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Abstract. Let X denote a specific space of the class of X« Banach sequence spaces which
were constructed by Hagler and the first named author as classes of hereditarily ¢, Banach
spaces. We show that for p > 1 the Banach space X contains asymptotically isometric
copies of £p. It is known that any member of the class is a dual space. We show that the
predual of X contains isometric copies of {4 where 1/p+1/g = 1. For p = 1 it is known that
the predual of the Banach space X contains asymptotically isometric copies of cg. Here
we give a direct proof of the known result that X contains asymptotically isometric copies
of ¢ 1-
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1. INTRODUCTION

J. Hagler and the first named author have introduced a class of Banach sequence
spaces, the X, , spaces. For p = 1 each of the spaces is hereditarily comple-
mentably ¢; and yet fails the Schur property [2]. For p > 1 each of the spaces
is hereditarily complementably ¢, [1]. In this paper we show that X, , spaces for
p > 1 contain asymptotically isometric copies of ¢,. Any X, , is a dual space. We
show that the preduals of the spaces contain isometric copies of ¢,.

For p = 1, Azimi showed that the preduals of X, ; spaces contain asymptotically
isometric copies of ¢y and by a result of S. Chen and B.L. Lin [3] deduced that
Xq,1 contains asymptotically isometric copies of ¢;. As an immediate consequence
of the results of J. Dilworth, M. Girardi and J. Hagler [4], we observe that C*[a, b] is
linearly isometric to a subspace of X ;. Here we give a direct proof to show that
any X, 1 contain asymptotically isometric copies of ¢;. A result of P.N. Dowling
and C.J. Lennard [5] implies that X, 1 spaces fail to have the fixed point property,
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e., there exists a nonexpansive self-mapping on a bounded closed convex subset
of X,,1 which has no fixed point.
Now we go through the construction of the X, ;, spaces.
A block F is an interval (finite or infinite) of integers. For any block F, and

x = (t1,t2,...) a finitely non-zero sequence of scalars, we let (z,F) = > t,.
JEF
sequence of blocks Fy, Fy, ... is admissible if max F; < min F;;; for each i. Finally,
let 1 =a; > as > ag > ... be a sequence of real numbers with lim a; = 0 and
11— 00

Zaz—oo

We now define a norm which uses the «;’s and an admissible sequence of blocks in
its definition. Let 1 < p < co and let « = (¢1,t2,...) be a finitely non-zero sequence

n 1/p
|z = max [Z ai|<x,Fi>|p}

=1

of reals. Define

where the max is taken over all n, and admissible sequences F1, Fb,.... The Banach
space X, p is the completion of the finitely non-zero sequences of scalars in this norm.

2. DEFINITIONS AND NOTATION

Definitions and notation are standard, but we give some of these here.

Let /1 be the space of absolutely summable sequences and cq the space of all null
sequences © = (t1,t2,...) with ||z|| = max|t,].

A Banach space X is hereditarily Elnif every infinite dimensional subspace of X
contains a subspace isomorphic to £1.

Definition 2.1. We say that a Banach space X contains asymptotically iso-
metric copies of ¢; if for some sequence €, | 0 (0 < &, < 1), there is a norm-one
sequence (z,) in X such that for all m and scalars (t,,: 0 < n < m)

Z|t |,  (tn) € 1.

We say that a Banach space X contains an asymptotically isometric copy of ¢,

m

S -t <

n=0

(1 <p<oo)ifforanye, | 0(0<e, <1) X contains a norm-one sequence ()
such that

(S0 - plal) " <[5 B

<(Da+eriar)”. Goer
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3. THE RESULTS

The key to the analysis of the space X is the following result (Lemma 4 of [2]).

Lemma 3.1. Let the sequence («;) be as above, let N > 0 be an integer and let
€ > 0. Then there exist a 6 > 0 such that, if by, bs,...,b, are > 0, b; < ¢ for all i,

n n
and Y a;b; =1, then Y a1 nb; =1 —e.
i=1 i=1
The following summarize the main result of [1]. Let (e;) denote the sequence of
the usual unit vectors in X, ,, €;(j) = d;5.

Theorem 3.2. Let X, , denote a specific space of the class, then we have the
following:
1. X, is hereditarily complementably £,,.
2. The sequence (e;) is a normalized boundedly complete bases for X, ,. Thus,
Xa,p is a dual space.
3. The predual of X, , contains complemented subspaces isomorphic to {, where
1/p+1/qg=1.
(a) Each complemented non weakly sequentially complete subspace of X, ,
contains a complemented isomorph of X ;.
(b) Xa,p and Xg, are isomorphic if and only if they are equal as sets.
(c) The sequence (z,) with ,, = ea,—1 — ey, is weakly null sequence in X,
but not in norm.
Since X, contains ¢, hereditarily complementably, thus,
(d) Xa,p spaces are not prime.
Since for p > 1, X, does not contain ¢, and is not reflexive,

(e) Xa,p Is a Banach space without unconditional basis.

Theorem 3.3. The Banach space X, 1 contains asymptotically isometric copies
Ofll.

Proof. Let (u;) be a sequence of norm one vectors in X, 1 and (G;) an
admissible sequence of blocks such that {j: u;(j) # 0} C G;. For each i, put
s;i = s(u;) where s(u;) = mgx|<ui,G>|. If lim s; = 0, then a subsequence (v;)

of (u;) satisfies

> (1 —&)lt]

j=1

n
E tjv;
j=1

where (g;) is a decreasing sequence, ¢; < 1 for all 4 and (¢;) is a sequence of scalars.
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We select (v;) by induction. Let vy = uy. Pick nq and Fiy, Fa, ..., F,, satisfying

max F,,, = maxG; and % a;|(vy, F;)| = Jju1]] = 1. Let é; be any ¢ guaranteed
by Lemma 3.1 for the inté;er ny and £1. We let ng = 0. Assume now that we have
selected for k=1,...,p—1
1. an integer my (> mg_1) so that vy = upm,.
2. an integer ny (> ng—_1), blocks Fy, _,+1,..., Fy, and d; > 0 such that
(a) max F,, = maxG,,,

(b) the sequence F1, Fo, ..., Fyyy..., Fny,. .., Fy, is admissible,

N —Nk—1

© X aillok Fi)l = ol =1,

(d) ok liglany 0 guaranteed by Lemma 3.1 for the integer ny_; and .

Now let §,, > 0 be any J guaranteed by Lemma 3.1 for the integer n,_; and €,. Pick
my (> mp_1) so that s,,, < 0, and v, = up,. Finally, pick blocks F,,_,,..., Fy,
such that (a), (b) and (c) above are satisfied for v, and G,,,. This completes the
induction process.

Observe that [(vg, Fitn,_ )| < $n, <0 fori=1,...,np —ng_1. By Lemma 3.1
Ng—Nk—1
Z ai+nk—l|<vk7Fi+nk—l>| >1—eg.
i=1

This inequality can be rewritten as

N

> ail(on, B > 1 - e
i=ngp_1+1
Now, let scalars t1,ts,. .., ¢, be given. Since the sequence F, ..., F,, is admissible,

it follows from the observation above that

np

n n n Nk
Uil = i v, By )| = j il (vg, i
>t > Lail( St = 3l (el
j=1 =1 Jj=1 j=1 =1
=Z|tj|( 3 az-|<vj,Fz->|)>Z<1—ej>|tj|.
j=1 i=nj_1+1 j=1

To complete the proof we need to establish the result for norm one vectors (u;)
and blocks (G;) with maxG; < minG;41 such that {j: u;(j) # 0} C G; if some
subsequence of (s;) — 0, then we are done. If not we use an argument similar to the
proof of Theorem 1 (1) of [2]. O

The following lemma shows that if for a sequence (u;) in X, p, s(u;) - 0, then we

can construct a sequence (z;) from (u;) such that s(z;) — 0. Proof of the lemma is
analogous to those of the theorem 1 (1) of [2].
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Lemma 3.4. Let (u;) be a sequence of norm one vectors in X, and (G;) an
admissible sequence of blocks such that {j: u;(j) # 0} C G;. Then, a sequence (z;)
obtained from (u;) such that s(z;) — 0.

Lemma 3.5. Let (v;) be a sequence in X, p, (G;) an admissible sequence of
blocks such that {j: v;(j) # 0} C G; and

L vl =1,
2. <’Ui,N> = 0,
3. s(v;) — 0.
Then
k » k
Ztivi < Z |ti|P.
i=1 i=1

Proof. Let u; = 2v;. By induction, we show that for any n, and admissible
blocks Fy, Fo, ..., F,,, we have

m n p n—1
j=1 =1 =1

for K = 2P~ Now we assume that (A) is true for all kK < n — 1, and note that it
holds for kK = 1. Let [ be the largest integer for which

support(u,—1) N F} # 0
and suppose that fori=k,...,n—1

support(u;) N Fy # 0

yet
support(ug_1) N F; = 0.
Thus ugy1, ..., u, are entirely supported in Fj.
Next
m n P
(B) ZOéj <Zt1U“FJ>

j=1 i=1

p

-1 k n
= Zaj <ZtiuiaFj>’p+al <ZtiuiaFl>
j=1 i=1 i=k

-+ Z Oéj|<tnunaFj>|p = 21+ZQ+Z3.

j=1+1
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We will use the induction hypothesis on ), we will leave )", basically as it is,
and estimate the middle term in ) .:

n—1 p
tk‘<uk‘7ﬂ> + Z <tlulvﬂ> +tn<unaﬂ>

Z !
2

= oty (ur, ) + tn(un, F7)P
< 2P M|tk (ur, )P+ [tn (un, F1)|P).

Returning to (B) we obtain

m
PLY

j=1

n

<Ztlu“Fj>
i=1

P

k—1 n—1
< {2K2|ti|P+K|tk|P} + Ktk (ur, F)IP+ K> [t

=1 i=k+1
m
+ K [t (un, B)P1+ D aj|(tnun, Fj)[P
j=l+1
n—1 m n—1
S2K D |Gl + K ajl(tnun, )P < 2K Y [tifP + K|t P,
i=1 j=l i=1

thus

D k
<27 |l
=1

k
D tius
i=1

O

Lemma 3.6. Let (v;) be as above and (G;) an admissible sequence of blocks such
that {j: v;(j) # 0} C G;. Then for a subsequence (vy) (not renaming) of (vi)and

for a given sequence t1,to,...,t; of scalars we have
k » k
D il =D (1—e)P|tl
i=1 i=1

where 0 < g; < 1 is a decreasing sequence.

Proof. An argument similar to the proof of Theorem 3.3 shows that we may
assume the following.

There exists subsequence (v;) (not renaming) of (v;) and sequence (n;) of integers
and d; > 0 satisfying:
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1. |lvs]] =1 for all 4.

2. For integer n; (> n;—1) put N; =n1+nz2+...4+n;-1,¢>1and N; =0. Then
0; satisfies Lemma 3.1 for e = ¢; and N = N;,.

3. For each block F' and each i, [{v;, F)|P < ;.

4. For each i, there is a sequence of admissible blocks Fy, 41, Fn, ,+2,...,Fn
with

(a) max Fy,, <min F,, 41
Mg —Nq—1
(b

) Zl ;[ (viy By ) IP = [loa|P =1
j

(¢) (vg, Fn,_,+j) =01if i # k, and by Lemma 3.1, we have

(d) Z aj(vi, Fj)IP > 1 —&;.

j=n;—1+1
Since the sequence F1, Fs, ..., Fy, ..., Fpny, ..., Fy,, ... is admissible, it follows from

1-4 above that for scalars ¢y, ...,t; and admissible blocks Fi, Fs, ..., F,,,

i

g

T T

i=nj_1+1

S

k
> Q;
1

7

Mgr

k
(L —ej)lt;? 21_53 )PIE5 1P
Jj=1

<.
Il
—_

Lemmas 3.4, 3.5 and 3.6 have the following consequence.

Theorem 3.7. The Banach space X, contains asymptotically isometric copies
of lp.

The following corollary is an immediate consequence of Theorem 3.7 and a result
of Chen and Lin [3] (Theorem 7).

Corollary 3.8. For any sequence ¢, | 0 (0 < €, < 1), X, contains a sub-
space Xy such that X has a normalized basis (x})) satisfying

(Za-arisr)” < [Saw,, < (Saraisr)”, e)ee

where 1/p+1/q = 1.

Remark 3.9. Let (f;) in X* be the biorthogonal sequence to the usual ba-
sis (e;) in X, and let Y be the subspace of X* generated by the sequence (f;).
Theorem 3.2 (2) and a well known result [6] (Proposition 1.b.4, page 9) show that
X =Y*. For p > 1, Theorem 3.2 (3) shows that Y contains complemented subspaces
isomorphic to ¢, where 1/p+1/q = 1.
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Now, we show that Y contains isometric copies of l,, where 1/p+1/¢ = 1.

Theorem 3.10. The predual of X, spaces contains isometric copies of |, where
1/p+1/q¢=1.

Proof. Let (v;) be as above and

pi(2) = agl(vy, F)IPej(x, Fy)

Jj=1

where v; is normed by FY,..., F. and &} = sgn(v;, F}). Then ¢; € Y where Y* =

Xo,p (Remark 3.9) and ||¢;|| = 1 since ¢;(v;) = 1.
Now we go through the calculation of the norm. By Holder’s inequality and the
fact that ¢(p — 1) = p, we have

< lslleitall < bl (S sl £ o 1))

i=1 i=1 j=1

kE  n;
= > > Isilal{vi, FHP |(a, )

i=1 j=1

k n;
1 i — 1 7
- Z(Dsim/ﬂ@ifm 1a/P|<x,Fj>|)

[i<2|&| a;|(v; Fz>|q(p 1)”1/(1

=1

x [Z(ianwjnl’)}l < (éwm)”qwn-

i=1

Therefore .

Z SiPs

i=1

1/q

“($)

Now we prove that
n

Z SiPs

i=1

n 1/q
> (1)
=1

Let . = > ;5|7 1v;, £; = sgn(s;). By Lemma 3.5

=1
n 1/p n 1/p
Jall < (Dsm’w) _ (Dsm) .

=1 i=1
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This implies that

n

iPi Zsz‘Pz 51|51|q ! )

/

1
1901( )‘ = T
P (Ed =
1 n
_HZ |s:* >
=1

1 1/q
e b= ()
(;|51|q) i=1 i=1

(2

Thus
n 1/q
> (2 hsr)
i=1
Therefore
n 1/q
= (Z |Si|q) .
i=1
O
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