl + [lu = v[) |z =yl

for all z,y,u,v € D°. By a continuity argument (33)—(35) remain valid if = and/or
y belong to D..

We first show (23). If (23) holds for all n < k and if {x,,} (n > 0) is well defined
forn=20,1,2,...,k then

(36) lzo — 2nll < 80— sn < so— 8%, n<k.

Hence (29) holds for v = z; and v = z; (¢,j < k). That is (2) is well defined for
n=k+1. Forn=—1and n =0 (23) reduces to ||z_1; —zo|| < cand ||zo —z1]| <7
respectively. Suppose (23) holds for n = —1,0,1,...,k (k > 0). Using (31), (35) and

(37) F(ak) = Fare) — Far) — 0F (w—1, 2) (Tr41 — 21)

we obtain in turn

(38)  lwrr2 — zrpall = 10F (zr, wgr) " F@rg)|
<NI6F (@, wppa) Al AT F (2|
o _ UWlzrer = zpef + llzn — zp-a])
S 1= lolllergr — moll + lzx — 2ol + ]
l(sk — Sk41 + Sk—1 — Sk)
S 1 —lo[so — Sk41 + S0 — Sk +5_1 — So
= Skt1 — Sk42-

lzrt1 — il

(Sk — Sk+1)
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The induction for (23) is now complete. It follows from (23) and Lemma 1 that the
sequence {z,} (n > —1) is Cauchy in the Banach space X and as such it converges
to some z* € U(zo, s*) (since U(zo,s*) is a closed set) so that

(39) lxn — "] < sp — s™.
By letting k — oo in (38) we obtain F(z*) = 0.

Set © =z, and y = z* in (33), M = fol F'(z* 4+ t(x, — 2*)) dt. Using (23) and
(39) we get in turn

(40)  Jlew — woll + la* — o]l + lleo — 2_1]
< 2(||wn — o] + [l — 2"

2||zn — ol + |l#n — 2™ + ¢

<
<2(80 — Sn+ 8n —8%) + ¢

1
<2sg+c=—.
lo

By (40) and the Banach Lemma on invertible operators we get
(41) IMTEA < (L = lo@lln — zoll + [l — 2| + )] .
It follows from (2) and (41) that

(42) lwn — 2|l < [MTA] - AT F (@)

Ulzn = zn-all + [[Tn-1 — Tp—2]|]
1 —lo[2|zn — 2ol + |20 — 2*|| + ¢

< ]”xn_xn—lH»

which shows (24).
Using the approximation

(43) zpp1 —zx* =2 — =z,

+ [ASE (21, 20)] P A[F(2*) — F(2) — 6F (2p_1, 2, (2" — 2,,)]
and the estimates (30) and (35) we get

=™ = @]l + |20 — 2na]]

44 a1 — Tpll <
) Newer = ol S T T =20 7 Jomcs + 2ol 7

[en = 2% + [lon — 27|,

which proves (25).
That completes the proof of Theorem 1. O

In the next result we examine the uniqueness of the solution z*.
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Theorem 2. If (F,x_1,20) € C(l,lo,n,c), the equation (1) has a solution z* €
U(xo,s*). This solution is unique in the set Uy = {x € D, | ||z — zo|| < so + v} if
~v >0 or in the set Uy = {x € D, | ||x — zo|| < so} if vy =0.

Proof. Case 1: v > 0. Let 2* € U(xo,s*) and y* € U; be solutions of the
equation F(z) = 0. Set P = fol F'(y + t(x — y)) dt. Using (22) we get

11— AT'P| = [|[ATH A = P)|| < lo(lly” — ol + [|l2* — ol + l|lzo — z—1]))
<lo($0+’}/+50*’}/+c):1.

Hence, P is invertible and from (33) we get z* = y*.
Case 2: v = 0. Consider the modified secant method

(45) Snr1 =80 — AT E(y,) (0 = 0).
By Theorem 1 the sequence {y,} (n > 0) converges to z* and
(46) [#n = Zng1ll < Sn = Snsa

where,

)

(47) S0 =

e

Spil = Sp — lsi (n>0), forl>0.

Using induction on n > 0 we get

n/l

48 Sn 2

(n >0).

Let y* be a solution of F(z) = 0. Set P, = fol F'(y* + t(x, — y*))dt. It follows
from (22), (33), (45) and (48) that

(49) lns1 =yl = A7 (A = Pa)(@a —y7)l
<U(lly™ = ol + flzn — woll + on —za|)lzn -yl

<(1=15)|lzn — v < .. H (1—15:)]|=1 — |-
=1

By (49), we get lim H (1 —15;) = 0. Hence, we deduce that z* = y*.
That completes the proof of Theorem 2. O
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Remark 2. The parameter s* can be computed as the limit of the sequence {s,}
(n > —1) using (11). Simply set
(50) s* = lim s,.
n—oo

Remark 3. A similar convergence analysis can be provided if the sequence {s,}
is replaced by {t,}. Indeed under the hypotheses of Theorem 1 we have for all n > 0

(51) ||$n+2 - xn—i—l” < tn+2 - tn+1
and
(52) 2" = zn| <t —tn.

In order for us to compare with earlier results we first need the definition:

Definition 2. Let [, n, ¢ be three non-negative numbers satisfying the inequality

(53) le+2y/In < 1.

We say that a triplet (F,z_1,20) € C1(l,n,¢) (I > 0) if the conditions (c1)—(c4) hold
(excluding (22)). Define iteration {p,} (n = —1) by

1+1c 1—lc p2 — p?
54 -1 = = a7 n = Pn — 717,
(54) P-1 o Po o] 0 Prt1 =P Do+ Poi
where,
1
(55) P=g5 (1 —1lc)? —4in.

The proof of the following semilocal convergence theorem can be found in [3], [9],
[10]-[12].

Theorem 3. If (F,z_1,20) € Ci(l,n,c), the sequence {z,} (n > —1) generated
by the secant method (2) is well defined, remains in U(xq,p) for all n > 0 and
converges to a unique solution x* € U(zg,p) of the equation F(z) = 0.

Moreover the following error bounds hold for all n > 0:

(56) Tni1 — Znll < P —Pnt1
and
(57) |2n — 27| < pn —p-

Using induction on n we can easily show the following favorable comparison of
error bounds between Theorems 1 and 3.
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Proposition 1. Under the hypotheses of Theorems 1 and 3 the following esti-
mates hold for alln > 0

(58) Pn < Sp

(59) Sn = Sn+1 < Pn — Pnt1
and

(60) Spn— 8 < pn—p.

Remark 4. We cannot compare conditions (4) and (53) in general because of .
However in the special case [ = [y # 0, we can set a = 1 to obtain § = @ The
condition (4) can be written as

1
le+ln<fB=——=.381 11.
c+in<p 1535 3819660
It can then easily be seen that if
0<le<2y/B—1=.236067977,

then the condition (4) holds but (53) is violated. That is, even in the special case of
l = ly, our Theorem 1 can be applied in cases not covered by Theorem 3.
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