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HURWITZ CONTINUED FRACTIONS WITH CONFLUENT

HYPERGEOMETRIC FUNCTIONS
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Abstract. Many new types of Hurwitz continued fractions have been studied by the
author. In this paper we show that all of these closed forms can be expressed by using con-
fluent hypergeometric functions 0F1(; c; z). In the application we study some new Hurwitz
continued fractions whose closed form can be expressed by using confluent hypergeometric
functions.
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1. Introduction

α = [a0; a1, a2, . . .] denotes the regular (or simple) continued fraction expansion of

a real α, where

α = a0 + θ0, a0 = ⌊α⌋,
1/θn−1 = an + θn, an = ⌊1/θn−1⌋ (n > 1).

Hurwitz continued fraction expansions have the form

[

a0; a1, . . . , an, Q1(k), . . . , Qp(k)
]

∞

k=1

= [a0; a1, . . . , an, Q1(1), . . . , Qp(1), Q1(2), . . . , Qp(2), Q1(3), . . .],

where a0 is an integer, a1, . . . , an are positive integers, Q1, . . . , Qp are polynomials

with rational coefficients which take positive integral values for k = 1, 2, . . . and at
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least one of the polynomials is not constant. Up to the present, some basic known

examples are the following.

e1/s =
[

1; (2k − 1)s − 1, 1, 1
]

∞

k=1
(s ∈ Z, s > 1).

ae1/a =
[

a + 1; 2a− 1, 2k, 1
]

∞

k=1
(a ∈ Z+).

1

a
e1/a =

[

0; a − 1, 2a, 1, 2k, 2a− 1
]

∞

k=1
(a ∈ Z, a > 1).

e2 =
[

7; 3k − 1, 1, 1, 3k, 12k + 6
]

∞

k=1
.

e2/s = [1; 3ks− 1
2 (5s + 1), 12ks− 6s, 3ks− 1

2 (s + 1), 1, 1]∞k=1 (s odd, s > 3).
√

v

u
tanh

1√
uv

=
[

0; (4k − 3)u, (4k − 1)v
]

∞

k=1
(u, v ∈ Z+).

I(a/b)+1(2/b)

Ia/b(2/b)
=

[

0; a + kb
]

∞

k=1
,

where Iλ(z) are the modified Bessel functions of the first kind, defined by

Iλ(z) =

∞
∑

n=0

(z/2)λ+2n

n!Γ(λ + n + 1)
.

√

v

u
tan

1√
uv

=
[

0; u − 1, 1, (4k − 1)v − 2, 1, (4k + 1)u − 2
]

∞

k=1
.

J(a/b)+1(2/b)

Ja/b(2/b)
=

[

0; a + b − 1, 1, a + (k + 1)b − 2
]

∞

k=1
,

where Jλ(z) are the Bessel functions of the first kind, defined by

Jλ(z) =
(z

2

)λ ∞
∑

n=0

(iz/2)2n

n!Γ(λ + n + 1)
.

It seems that each one of the above belongs to one of the types, e-type, tanh-type,

tan-type and e2-type. No concrete example where the degree of any polynomial

exceeds 1 is known.

Recently, the author [4] obtained a generalized tanh-type Hurwitz continued frac-

tion as

[

0; u(a + (2k − 1)b), v(a + 2kb)
]

∞

k=1
=

∞
∑

n=0
(n!)−1u−n−1(vb)−n

n+1
∏

i=1

(a + bi)−1

∞
∑

n=0
(n!)−1(uvb)−n

n
∏

i=1

(a + bi)−1

,
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which includes the cases of
√

v/u tanh 1/
√

uv and I(a/b)+1(2/b)/Ia/b(2/b). The au-

thor also obtained a generalized tan-type Hurwitz continued fraction as

[

0; u(a + b) − 1, 1, v(a + 2kb) − 2, 1, u(a + (2k + 1)b) − 2
]

=

∞
∑

n=0
(−1)n(n!)−1u−n−1(vb)−n

n+1
∏

i=1

(a + bi)−1

∞
∑

n=0
(−1)n(n!)−1(uvb)−n

n
∏

i=1

(a + bi)−1

,

which includes the cases of
√

v/u tan 1/
√

uv and J(a/b)+1(2/b)/Ja/b(2/b).

In [6], the author constituted more general forms of Hurwitz continued fractions

of e-type, namely, some extended forms of the continued fractions of e1/s, ae1/a and

(1/a)e1/a.

[

0; u(a + kb) − 1, 1, v − 1
]

∞

k=1

=

∞
∑

n=0
u−2n−1v−2nb−n(n!)−1

n+1
∏

i=1

(a + bi)−1

∞
∑

n=0
b−n(n!)−1

(

(uv)−2n
n
∏

i=1

(a + bi)−1 − (uv)−2n−1
n+1
∏

i=1

(a + bi)−1
)

and

[

0; v − 1, 1, u(a + kb) − 1
]

∞

k=1

=

∞
∑

n=0
b−n(n!)−1

(

u−2nv−2n−1
n
∏

i=1

(a + bi)−1 + u−2n−1v−2n−2
n+1
∏

i=1

(a + bi)−1
)

∞
∑

n=0

(uv)−2nb−n(n!)−1
n
∏

i=1

(a + bi)−1

.

There are still more known Hurwitz continued fractions which may not belong to

any of the above categories. Most of them are easily derived from one of the basic

types (see e.g. [4, Props. 1 and 2]).

2. Confluent hypergeometric functions

Some generalized Hurwitz continued fractions which the author obtained become

elegant to look at with the aid of hypergeometric functions (see e.g. [9]). This

was partly done by the author [5] without the complete form of Hurwitz continued

fractions.

Using the notation of confluent hypergeometric limit functions defined by

0F1(; c; z) =

∞
∑

n=0

1

(c)n

zn

n!
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with (c)n = c(c+1) . . . (c+n−1) (n > 1) and (c)0 = 1, we can write our generalized

tanh-type and tan-type Hurwitz continued fractions as

(1)
[

0; u(a + (2k − 1)b), v(a + 2kb)
]

∞

k=1
=

0F1

(

; a
b + 2; 1

uvb2

)

u(a + b)0F1

(

; a
b + 1; 1

uvb2

)

and

[

0; u(a + b) − 1, 1, v(a + 2kb) − 2, 1, u(a + (2k + 1)b) − 2
]

(2)

=
0F1

(

; a
b + 2; −1

uvb2

)

u(a + b)0F1

(

; a
b + 1; −1

uvb2

) ,

respectively. These transformations were achieved by

∞
∑

n=0
(n!)−1u−n−1(vb)−n

n+1
∏

i=1

(a + bi)−1

∞
∑

n=0

(n!)−1(uvb)−n
n
∏

i=1

(a + bi)−1

=

∞
∑

n=1

1
ub(a/b+1)·(a/b+2)n

1
n!

(

1
uvb2

)n

∞
∑

n=1

1
(a/b+1)n

1
n!

(

1
uvb2

)n

=
0F1

(

; a
b + 2; 1

uvb2

)

u(a + b)0F1

(

; a
b + 1; 1

uvb2

) .

Using the confluent hypergeometric limit functions, we can write the generalized

e-type Hurwitz continued fractions as

[

0;u(a + kb) − 1, 1, v − 1
]

∞

k=1
(3)

=
v0F1

(

; a
b + 2; 1

u2v2b2

)

uv(a + b)0F1

(

; a
b + 1; 1

u2v2b2

)

− 0F1

(

; a
b + 2; 1

u2v2b2

)

and

(4)
[

0; v − 1, 1, u(a + kb) − 1
]

∞

k=1
=

0F1

(

; a
b + 2; 1

u2v2b2

)

uv2(a + b)0F1

(

; a
b + 1; 1

u2v2b2

) +
1

v
,

respectively.

In this paper we study some more general and new Hurwitz continued fractions

by using the confluent hypergeometric functions.
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3. Main results

Theorem 1.

[

0; u(a + (2k − 1)b) − 1, 1, v − 1, u′(a + 2kb) − 1, 1, v − 1
]

∞

k=1

=
v0F1

(

; a
b + 2; 1

uu′v2b2

)

uv(a + b)0F1

(

; a
b + 1; 1

uu′v2b2

)

− 0F1

(

; a
b + 2; 1

uu′v2b2

) ,

where v is an integer with v > 1, and rational numbers u, u′, a and b are chosen

so that u(a + (2k − 1)b) − 1 and u′(a + 2kb) − 1 take positive integral values for

k = 1, 2, . . ..

Remark. If u = u′, this reduces to (3).

Theorem 2.

[

0; v − 1, 1, u(a + (2k − 1)b) − 1, v − 1, 1, u′(a + 2kb) − 1
]

∞

k=1

=
0F1

(

; a
b + 2; 1

uu′v2b2

)

uv2(a + b)0F1

(

; a
b + 1; 1

uu′v2b2

) +
1

v
,

where v is an integer with v > 1, and rational numbers u, u′, a and b are chosen

so that u(a + (2k − 1)b) − 1 and u′(a + 2kb) − 1 take positive integral values for

k = 1, 2, . . ..

Remark. If u = u′, this reduces to (4).

Theorem 3.

[

0; u(a + (2k − 1)b) − 1, 1, v − 2, 1, u′(a + 2kb)− 1, v
]

∞

k=1

=
v0F1

(

; a
b + 2; −1

uu′v2b2

)

uv(a + b)0F1

(

; a
b + 1; −1

uu′v2b2

)

− 0F1

(

; a
b + 2; −1

uu′v2b2

) ,

where v is an integer with v > 2, and rational numbers u, u′, a and b are chosen

so that u(a + (2k − 1)b) − 1 and u′(a + 2kb) − 1 take positive integral values for

k = 1, 2, . . ..

Theorem 4.

[

0; v − 1, 1, u(a + (2k − 1)b) − 1, v, u′(a + 2kb) − 1, 1, v − 2
]

∞

k=1

=
0F1

(

; a
b + 2; −1

uu′v2b2

)

uv2(a + b)0F1

(

; a
b + 1; −1

uu′v2b2

) +
1

v
,

where v is an integer with v > 2, and rational numbers u, u′, a and b are chosen

so that u(a + (2k − 1)b) − 1 and u′(a + 2kb) − 1 take positive integral values for

k = 1, 2, . . ..
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Theorem 5.

[

0; 1, u((2k − 1)b + 2), kb + 1
]

∞

k=1
=

0F1

(

; 2
b + 1; 2

ub2

)

0F1

(

; 2
b ; 2

ub2

) ,

where b is a positive integer and u is a positive rational number so that both ub and

2u are positive integers.

Theorem 6.

[

1; u((2k − 1)b + 2) − 2, 1, kb − 1, 1
]

∞

k=1
=

0F1

(

; 2
b + 1; −2

ub2

)

0F1

(

; 2
b ; −2

ub2

) ,

where b is a positive integer and u is a positive rational number so that both ub and

2u are positive integers.

4. Proof of the results

We use Hurwitz’s method to obtain the continued fraction expansion (aα + b)/d

from the continued fraction expansion of α. In most practical cases it is enough to

consider the rational linear forms of α. According to Satz 4.1 [7, p. 111], which is

essentially from Hurwitz [2] and Châtelet [1], it says

Lemma 1. Let [a0; a1, a2, . . .] be the regular continued fraction of an irrational

number α and denote its nth convergent by pn/qn = [a0; a1, a2, . . . , an]. Moreover,

let β = (r0α + t0)/s0, where r0, s0 and t0 are integers with r0 > 0, s0 > 0 and

r0s0 = N > 1. For an arbitrary index ν > 1 we have

r0[a0; a1, . . . , aν−1] + t0
s0

=
r0pν−1 + t0qν−1

s0qν−1
= [b0; b1, . . . , bµ−1]

where the index µ is adjusted so that µ ≡ ν (mod 2). Denote its convergent by

p′µ−1

q′µ−1

= [b0; b1, . . . , bµ−1].

Then three integers t1, r1 and s1 are uniquely given satisfying the matrix formula

(

r0 t0
0 s0

) (

pν−1 pν−2

qν−1 qν−2

)

=

(

p′µ−1 p′µ−2

q′µ−1 q′µ−2

) (

r1 t1
0 s1

)

,

where r1 > 0, s1 > 0, r1s1 = N , −s1 6 t1 6 r1 and β = [b0; b1, . . . , bµ−1, βµ] with

βµ = (r1αν + t1)/s1.
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P r o o f of Theorem 1. Replacing v by u′v2 and taking its reciprocal in (1), we

have

(α :=) u(a + b) · 0F1

(

; a
b + 1; 1

uu′v2b2

)

0F1

(

; a
b + 2; 1

uu′v2b2

) =
[

u(a + (2k − 1)b), u′v2(a + 2kb)
]

∞

k=1
.

We shall find the continued fraction of α−1/v by applying Lemma 1. For k = 1, 2, . . .

we have

v[u(a + (2k − 1)b)] − 1

v
= u(a + (2k − 1)b) − 1

v
= [u(a + (2k − 1)b) − 1; 1, v − 1]

and
(

v −1

0 v

) (

u(a + (2k − 1)b) 1

1 0

)

=

(

uv(a + (2k − 1)b) − 1 u(a + (2k − 1)b)

v 1

) (

1 −v

0 v2

)

,

thus

[u′v2(a + 2kb)] − v

v2
= u′(a + 2kb) − 1

v
= [u′(a + 2kb) − 1; 1, v − 1]

and
(

1 −v

0 v2

) (

u′v2(a + 2kb) 1

1 0

)

=

(

u′v(a + 2kb)− 1 u′(a + 2kb)

v 1

) (

v −1

0 v

)

.

Therefore, we obtain the desired continued fraction as

1

α − 1/v
=

[

0; u(a + (2k − 1)b) − 1, 1, v − 1, u′(a + 2kb) − 1, 1, v − 1
]

∞

k=1
.

�

P r o o f of Theorem 2. Replacing u by uv2 and v by u′ in (1), we have

(α :=)
1

uv2(a + b)

0F1

(

; a
b + 2; 1

uu′v2b2

)

0F1

(

; a
b + 1; 1

uu′v2b2

) =
[

0; uv2(a + (2k − 1)b), u′(a + 2kb)
]

∞

k=1
.

We shall find the desired continued fraction as α + 1/v by applying Lemma 1. First,

v[0] + 1

v
= [0; v − 1, 1]
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and
(

v 1

0 v

) (

0 1

1 0

)

=

(

1 1

v v − 1

) (

1 v − v2

0 v2

)

.

Next, for k = 1, 2, . . . we have

[uv2(a + (2k − 1)b)] + v − v2

v2
= u(a + (2k − 1)b) − 1 +

1

v
= [u(a + (2k − 1)b) − 1; v − 1, 1]

and
(

1 v − v2

0 v2

) (

uv2(a + (2k − 1)b) 1

1 0

)

=

(

uv(a + (2k − 1)b) − v + 1 u(v − 1)(a + (2k − 1)b) − v + 2

v v − 1

) (

v 1 − v

0 v

)

,

thus

v[u′(a + 2kb)] + 1 − v

v
= u′(a + 2kb) − 1 +

1

v
= [u′(a + 2kb) − 1; v − 1, 1]

and
(

v 1 − v

0 v

) (

u′(a + 2kb) 1

1 0

)

=

(

vu′(a + 2kb) + 1 − v (v − 1)u′(a + 2kb) + 2 − v

v v − 1

) (

1 v − v2

0 v2

)

.

Therefore,

α +
1

v
=

[

0; v − 1, 1, u(a + (2k − 1)b) − 1, v − 1, 1, u′(a + 2kb) − 1, v − 1, 1
]

∞

k=1

=
[

0; v − 1, 1, u(a + (2k − 1)b) − 1, v − 1, 1, u′(a + 2kb) − 1
]

∞

k=1
.

�

P r o o f of Theorem 3. Replacing v by u′v2 and taking its reciprocal in (2), we

have

(α :=) u(a + b) · 0F1

(

; a
b + 1; −1

uu′v2b2

)

0F1

(

; a
b + 2; −1

uu′v2b2

)

= [u(a + b) − 1; 1, u′v2(a + 2kb)− 2, 1, u(a + (2k + 1)b) − 2 ]∞k=1.

The desired continued fraction is obtained as 1/(α − 1/v). �
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P r o o f of Theorem 4. Replacing u by uv2 and v by u′ in (2), we have

(α :=)
1

uv2(a + b)

0F1

(

; a
b + 2; −1

uu′v2b2

)

0F1

(

; a
b + 1; −1

uu′v2b2

)

=
[

0; uv2(a + b) − 1, 1, u′(a + 2kb)− 2, 1, uv2(a + (2k + 1)b) − 2
]

∞

k=1
.

We can obtain the desired continued fraction as α + 1/v. �

P r o o f of Theorem 5. This proof can be also done in a similar manner to those

of Theorems 1 to 4. However, we shall proceed in a more direct way. By (91.4) in

[10, Chapter 18]

0F1(; c + 1; z)

0F1(; c; z)
=

1

1 +

z/c(c + 1)

1 +

z/(c + 1)(c + 2)

1 +

z/(c + 2)(c + 3)

1 + . . .
.

We transform this to a simple continued fraction by using the following formula

in [3, p. 35, (2.3.23)] (cf. [5, Lemma 1]):

[a0; a1, a2, . . .] = a∗

0 +
b∗1
a∗

1 +

b∗2
a∗

2 +

b∗3
a∗

3 + . . .

iff a0 = a∗

0, a1 = a∗

1/b∗1 and for k = 1, 2, . . .

a2k =
b∗2k−1b

∗

2k−3 . . . b∗1
b∗2kb∗2k−2 . . . b∗2

a∗

2k and a2k+1 =
b∗2kb∗2k−2 . . . b∗2

b∗2k+1b
∗

2k−1 . . . b∗1
a∗

2k+1.

Then our case turns to

0F1(; c + 1; z)

0F1(; c; z)
=

[

0; 1,
c(c + 1)

z
,
c + 2

c
,
c(c + 3)

z
,
c + 4

c
,
c(c + 5)

z
,
c + 6

c
, . . .

]

.

If we set c = 2/b and z = 2/(ub2), we get the desired result. �

P r o o f of Theorem 6. From Theorem 5 with the rule [. . . , a,−b, γ] = [. . . , a− 1,

1, b − 1,−γ], we have

0F1

(

; 2
b + 1; −2

ub2

)

0F1

(

; 2
b ; −2

ub2

)

= [0; 1,−(b + 2)u, b + 1,−(3b + 2)u, 2b + 1,−(5b + 2)u, 3b + 1, . . .]

= [0; 0, 1, (b + 2)u − 1,−(b + 1), (3b + 2)u,−(2b + 1), (5b + 2)u,−(3b + 1), . . .]

= [1; (b + 2)u − 2, 1, b,−(3b + 2)u, 2b + 1,−(5b + 2)u, 3b + 1, . . .]

= [1; (b + 2)u − 2, 1, b − 1, 1, (3b + 2)u − 1,−(2b + 1), (5b + 2)u,−(3b + 1), . . .]

= . . .

= [1; (b + 2)u − 2, 1, b − 1, 1, (3b + 2)u − 2, 1, 2b− 1, 1, (5b + 2)u − 2, 1, 3b− 1, 1, . . .].

�
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5. Some variations on confluent hypergeometric limit functions

We shall study some variations which can be derived from the basic results (1)

to (4). Consider the case where u(a + b) is even and va is even in (1). By Raney’s

method ([8]), the continued fraction [a0; a1, a2, . . .] corresponds to the matrix product
(

a0 1

1 0

) (

a1 1

1 0

) (

a2 1

1 0

)

. . . = Ra0La1Ra2 . . . ,

where

Ra =

(

1 a

0 1

)

and La =

(

1 0

a 1

)

.

Set

A =

(

c 0

0 1

)

and A′ =

(

1 0

0 c

)

.

Using the transition formulae

AR = RcA, A′L = LcA′,

ALc = LA, A′Rc = RA′,

ALRc−1 = Rc−1LA′, A′RLc−1 = Lc−1RA

in the case where c = 2, we have for k = 1, 2, . . .

1

2
[u(a + (2k − 1)b) − 1; v(a + 2kb), u(a + (2k + 1)b), v(a + (2k + 2)b), . . .]

↔ A′Ru(a+(2k−1)b)−1Lv(a+2kb)Ru(a+(2k+1)b)Lv(a+(2k+2)b) . . .

= R
u(a+(2k−1)b)

2 −1A′RLv(a+2kb)Ru(a+(2k+1)b)Lv(a+(2k+2)b) . . .

= R
u(a+(2k−1)b)

2 −1LRALv(a+2kb)−1Ru(a+(2k+1)b)Lv(a+(2k+2)b) . . .

= R
u(a+(2k−1)b)

2 −1LRL
v(a+2kb)

2 −1ALRu(a+(2k+1)b)Lv(a+(2k+2)b) . . .

= R
u(a+(2k−1)b)

2 −1LRL
v(a+2kb)

2 −1RLA′Ru(a+(2k+1)b)−1Lv(a+(2k+2)b) . . .

↔
[u(a + (2k − 1)b)

2
− 1; 1, 1,

v(a + 2kb)

2
− 1, 1, 1, . . .

]

.

Therefore, if

α =
0F1

(

; a
b + 2; 1

uvb2

)

u(a + b)0F1

(

; a
b + 1; 1

uvb2

) ,

then

1 − α

1 + α
=

1

1 + 1
1
2 (1/α−1)

=
[

0; 1, 1
2

[

u(a + b) − 1; v(a + 2kb), u(a + (2k + 1)b)
]

∞

k=1

]

=
[

0; 1, 1
2u(a + (2k − 1)b) − 1, 1, 1, 1

2v(a + 2kb)− 1, 1, 1
]

∞

k=1
.

In a similar manner, from (1) we have
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Theorem 7.

u(a + b)0F1

(

; a
b + 1; 1

uvb2

)

− 0F1

(

; a
b + 2; 1

uvb2

)

u(a + b)0F1

(

; a
b + 1; 1

uvb2

)

+ 0F1

(

; a
b + 2; 1

uvb2

)

=



































































































[

0; 1, u(a+(6k−5)b)−1
2 , 2v(a + (6k − 4)b), u(a+(6k−3)b)−1

2 , 1, 1, v(a+(6k−2)b)−1
2 ,

2u(a + (6k − 1)b), v(a+6kb)−1
2 , 1

]

∞

k=1
if u(a + b) is odd and va is odd;

[

0; 1, u(a+(4k−3)b)
2 − 1, 1, 1, v(a+(4k−2)b)−1

2 , 2u(a + (4k − 1)b),

v(a+4kb)−1
2 , 1

]

∞

k=1
if u(a + b) is even and va is odd;

[

0; 1, u(a+(4k−3)b)−1
2 , 2v(a + (4k − 2)b), u(a+(4k−1)b)−1

2 , 1, 1,

v(a+4kb)
2 − 1, 1

]

∞

k=1
if u(a + b) is odd and va is even;

[

0; 1, u(a+(2k−1)b)
2 − 1, 1, 1, v(a+2kb)

2 − 1, 1
]

∞

k=1

if u(a + b) is even and va is even.

From (2) we have

Theorem 8.

u(a + b)0F1

(

; a
b + 1; −1

uvb2

)

− 0F1

(

; a
b + 2; −1

uvb2

)

u(a + b)0F1

(

; a
b + 1; −1

uvb2

)

+ 0F1

(

; a
b + 2; −1

uvb2

)

=



































































































[

0; 1, u(a+(6k−5)b)−3
2 , 1, 2v(a + (6k − 4)b) − 2, 1, u(a+(6k−3)b)−3

2 , 2,

v(a+(6k−2)b)−3
2 , 1, 2u(a + (6k − 1)b) − 2, 1, v(a+6kb)−3

2 , 2
]

∞

k=1

if u(a + b) is odd and va is odd;
[

0; 1, u(a+(4k−3)b)
2 − 1, 2, v(a+(4k−2)b)−3

2 , 1, 2u(a + (4k − 1)b) − 2, 1,

v(a+4kb)−3
2 , 2

]

∞

k=1
if u(a + b) is even and va is odd;

[

0; 1, u(a+(4k−3)b)−3
2 , 1, 2v(a + (4k − 2)b) − 2, 1, u(a+(4k−1)b)−3

2 , 2,

v(a+4kb)
2 − 1, 2

]

∞

k=1
if u(a + b) is odd and va is even;

[

0; 1, u(a+(2k−1)b)
2 − 1, 2, v(a+2kb)

2 − 1, 2
]

∞

k=1
if u(a + b) is even and va is even.

From (3) we have
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Theorem 9.

uv(a + b)0F1

(

; a
b + 1; 1

u2v2b2

)

− (v + 1)0F1

(

; a
b + 2; 1

u2v2b2

)

uv(a + b)0F1

(

; a
b + 1; 1

u2v2b2

)

+ (v − 1)0F1

(

; a
b + 2; 1

u2v2b2

)

=











































































































































































































































[

0; 1, u(a+(4k−3)b)−3
2 , 1, 2v − 1, u(a+(4k−2)b)

2 − 1, 1, 2v − 1, u(a+(4k−1)b)−1
2 , 2,

v
2 − 1, 1, 1, u(a+4kb)

2 − 1, 2, v
2 − 1, 1

]

∞

k=1

if u(a + b) is odd, ua is even, v is even;

[

0; 1, u(a+(4k−3)b)−3
2 , 1, 2v − 1, u(a+(4k−2)b)

2 − 1, 1, 2v − 1, u(a+(4k−1)b)−1
2 ,

2, v−1
2 , 2u(a + 4kb)− 1, 1, v−3

2 , 1
]

∞

k=1

if u(a + b) is odd, ua is even, v is odd;

[

0; 1, u(a+(2k−1)b)−3
2 , 1, 2v − 1, u(a+2kb)−1

2 , 2, v
2 − 1, 1

]

∞

k=1

if u(a + b) is odd, ua is odd, v is even;

[

0; 1, a+(3k−2)b)−3
2 , 1, 2v − 1, u(a+(3k−1)b)−1

2 , 2, v−1
2 , 2u(a + 3kb) − 1,

1, v−3
2 , 1

]

∞

k=1

if u(a + b) is odd, ua is odd, v is odd;

[

0; 1, u(a+(4k−3)b)
2 − 1, 2, v

2 − 1, 1, 1, u(a+(4k−2)b)−3
2 , 1, 2v − 1,

u(a+(4k−1)b)
2 − 1, 1, 2v − 1, u(a+4kb)−1

2 , 2, v
2 − 1, 1

]

∞

k=1

if u(a + b) is even, ua is odd, v is even;

[

0; 1, u(a+kb)
2 − 1, 2, v

2 − 1, 1
]

∞

k=1

if u(a + b) is even, ua is even, v is even;

[

0; 1, u(a+(2k−1)b)
2 − 1, 2, v−1

2 , 2u(a + 2kb) − 1, 1, v−3
2 , 1

]

∞

k=1

if u(a + b) is even, v is odd.

From (4) we have
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Theorem 10.

uv(v − 1)(a + b)0F1

(

; a
b + 1; 1

u2v2b2

)

− 0F1

(

; a
b + 2; 1

u2v2b2

)

uv(v + 1)(a + b)0F1

(

; a
b + 1; 1

u2v2b2

)

+ 0F1

(

; a
b + 2; 1

u2v2b2

)

=







































































































































































































[

0; 1, v−3
2 , 1, 2u(a + (2k − 1)b) − 1, v−1

2 , 2, u(a+2kb)
2 − 1, 1

]

∞

k=1

if v is odd, ua is even;
[

0; 1, v−3
2 , 1, 2u(a + (3k − 2)b) − 1, v−1

2 , 2, u(a+(3k−1)b)−1
2 ,

2v − 1, 1, u(a+3kb)−3
2 , 1

]

∞

k=1

if v is odd, ua is odd, b is even;
[

0; 1, v−3
2 , 1, 2u(a + (4k − 3)b) − 1, v−1

2 , 2, u(a+(4k−2)b)−1
2 , 2v − 1, 1,

u(a+(4k−1)b)
2 − 1, 2v − 1, 1, u(a+4kb)−3

2 , 1
]

∞

k=1
if v is odd, ua is odd, b is odd;

[

0; 1, v
2 − 1, 2, u(a+kb)

2 − 1, 1
]

∞

k=1
if v is even, ua is even, ub is even;

[

0; 1, v
2 − 1, 2, u(a+(4k−3)b)

2 − 1, 1, 1, v
2 − 1, 2, u(a+(4k−2)b)−1

2 , 2v − 1, 1,

u(a+(4k−1)b)
2 − 1, 2v − 1, 1, u(a+4kb)−3

2 , 1
]

∞

k=1

if v is even, ua is odd, ub is odd;
[

0; 1, v
2 − 1, 2, u(a+(2k−1)b)−1

2 , 2v − 1, 1, u(a+2kb)−3
2 , 1

]

∞

k=1

if v is even, ua is odd, ub is even;
[

0; 1, v
2 − 1, 2, u(a+(4k−3)b)−1

2 , 2v − 1, 1, u(a+(4k−2)b)
2 − 1, 2v − 1, 1,

u(a+(4k−1)b)−3
2 , 1, 1, v

2 − 1, 2, u(a+4kb)
2 − 1, 1

]

∞

k=1

if v is even, ua is even, ub is odd.

It is possible to obtain some more general results. If we replace the first partial

quotient 1 by any positive integer a1, we consider the form
[

0; a1,
1
2

(

1
α − 1

)]

for α

with 0 < α < 1. For example, in the case where both u(a+ b) and va are even in (1)

we have

u(a + b)0F1

(

; a
b + 1; 1

uvb2

)

− 0F1

(

; a
b + 2; 1

uvb2

)

a1u(a + b)0F1

(

; a
b + 1; 1

uvb2

)

+ (2 − a1)0F1

(

; a
b + 2; 1

uvb2

)

=
[

0; a1,
u(a + (2k − 1)b)

2
− 1, 1, 1,

v(a + 2kb)

2
− 1, 1, 1

]

∞

k=1
.
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If we consider the form
[

0; a1, 2
(

1
α −1

)]

for α, we can obtain e.g. in the case where

va is even in (1),

u(a + b)0F1

(

; a
b + 1; 1

uvb2

)

− 0F1

(

; a
b + 2; 1

uvb2

)

a1u(a + b)0F1

(

; a
b + 1; 1

uvb2

)

+
(

1
2 − a1

)

0F1

(

; a
b + 2; 1

uvb2

)

=
[

0; a1, 2u(a + b) − 2,
v(a + 2kb)

2
, 2u(a + (2k + 1)b)

]

∞

k=1
.
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