Czechoslovak Mathematical Journal

Miroslav Doupovec
On the underlying lower order bundle functors

Czechoslovak Mathematical Journal, Vol. 55 (2005), No. 4, 901-916

Persistent URL: http://dml.cz/dmlcz/128032

Terms of use:

© Institute of Mathematics AS CR, 2005

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128032
http://dml.cz

Czechoslovak Mathematical Journal, 55 (130) (2005), 901-916

ON THE UNDERLYING LOWER ORDER BUNDLE FUNCTORS

MirosLAV DOUPOVEC, Brno

(Received January 10, 2003)

Abstract. For every bundle functor we introduce the concept of subordinated functor.
Then we describe subordinated functors for fiber product preserving functors defined on the
category of fibered manifolds with m-dimensional bases and fibered manifold morphisms
with local diffeomorphisms as base maps. In this case we also introduce the concept of the
underlying functor. We show that there is an affine structure on fiber product preserving
functors.
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It is well known that the theory of Weil algebras plays an important role in differ-
ential geometry. The principal result from this field is that every product preserving
bundle functor on the category .#Z f of smooth manifolds and smooth maps is a
Weil functor T4 for some Weil algebra A, [4]. Then the natural transformations
T4 — TB of two such functors are in a canonical bijection with algebra homomor-
phisms A — B and the iteration T4 o T'Z corresponds to the tensor product A ® B
of Weil algebras. Further, I. Kolaf and W. M. Mikulski [5] have recently described
fiber product preserving functors on the category #.# ,, of fibered manifolds with
m-~dimensional bases and fibered manifold morphisms with local diffeomorphisms as
base maps, in terms of Weil algebras. In particular, all such functors are in bijection
with triples (A, H,t), where A is a Weil algebra, H is a group homomorphism and ¢ is
an equivariant algebra homomorphism (see below). The iteration of fiber preserving
functors on .# # ,,, was studied by I. Kolaf and the author in [1].

Our starting point was the paper [2] by I. Kol4¥, who introduced the concept of the
underlying lower order Weil functor. He also proved that there is an affine structure
on Weil bundles. Our aim is to introduce underlying lower order functors for every
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fiber product preserving functor on .%.#,,. In this connection we show that it is
useful to study underlying functors from a more general point of view.

In Section 1 we introduce the subordinated functor for every bundle functor F.
This is a functor G such that there is a surjective natural transformation F — G.
Then we describe subordinated Weil functors and subordinated Weil algebras. Tak-
ing into account the order of subordinated functors, we generalize the concept of
underlying Weil functor by I. Kolaf. Such an approach will also be used in Section 4,
where we introduce the concept of the underlying functor for fiber product preserving
functors on F A ,.

In Section 2 we recall the Weil characterization of fiber product preserving func-
tors on Z . ,, by means of the triples (A4, H,t). We prove that the order of such
a functor can be determined from its Weil description (A, H,t). In Section 3 we
characterize the subordinated fiber product preserving functors on .%.# ,, in an al-
gebraic way. Section 5 is devoted to some examples of subordinated and underlying
functors on % .# ,,. Finally, in Section 6 we show that there is an affine structure
on the fiber product preserving functors on .% .4 ,,.

All manifolds and maps are assumed to be infinitely differentiable. Unless other-
wise specified, we use the terminology and notation from the book [4].

1. SUBORDINATED AND UNDERLYING WEIL FUNCTORS

First we recall the concept of the underlying lower order Weil functor, which has
been introduced recently by I. Kolaf, [2]. Consider a Weil algebra A = Rx N4, where
N4 is the ideal of all nilpotent elements of A. We say that A is of order r, ord(A) = r,
if N:‘H =0 and N} # 0. It is well known that the order of the corresponding Weil
functor T4 coincides with the order of A, [4]. According to [2], the factor algebra
A = A/N f{"l is called the underlying algebra of order k and the Weil functor 74*
is said to be the underlying kth order functor of T4.

Clearly, the algebra epimorphism A — A = A/fo‘+1

induces a surjective sub-
mersion TAM — T4*M for every manifold M. This leads us to a more general

concept.

Definition. We say that G is a subordinated functor of a bundle functor F
(or that G is dominated by F'), if there exists a surjective natural transformation
t: F— G.

Notice that the concept of a subordinated functor is independent of the admissible
category and also of the order of bundle functors in question.

If T4 and T4 are two Weil functors, then surjective natural transformations T4 —
T4 are in bijection with algebra epimorphisms z: A — A. In such a case we have
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an exact sequence
(1) O—>I—>Aﬁ>A:A/I—>O

for some ideal I C A.

Definition. Let T4 and T4 be two Weil functors. We say that the Weil alge-
bra A is dominated by A if the Weil functor T4 is dominated by T4.

Clearly, we have

Lemma 1. A Weil algebra A is dominated by A if and only if A = A/I for some
ideal I C A.

In particular, for I = Nfﬁl we obtain the underlying algebra A, = A/NZ'H of
order k from [2].

Proposition 1. Let T4 and T4 be two Weil functors such that T4 is dominated
by TA. If the order of T is r, then the order of T is at most r.

Proof. Let yu: A — A be the algebra epimorphism from (1). Then we have
pw(Na) = Ny, so that (N;)"! = u(N;T) =0. O

On the other hand, suppose that the Weil functor T4 of order s is dominated
by T4. If u: A — A = A/I is the algebra epimorphism from (1), then the condition
(N;)*t! = 0 yields u(N5T') = 0, so that we have N5 C I. This defines an algebra
epimorphism

A, = A/NST - A= AJIL

Hence every sth order Weil functor TA, which is dominated by T4, is also dominated
by T4¢. This property of the functor 7 can be generalized in the following way.

Definition. A Weil functor Fj is said to be the underlying sth order functor of
a Weil functor F, if
(1) Fs is dominated by F,
(2) Fj has order s,
(3) Every sth order Weil functor F' which is dominated by F, is also dominated
by F5.

Thus, we have deduced
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Proposition 2. The underlying sth order functor of a Weil functor F = T4 is of
the form Fy = T4+, where A, = A/Nf‘"H.

We can see that in the case of Weil functors, the underlying sth order functor Fj
is exactly the underlying Weil functor 74+ defined by I. Kolaf, [2]. However, our
general approach to the concept of the underlying functor can also be applied for
bundle functors which are defined on another admissible category. The case of fiber
product preserving functors on .#.#,, will be discussed in Section 4.

Example 1. (a) Let F' = T'T be the second order iterated tangent functor. Then
the functors G and H defined by GM = TM xy TM, HM = TM, are dominated
by F. Moreover, F} = G.

(b) Let T, be the velocities functor defined by T, M = Jj(R™, M). Then we have
(Tr:z)T—l = T;z_l-

(c) Consider the iterated velocities functor F': = T; (7). Clearly, both func-
tors T and T, are dominated by F. By [2], the underlying (r + s — 1)th order
functor of F' is the fiber product

(T (THM)pys—1 =Ty ' TiM Xpr-iqe=tpg T " M.

2. FIBER PRODUCT PRESERVING FUNCTORS ON % .# ,,

We recall that the definition of the order of a functor on % .#,, is based on the
concept of (g, s,r)-jet, s = g < r, [4]. Consider two fibered manifolds p: ¥ — M,
q: Z — N and two # .4 ,,-morphisms f,g: Y — Z with base maps f,g: M — N.
We say that f and g determine the same (gq,s,r)-jet at y € Y, ji*" f = ji*"g, if

Jdf =3dlg,  Jy(fIYz) = j,(glYe) and jif =jrg, = =p(y).

Let F' be a bundle functor on the category & .# ,,. We say that F is of order (g, s, 7),

if jo°7 f = joo7 g implies F f|F,Y = Fg|F,Y.

Definition. The integer r is called the base order of F, s is called the fiber order
and ¢ is called the total order of F', s > q < r.

Denote by D}, = Ji(R™,R) the algebra of all r-jets of R™ into R with source
0 € R™ and by G?, = inv J§(R™, R™), the rth jet group in dimension m. By I. Kol4f
and W. M. Mikulski [5], all fiber product preserving bundle functors on .% . ,, of the
base order r are in bijection with the triples (A, H,t), where A is a Weil algebra, H :
G — Aut(A) is a group homomorphism of G}, into the group of all automorphisms
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of A and t: 0, — A is an equivariant algebra homomorphism. Further, denote
by P"M[TAY] the associated bundle to the rth order frame bundle P"M and by
tar: Th M — TAM the natural transformation induced by ¢. Taking into account
the inclusion P"M C T] M, we have

(2) FY = {{u,Z} € PIM[TAY),  tas(u) = TAp(Z)}.
Moreover, Ff: FY — FZ is the restriction and corestriction of P i[TA f]:
PTM[TAY]| — P"N[TAZ)].

Let F = (A, H,t) be a fiber product preserving bundle functor on .%.#,, and

denote by Bar: T, M — T4 M the jet projection. We are going to show that the
order (g, s,r) of F' can be determined from the triple (A, H,t) in the following way.

Proposition 3. The base order r corresponds to H: GI — Aut(A), the fiber
order s is of the form s = ord(A) and the total order is the greatest integer ¢ < r
such that the algebra homomorphism t: D!, — A is projectable over ¢t: D%, — A,

ie.
(3) tar = tar o Bur.

Proof. The condition for the base order r is obvious and the condition for the
fiber order s follows from (2). By locality, it suffices to restrict ourselves to the case
of a product fibered manifold Y = M x N. Then T4p(M x N) = TAM and we have
an identification

F(M x N)=P"M xTAN, (u, W) {u, (tar(u), W)}, we P M, WeTAN.
Further, an .# .# ,,-morphism f: M x N — M x N is of the form
fl,y) = (f(2), f(x,y)), f: M —M, f: MxN—N.

Denote by fls M — N and fQ: N — N the horizontal and the vertical restriction
of f at (z,y), respectively. Obviously, we have

Ff=PrfIT4f], TAf=(T"f.T*f)

and if N = R", then TAN = A". Since t(u) € TAM is horizontal and W € TAN
is vertical, we obtain for N = R®

(4) Ff(u,W) = {P"f(u), (T (tar (), T fi(tar (w)) + T4 f2 (W)}
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Consider another .Z.# ,-morphism g = (g,§): M x N — M x N. The condition

I = J(z)9 reads
(5) Jnf =059 Gt fo = Gteypde 3t = 0l 00

Moreover, the naturality on h: M — M yields the commutative diagram

Hence we have

and (4) is of the form

(6) Ff(u, W) = {P" f(u), (tzz(P" f(w), tx(Ty,(fi(w) + T4 f2(W))}.

By (3), (5) and (6), Fg(u, W) coincides with (4). O

Example 2: Holonomic jet functors. Write J" for the r-jet functor defined
on M fm x A f and J}: F M, — F. A for the functor of the r-jet prolongation of
fibered manifolds. Further, let J; be the vertical r-jet functor on .#.# ., defined by

JY) = J5(M,Yz)
xeM

and analogously for morphisms. It holds Aut(D},) = GI, which induces the canon-
ical action C of G7, on the algebra D], given by the composition of jets. Then the
triples (A, H,t) of the functors J; and J; are of the form

‘]Ig = (D:nﬂdenvlden )7 J; = ([D:nvidG:nv ODfn )

where Opy : D, — D, is the zero homomorphism transforming the nilpotent part
into zero. This implies that J; and J; have the orders (r,r,r) and (0,r,r), respec-
tively.
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Example 3: Vertical functors. (a) Vertical A-prolongation functor V4. Let
A be a Weil algebra of order s and VA: .Z.#,, — .F.# be the functor defined by

vAY) = | 7Y,

TrEM

and analogously for morphisms. Clearly, the order of V4 is (0, s,0). Since G%, = {e}
is the one-element group and DY, = R, we have

VA = (A H,,ig)

where H.: {e} — Aut(A) is the trivial homomorphism and ig: R — A is the
canonical injection.

(b) General vertical functor VAH . Consider an arbitrary group homomorphism
H: GT, — Aut(A) and define a functor F4# on .# f,, x .4 f by

FAH(M N) = P"M[TAN, Hy]

where Hy is the action induced by H. Then we can introduce a functor V4

on & M, by

vAR(y) = ) MY, VA = | FMUE F)
reM xeM
We have
VAH — (A H,0,)

where 04: DF, — A is the zero homomorphism. Obviously, V4 has the or-
der (0,s,7). For example, VA = V4 and VPn-iden — Jr. From (2) it follows
directly that
(A, H,t) =VAH  if and only if t = 04.

Since VA = VAHe we have (A, H,t) = VA if and only if t = 04 and H = H..

Example 4: Nonholonomic and general jet functors. Denote by J”:
M fon X Mf — F.M the nonholonomic r-jet functor and by jg the functor of
nonholonomic 7-jet prolongation of fibered manifolds. Then j,: coincides with the

r-fold iteration of J}, i.e.
Jl=Jto.. . oJ}

By [1], the Weil algebra D7, = J5(R™, R) of JJ is of the form

(7) D), =D, ®..00,.
—_——

r—times
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The composition of nonholonomic jets defines an action of the group
G = inv J5(R™, R™),

on D}, and its restriction to G7, C G7, yields the action C of G7, on D!;,. By [3], we
have

jirz = (ﬂj):n,é,;)
where 7: D, — D7, is the canonical inclusion. I. Kolaf has recently introduced the
general concept of an rth order jet functor on Z .#,,, [3]. This is a subfunctor

JrCFcCJl

that preserves fiber products. According to [3], these functors are in bijection with
the G7 -invariant Weil subalgebras A of D}, satisfying IV, ¢ A C [V,. Denoting
by C,4 the restriction of the action C' to A and by is: A — I]j)fn the injection, a
general rth order jet functor F' on F.# y, is of the form

F=(A,Cy4,in).

3. SUBORDINATED FUNCTORS ON # . ,,

Consider two fiber product preserving bundle functors F' = (A, H,t) and G =
(B,D, 1) on & .M ,, and suppose that the base order of F' and G is r and s, respec-
tively, s < r. Write g: D), — O;,, m: G, — G5, and go: P"M — P°M for the jet
projections. From [5] it follows easily

Lemma 2. Surjective natural transformations (A, H,t) — (B, D,T) are in bi-
jection with m-equivariant epimorphisms p: A — B of Weil algebras satisfying
pot=T1op.

So the following diagram commutes
GroxA — 4
A R
Gs,xB —2 B.

By (2), GY = {{u,Z} € P*M[TPY], ma(@0) = TBp(Z)}. Denoting by uy: T4Y —
TBY the natural transformation induced by the algebra epimorphism pu, we can
construct the induced map of the associated bundles

[y : PTM[TAY] — P*M[TBY].
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Proposition 4. The natural transformations F' — G are of the form

(8) Iy ({u, 2}) = {o(u). ny (2)}, ue P'M, ZeT Y.

Proof. Taking any g € G}, we have

[y ({ug, 97" 2}) = {e(ug), ny (97" 2)} = {e(w)r(g), 7(9~ v (2)}

so that (8) is independent of the choice of (u,Z). Further, the naturality of u on
p: Y — M yields Tpo py = ppr o T4p. Then we have

T (Bar (w) = par (tar (w) = e (T4p(2)) = TP plpy (2)).

Hence (8) maps FY into GY'. O

In what follows, a functor F with the base order r will be shortly called an
r-functor. By Lemma 2, if an s-functor G = (B, D, 7) is dominated by an r-functor
F = (A, H,t), then B = A/I, where I C A is an ideal. Write D, = R x N/, and
define G;* and N;:* by the exact sequences

e Gl 5 G TG e, 0— N7 — N L N2 0.
If u: A— B = A/I is an equvariant epimorphism, then
u(H(K)(@) = D(e)(u(a)) = p(a), a € A, ke Gy,

In particular, H(k)(I) C I and for all @ € A we have
(9) HkE)a+I)=a+I, keG’.

Definition. We say that an ideal I C A is strongly G};°-invariant, if (9) holds
foralla € A, k € G}°.

Clearly, the kernel I of an equivariant epimorphism p: A — B is a strongly G}°-
invariant ideal.

Lemma 3. If I and I are two strongly Gh’-invariant ideals, then I N I is also a
strongly G7;° invariant ideal.

Proof. ForseINI wehave H(k)(a+s) = a+ 5, which yields 5 INT. O

From Lemma 2 it follows directly that if an s-functor G = (A/I, D, 7) is dominated
by an r-functor F' = (A, H,t), then t(N/:5) C I.

Definition. An ideal I C A is called s-admissible if it is strongly G>*-invariant
and satisfies the condition ¢(N:*) C I.

Thus, we have
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Proposition 5. If an s-functor (B, D, 7) is dominated by an r-functor (A, H,t),
then B = A/I, where I is an s-admissible ideal in A.

Remark. By Proposition 3, the fiber order 5 of a functor G = (A/I, D, 7) which
is dominated by F' = (A, H,t), is less than or equal to the fiber order s of F. On
the other hand, the base order of a subordinated functor G can be greater than
the base order of the original functor F. In fact, consider two Weil algebras A
and B such that there is an epimorphism A — B. Let D: G, — Aut(B) be an
arbitrary homomorphism. Write F = V4, G = V5P, One evaluates directly that
the functor G is dominated by F'. On the other hand, the base order of F' is 0, while
the base order of G is r.

Suppose now that F = (A, H,t) is an arbitrary r-functor and I C A is an
s-admissible ideal. In the rest of this section we construct an s-functor

F] = (A/[,H],t[)
which is dominated by F'. First, define the action H; of the group G, = G, /GI:#

on A/I by
Hi(9Gp ) (a+1) = H(g)(a) +1, geG,, acA

By G};’-invariance of I we have
H(gk)(a+ 1) = H(g)(H(k)(a + 1)) = H(g)(a + ).

This implies that the definition of Hj is correct. Further, from the condition
t(N%) C I it follows that there exists a factor homomorphism

tr: O, =07, /N..»* — A/I, ti(x+N;°)=t(x)+1I, x€N,,.
It remains to show that ¢; is G -equivariant. In fact, G -equivariancy of ¢t means
t(gn) = H(g)(t(n)) for geG,, neN,].
Then we have

tr((9Gy ) (n+ Ni*)) = tr(gn+ Ny*) = t(gn) + I = H(g)(t(n)) + I
= Hy(gGy5)(t(n) + 1) = Hy(g9Gy)(tr(n + NJ)).

We have proved
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Proposition 6. The s-functor F; = (A/I, Hy,t;) constructed above is domi-
nated by (A, H,t).

4. UNDERLYING FUNCTORS ON Z . ,,

In Section 1 we have defined the underlying sth order functor Fs of a Weil
functor F'. However, the order of a functor on .#.#,, is determined by three
integers (q,s,r). That is why we can define several types of underlying functors
on .F M,

Definition. Let F be a functor on .#.#,,. A functor F? is said to be the
underlying functor with the base order s, if
(1) F?is dominated by F,
(2) the base order of F? is s,
(3) every functor F on .Z.#,, with the base order s, which is dominated by F, is
also dominated by F?.

If we replace the base order by the fiber order, we obtain the concept of an under-
lying functor Ff with the fiber order s.

By Lemma 3, the intersection I N I of two s-admissible ideals is an s-admissible
ideal as well. Denote by I; the minimal s-admissible ideal in A and write

Fs = F]S = (A/[S,H[S,tjs).

Proposition 7. Let F be a fiber product preserving functor on .% .# ,,. The
underlying functor F? of F is of the form F? = Fy.

Proof. Suppose that F':= F; is another functor of the base order s, which is
dominated by F'. We have to show that there is a surjective natural transformation
F, — F. Since I, is minimal, we have I, C I. This defines a factor epimorphism W
A/Is — A/I, which is idgs -equivariant. Finally, one evaluates easily that y satisfies
poty, =tr. O

Proposition 8. Let F = (A, H,t) be an r-functor and suppose that the ideal
NZ‘H C A is s-admissible. Then we have

Fy = (A5, Hys,ts) where Ay = A/NS™, H, = Hyorn, ts =tyon.

Moreover, it holds F® = Ff = Fi.
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Proof. It suffices to show that the ideal N5 is minimal. Suppose that
I C A is another s-admissible ideal and write pu: A — A = A/I for the algebra
epimorphism. The condition (N )™ = 0 yields (u(N4))*™' = 0, which implies
N4t C I. Further, by Proposition 1 we have Ff = F. d

5. EXAMPLES OF SUBORDINATED AND UNDERLYING FUNCTORS ON % .4 ,,

I. Subordinated 0O-functors and r-functors.

Proposition 9. Let F' = (A, H,t) be an r-functor and B = A/I be a Weil algebra
dominated by A. We have
(1) Ift(N?) C I, then the O-functor VB is dominated by F,
(2) Ift(NI) = 0, then Fy = VA,

Proof. Clearly, GI'' = G7 and N° = N . One evaluates directly that each
ideal I C A is strongly GT:-invariant. Moreover, I = 0 is the minimal 0-admissible
ideal. O

Proposition 10. Let F' = (A, H,t) be an r-functor and B = A/I be a Weil alge-
bra dominated by A. Then every r-functor of the form G = (B, D, 1) is dominated
by F. Further, we have F, = F'.

Proof. Since N];" = 0, every ideal I C A satisfies t(N];") C I. Further, we
have G];" = e, so that I is r-admissible. Finally, I = 0 is a minimal r-admissible
ideal. (]

Example 5. (a) By Proposition 9, if the algebra B is dominated by A, then
the O-functor V2 is dominated by V4 and also by VA4 for an arbitrary group
homomorphism H: GT, — Aut(A). Further, we have (VA4)g = (VAH), = VA,

(b) Clearly, the vertical jet functor J7 = VP 1965, has a subordinated functor V5,
where B is an arbitrary Weil algebra dominated by DI',. Moreover, (J])o = VPn .
On the other hand, (J})o = idz.z,,-

I1. The iterated jet functor. By [1], J;(J;) = (A, H,t), where the Weil alge-
bra A is the tensor product A = D], ® Df,. Consider now the iterated velocities
functor T, (T,), which is a Weil functor of order r + s. Write

TPM := (T (T M) 51
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for the underlying (r + s — 1)th order Weil functor, which has been described in
Example 1. Then the Weil algebra B is of the form

B=As1=A/I, where I = (N7, @N2)+s.
Clearly, the (r + s)-functor Jj (J$) has the subordinated (r + s — 1)-functor G, where
r—1/71s rigys—1
GY = Ji  (JRY) X s yory JH(TY),

Then the Weil algebra of G is A/I. Since G is dominated by J} (J7), the ideal I is
(r 4+ s — 1)-admissible. By Proposition 8 we have

(Jfrz(‘]}i))r-‘rs—l =G.

ITI. Underlying functors of a general jet functor.

Proposition 11. Let F = (A,Cy,i4) be an rth order jet functor on F .M ,,.
Then we have

F, = (A, (Ca)s, (ia)s) where A; = A/N5TL

Proof. By Proposition 8, it suffices to show that the ideal NZH is s-admissible.
Clearly, this is true in the case of the holonomic jet functor J; for the ideal (N}, )**! C
D7, . The s-admissibility of (N7 )" means that N7:¥ C (N7 )**t!. Foris: DI, — A
we have

iA(N)™ C N5,

so that also i4(N7;*) € N5, Finally, since C'y is the restriction of the action given
by composition of jets, the ideal NZH is also strongly G»°-invariant. O

Corollary. We have

In the rest of this section we describe the functor (J7),_1. The formula (7) defines
7 projections 07, — D71, Denoting by

T" M = J5(R™, M)
the nonholonomic velocities functor, we have r projections ¢;: T,’;M — T,CflM ,
i=1,...,7r. Let
B:nM = T;M Xj:vrflM . X,l:rflM T;M
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be a generalized fiber product with respect to r projections ¢;, ¢ = 1,...,7, see [6].
This is a generalization of the bundle of boundaries, which was introduced by
J.E. White in [7]. By M. Kures [6], we have (T7,),_1 = B’ ', where the Weil
algebra of B!~ is

(O5)r—1 =D, /(N)"

Write gy : J1Y — Y for the jet projection and
.7 Fr—1
ﬂT:q.f}:*1Y~ J;;YHJ; Y.
Then we have r projections jﬁY — j}’;le of the form

By JE Bty (JE T B
N—_——

s

By Corollary,

(J}:)Tfl(Y) = jgily Xj’:fzy ijfzy j}:71K

where on the right we have a generalized fiber product with respect to r projections
Y — JY.

6. AFFINE STRUCTURE ON FIBER PRODUCT PRESERVING
FUNCTORS ON % .M 1,

One verifies directly the following assertion.

Lemma 4. Let E = PI[S,{] be a bundle associated to the principal bun-
dle P(M,G). Let the fibre S be an affine space with the associated vector space V
and let {: G — GL(V) be such a representation of the group G on V, that for
arbitrary a € G, v € V, s € S we have

(10) lo(s) + Lo (v) = Lo(s + ).

Then we have the canonical affine bundle structure on E with the associated vector
bundle E = P[V,{]. Moreover, the addition of two elements A € E,, B € E, is of
the form {u, s} + {u,v} = {u,s +v}.

Consider an arbitrary r-functor F' = (A, H,t) such that the ideal N7} is (r — 1)-
admissible. By Proposition 8§,

Fr—l = (Ar—laHr—latr—l)a Ar—l = A/N;x
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By [2], TAM — T4—1M is an affine bundle, whose associated vector bundle is
the pullback of TM ® N7 over T4~ M. Moreover, if p: ¥ — M is a fibered
manifold, then T4p: TAY — TAM is an affine bundle morphism over T4 1p:
TA—1Y — TAr 1M, whose associated vector bundle morphism is the pullback of
Tp®idyr: TY @ N} — TM ® N. According to (2), FY C P"M[T4Y]. Clearly,
the fibres of this associated bundle are affine spaces. Hence we have

Lemma 5. P"M[TAY] — P"M[T4*-1Y] is an affine bundle, whose associated
vector bundle is the pullback of P"M[TY ® N%] over P" M[T4r-1Y].

Proof. Let H: G, x TAY — TAY be the action of GT,. We have to define a
representation H: G7 — GL(V), V = TY ® N, satisfying the condition (10). Since
TAY is an affine space, we have

Huy(y+v) = Ho(y) +0, yeT, v,5€V, ac G,
Write H,(v) = 9, so that H,(y + v) = Ha(y) + Hu(v). One evaluates easily that
Hop(v) = Hy(Ho(v)).
t

Proposition 12. Let F' = (A, H,t) be an r-functor. Then FY — F,_1Y is an
affine bundle, whose associated vector bundle is the pullback of PPM[VY ® N7] over
F._Y.

Proof. Consider the expression (2). If v € V := TY ® N7, then T4p(Z +v) €
TAM. Hence we have

(11) T4p(Z +v) = T*p(Z) +w,
where w € TM ® N is of the form
w = (Tp®idyr)(v).
Clearly, w = 0 if and only if v € VY ® N. Then (11) reads
TAN(Z +0) = TAp(Z) = tar(u)

So for {u,Z} € FY and v € VY ® N, we have {u,Z + v} € FY, which proves our
claim. 0
As an example we obtain the well known result that J"Y — J"~'Y is an affine

bundle whose associated vector bundle is the pullback of VY ® S™T*M over J"~'Y.
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