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Abstract. We introduce an exchange natural isomorphism between iterated higher or-
der jet functors depending on a classical linear connection on the base manifold. As an
application we study the prolongation of higher order connections to jet bundles.
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1. PRELIMINARIES

It is well known that the canonical involution of the iterated tangent bundle in-
terchanges both the projections of TTN into TN. In general, consider an arbitrary
couple F' and G of product preserving functors on the category .# f of smooth man-
ifolds and all smooth maps and denote by p?” and p® the bundle projections. By [8],
there is a natural equivalence

(1) kFY. FG — GF

such that for every smooth manifold IV the following diagram commutes

FG

FGN—>GFN

(2) N /
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In particular, denoting by T, the functor of m-dimensional velocities of order r
defined by T)7, N = JJ(R™, N), we have the natural equivalence

(3) wTm Do TV TS — TSTT

which interchanges the related projections.

In the geometric approach to theoretic physics and higher order mechanics it is
useful to replace 7, N by rth order jet prolongations J"Y of an arbitrary fibered
manifold Y — M. Using such a point of view, there is a problem of the existence of
an isomorphism

(4) JTIY — JOJTY.

The first author and I. Kolaf [2] have recently proved that the only natural transfor-
mation J"J* — J"J* is the identity. We remark that for r = s = 1 the latter result
was proved also by I. Kolaf and M. Modugno, [6]. Further, in [3] we have proved
that there is no natural exchange isomorphism (4).

On the other hand, M. Modugno [12] has introduced the natural exchange iso-
morphism exy: J'J'Y — J'J'Y depending on a classical linear connection A on
the base manifold M, see also [8]. Moreover, in [3] we have introduced the following
general concept of an involution of iterated bundle functors defined on the cate-
gory 7 My, of fibered manifolds with m-dimensional bases and of fibered manifold
morphisms covering local diffeomorphisms.

Definition 1. Let F' and G be two bundle functors on % .#,, and denote by
p¥: FY — Y, p{l: GY — Y the bundle projections. A natural equivalence A:
FG — GF is called an involution if

ng oAy = F(P)Ci)

So the involution interchanges the projections p%, : GFY — FY and F(p$):
FGY — FY. It turns out that this property is essential in the applications. In
particular, using a suitable involution, one can introduce new geometric constructions
of connections, see Proposition 10 below. By [12], the map ex,: J1J'Y — J1JY
interchanges both canonical projections pﬁy and J! (p{,l) of JLJ'Y into J'Y. Hence
ex, is the involution depending on a linear connection A. The present paper is
devoted to the following problems:

Problem 1. To introduce an involution of iterated holonomic jet functors A”:
J"J® — J*J" for any r, s, depending on a classical linear connection A on the base
manifold M.
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Problem 2. To introduce an involution of iterated nonholonomic jet functors
flxs : JTJS — J*J" for any 7, s, depending on a classical linear connection A on the
base manifold M.

Problem 3. To introduce the prolongation of higher order connections to jet
bundles.

The structure of the paper is as follows. In Section 2 we define a linear isomorphism
JS‘JS(Rm,n> N JSJT(Rm’n)7

where R"™ means the product fibered manifold R™ x R" — R™. Using the theory
of Weil algebras we show that this isomorphism corresponds to the canonical natural
equivalence kTm'Tm of iterated higher order velocities functors. Section 3 is devoted
to the solution of Problem 1. We also describe some geometric properties of A}, In
Section 4 we solve Problem 2. Further, in Section 5 we define an involution J; J* —
J*J; depending on a linear connection A, where J is the vertical r-jet functor.
Finally, Section 6 is devoted to applications of our involutions to the prolongation of
higher order connections. In particular, given an sth order connection I': ¥ — J*Y,
we introduce an sth order connection A"(A,T') on J"Y — M. For s = 1 we obtain
in such a way a geometric construction of a connection on J"Y — M by means of a
connection I" on Y — M and a linear connection A on M.

In what follows we use the terminology and notation from the book [8]. We denote
by FM O F M,y the category of fibered manifolds and fiber respecting mappings
and by .# M, », the subcategory of .# .#,, with n-dimensional fibres and local fibered
diffeomorphisms. All manifolds and maps are assumed to be infinitely differentiable.

2. LINEAR ISOMORPHISM J§J*(R™™) — J5J"(R™™)

In what follows we identify sections of R™" with maps R”™ — R"™. We also use
the following notation

Joi°(f(x,z)) = jo (v — ji(z — f(z,z))) € JgJ*(R™™).
Definition 2. Define a linear isomorphism
(5) A TP (R — T (R

by
A God®(f(z,2))) = joi" (f(z — 2, z)).
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Using standard arguments one can easily show that the definition of AJ.°, is cor-

rect. For, if |3| > r or |a| > s, then we have

A (od® (f (@, 2) + 2 (2 — 2)%g(x, z)))
= joi" (fl@—=z,2) + (2 — 2)’2%g(z — z,z))
=JoJ" (flz —z,2))
= A2, (od® (f (z,2))).

"
"

We first prove the following invariance condition
Proposition 1. Let ®: R™" — R™F be an .#.#,,-map of the form
®(z,y) = (B(z), o(x,y)),
where B: R™ — R™ is a linear isomorphism and ¢: R™" — R¥. Then we have
(6) A (T TP 0(v)) = J° T (AR, (v))

for any v € J§J*(R™™).

Proof. We can write

We recall that every product preserving bundle functor F' on .Z f is a Weil functor

F = T4, where A = FR is the corresponding Weil algebra, [8]. Moreover, the natural

transformations 74 — TP of two such functors are in a canonical bijection with

algebra homomorphisms A — B and the iteration T4 o T corresponds to the tensor
product A ® B of Weil algebras. By Proposition 35.5 from [8], every Weil algebra A
is a finite dimensional quotient of an algebra of germs C§°(R™) of smooth functions

R®™ — R at zero for some n. In particular, the Weil algebra of the functor T of

m-dimensional velocities of order 7 is of the form

DY, = T"R = C2(R™)/ 2,

m
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where 2 is the ideal generated by z® for |a| = r 4+ 1. Then the Weil algebra of the
iteration T}, o T7 is of the form

DF, @D, = C°(R™ x R™)/%,

where % is the ideal generated by z® and z” for |a| = r+1 and || = s+1. Consider
now a functor F);* on .# f defined by

FSN = J5J*(R™ x N),

where R™ x N is the trivial bundle over R™. Clearly, F">* preserves products. By [§],
this is a Weil functor determined by the Weil algebra

(7) FoR = JgJ*(R™1).
Lemma 1. There is an isomorphism of Weil algebras

(8) o’ JoJU(R™Y) — Dy, @Dy,

Proof. Obviously, the Weil algebra (7) is of the form J§.J¥(R™!) = C§°(R™ x
R™)/%r*, where %7;° is the ideal generated by z® and (z — z)® for |a| = r + 1 and
|| = s+ 1. Then the isomorphism (8) is defined by the pullback with respect to the
difeomorphism z! — z°, (27 —27) — 27, 4,5 =1,...,m. O

From Lemma 1 it follows directly

Proposition 2. Let ¢7:° be the isomorphism (8) of Weil algebras. Then the
composition
o 0 Ayt o (o) D, @Dy, — Dy, @D,

is just the canonical exchange isomorphism D), @ D7, — D} @ DI .

The isomorphism (8) of Weil algebras induces a natural equivalence @,,°: F:® —
T oT? of the corresponding Weil functors. So we have
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Proposition 3. There is an isomorphism
@) s Jo I (R™") —— T (T, R™)
and the following diagram commutes

m,n

J5J* (R

(L/’:ﬁs)unl
(KTT T3

JgJT(R™™)

l(%"f{ir)u”
17, (T k) S s (7 e

Using such a point of view, the linear isomorphism (5) corresponds to the canonical
exchange isomorphism (3) of iterated higher order velocities functors. Moreover, we
have T} (T, R") = (D, ® D7, )™, which yields an identification

To TS (R 2 (D, D}, )"
Denoting by n: D, @ D}, — D7, ® D, the canonical exchange isomorphism of Weil
algebras, the linear isomorphism A7;°, JGJ(R™™) — J5J"(R™™) is of the form

At = x ... xn): (D, ©D07,)" — (D7, @ Dy,)".

3. SOLUTION OF PROBLEM 1

Let Y — M be an % M, n-object and let A be a classical linear connection on
the base manifold M. Further, let v € JJJ?Y, z € M. Choose an arbitrary fibered
coordinate system ¥ = (¢,%): Y — R™" such that ¢: M — R™ is a normal
coordinate system of A with centre z, ¥(z) = 0.

Definition 3. We define a map (A}*)y: J"J°Y — J*J"Y by
9) (AR )y (v) = J* T O THARS, (J7 50 (v))).

o = (y, ¥'): Y — R™"™ is another fibered coordinate system such that y isa
normal coordinate system of A with centre z, y/(z) =0, then

U o Uz, y) = (B(z), o(z,y))

for some linear isomorphism B of R™. Using the invariance condition (6) from
Proposition 1 one can show in the standard way that the definition of A does not
depend on the choice of ¥ with the above property. So A}” is well-defined globally
(and then it is F.#,,-natural). One evaluates directly the following analogy of (2).
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Proposition 4. The following diagram commutes

(AYV)y

JTJY J3JY
Jrk %
JY

Moreover, we have
(AV )y o (AY)y =idyr ey

Corollary 1. A}®: J"J% — J*J" is an involution depending on a linear con-
nection A.

Let exy: J'J' — JLJ! be the involution introduced by M. Modugno in [12].
By [6], the only two natural transformations J*J'Y — J!'J'Y depending on a linear
symmetric connection A on the base manifold M are the identity and exx. So we
have

Proposition 5. Let A be a symmetric linear connection on the base manifold M .
Then the natural involution Ay': J'J' — J'J' coincides with ex,.

Let Afj be the coordinates of A. Denoting by z?, y” the canonical coordinates
on Y, the induced coordinates on J'Y are denoted by y? = 9y?/0z'. Finally, on
JYJ'Y — M) we have the coordinates z‘, y?, y¥, Y = ayp/(“)xi?yfj = Oy /07
By [6], the coordinate form of exp is

(10) =Y Y=yl T =yh+ (- YL

Denote by QP'M the bundle of classical linear connections on M and write :
QP'M — TM @ A°T*M C TM ® T*M ® T*M for the torsion tensor. By [§],
J'Y — Y is an affine bundle with the associated vector bundle VY ® T*M. So we
have a mapping

o JUIY S VY @T*M, A plhy(A) — JH(pdh)(A)
and the contraction on T'M yields a mapping
(0,S(AN)): JHJY VY QT MT*M CVJY @ T*M.
Clearly, the last space is the vector bundle associated with the affine bundle pﬁy:

JLIY — Jty.
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Proposition 6. We have
Ayt =exy +1(0,Z(A)).

In particular, if A is torsion free, then Akl = exj.

Proof. Let A be a connection on R™ such that the usual coordinate system
on R™ is a normal one for A with centre 0. Then AZ(O) + A?i(O) = 0 for all
i,7,k =1,...,m. By the definition, the map Akl over zero is given by

7 =Y, Yy = vl Uy =Y+ (Y — chp)(A?i(O) + %(Afy(o) - Afz(o)))

So the coordinate expression of Ay" is
(1) g =Y Y=yl wy=up+ 0 - YDA+ 30f - YO(AL - A%

for an arbitrary linear connection A. If A is torsion-free, then the equations of
A}\’l are given by (10).

Remark 1. It turns out that the problem of classification all natural transforma-
tions J"J* — J*J" depending on a linear connection A is very difficult. Up till now
this problem was solved only for r = s = 1, see [6]. On the basis of methods from [8]
and [10] we prepare a solution of this problem for » = 2 and s = 1.

4. SOLUTION OF PROBLEM 2

In the theory of higher order jets it is useful to distinguish between nonholonomic,
semiholonomic and holonomic ones, see e.g. [5], [7], [11]. Given a fibered manifold
Y — M, we denote by JY, J'Y or J'Y the rth order nonholonomic, semiholonomic
or holonomic prolongation, respectively. Clearly, for r = 1 all such spaces coincide,
while for # > 1 we have J'Y C JY C J'Y. We recall that J"Y is defined by
iteration

JVY =Jy, JY =JYJY - M),

which yields a natural identification jr(j YY) = J+5Y . We introduce an involution

depending on a classical linear connection A on the base manifold M
(12) s s — JoJr
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by the following induction. First, we have the involution (Ay')y := (A}')y:
JJ'Y — J'J'Y. Then we can define (A}")y: J'J'Y — JLJ'Y by

(Aj\’l)Y = (A}\’l)jrfly oJ! (ﬁf;l’l)y,

where (A} "'y JTLJY — JUJ71Y. Finally, we define the map (12) by
() o= TR Yy 0 (A7) 710y

Clearly, we have

Proposition 7. AXS: JrJs — JsJ" is an involution depending on a linear
connection A.

Starting from the equations (11) of fl}\l and using differentiation, one can evaluate
directly the coordinate expression of flj\s for any r, s.

Remark 2. One can also prove that flil does not send J2J' onto J'J?. In

general, the involution A® is not the restriction of A to the holonomic jets J"J*.

5. INVOLUTION J J* — J*J

For any % . #,,-object Y — M we have its vertical r-jet prolongation
LY ={jiolo: M —Y,, v € M}

over Y. Any F.#p-map f: Y1 — Yo over f: My — M induces a fibered map
Jyfr JiY1 — J{Y covering f such that J f(jro) = jj,(foo of™h, jlo € V.
Then the correspondence J : F M, — F.# is a fiber product preserving bundle
functor. Quite similarly to Section 2 we use the following notations

Jos®(f(z, z)) =

o(x = jo(z — flz,z))) € (Jy)oJ*(R™"),
Jod"(f(x,2)) = j5

(# = jz(z = f(z,2))) € JoJ;(R™™).

By [3], there is no .#.#,,-natural exchange isomorphism J7 J* — J*J!.

Definition 4. Define a linear isomorphism
(13) Cotns (JD)o > (R™™) — JgJy (R™™)

by
Crlnod® (f(z,2))) = joi" (f(x — z,2)).
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Using standard arguments one can easily show that the definition of C7:*, is cor-

rect. For, if |a| > r or |B] > s, then we have
O (G65° (a2 g (2, 1)) = j5i" (2 — )%’ g(z — 2, 2)) = 0.
Proposition 8. Let &: R™" — R™* be an .F .#,,-map of the form
O(z,y) = (B(x), p(2,9)),
where B: R™ — R™ is a linear isomorphism and ¢: R™" — R¥. Then we have
Crin(Jo T @(v)) = J* I @(Cr7, (v)

for any v € (J})oJ®(R™™).

Proof. We can write

O (T I ®(553° (f (2, 2))) = Cp%(365° (0(B™ ()

~
—
o
L
—
S
\.\/
oy
L
|8
S~— S~—
~—
S~—
S~—
S~—

= joi" (p(B™ (), f(B~ (z — x), B~ ())))
= jod" (B~ (2), f(B™ () = B~ (2), B~ (2))))
= J* I (s T(f( —,1)))

w®(

d

Now let Y — M be an % .#,, n-object, A be a classical linear connection on the
base manifold M and let v € (J]),J®°Y, z € M. Moreover, take a fibered coordinate
system U = (¢,1): Y — R™" such that ¢»: M — R™ is a normal coordinate system
of A with centre z, ¥(z) =

Definition 5. We define a map (C°)y: J,J°Y — J*J]Y by
(14) (CY )y (v) = T T O~ (O, (T TP (0))).
Using Proposition 8 we prove that (Cy*)y is well defined globally and is an .% .#,,-

natural isomorphism.

Denoting by of-: JY — Y the jet projection, one can construct the jet extension
J*(ay,): JPJTY — J°Y. We obtain easily
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Proposition 9. The following diagrams commute

cys o
JngY ( A )Y J5J5Y JZJSY ( A )Y JSJZY
JS(HX& A k Iay

Corollary 2. Cy°: JI'J5 — J*J! is an involution depending on a linear con-
nection A.

6. SOLUTION OF PROBLEM 3

In general, an rth order nonholonomic connection on a fibered manifold ¥ — M
is a section I': Y — J"Y. Such a connection is called semiholonomic or holonomic
if it has values in J'Y or in J"Y, respectively. We recall that the theory of higher
order connections was introduced by C. Ehresmann [4] on a Lie groupoid. Further,
the Ehresmann’s theory was extended to the case of an arbitrary fibered manifold
by I. Kolar. It has been pointed out recently that higher order connections are
useful for numerous problems in differential geometry, see e.g. [9], [13]. The rest of
this section will be devoted to the prolongation of holonomic connections to higher
order jet bundles. The following assertion follows directly from the definition of an

involution.

Proposition 10. Let J be any of the functors J", Jr, J" and let F be a bundle
functor on % .#,, such that there is an involution A: FJ — JF. If I': Y — JY is
a higher order connection on Y — M, then the composition Ay o FT is a connection
of the same type on FY — M.

By [3], the involution A: FJ — JF from the last proposition exists only for
F = VA, where V4 is a vertical Weil functor determined by a Weil algebra A.
Using the involution VAJ™ — JrVA, A. Cabras and I. KolaF have introduced the
prolongation of higher order nonholonomic connections to vertical Weil bundles, [1].
On the other hand, if F' # V4, then there is no involution F.J — JF. That is why
we have defined involutions depending on a linear connection A. From Corollary 1
it follows
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Proposition 11. Let I': Y — J®Y be an sth order holonomic connection on
Y — M. Then
A"(AT) = (AY)y o J'T: JY - J°JY

is an sth order holonomic connection on J"Y — M.

Corollary 3. Let I': Y — J'Y be a connection on Y — M. Then A"(A,T):
J'Y — JYJTY is a connection on J'Y — M.

Quite analogously, from Corollary 2 we obtain

Proposition 12. Let I': Y — J°Y be an sth order holonomic connection on
Y — M. Then
C"(A,T) = (CY°)y o ;T J)Y — J°J)Y

is an sth order holonomic connection on J)Y — M.

Definition 6. A vertical rth order connection on Y — M is a section I': YV —
Y of JJY = Y.

Proposition 9 also yields

Proposition 13. LetI': Y — J|Y be a vertical rth order connection on Y —
M. Then
(C)™HA,T) := (OF°)y o J°T: J°Y — JIJ°Y

is a vertical rth order connection on J°Y — M.

Remark 3. Using Proposition 10 and the involution (12), one can also introduce
the prolongation of nonholonomic connections I': ¥ — J*Y to nonholonomic jet
bundles J"Y — M.

Taking into account the natural equivalence (1) on .# f, one can ask about the
existence of a similar natural equivalence for fiber product preserving functors F
and G on FM,,. If F = V4 is a vertical Weil functor, then the first author and
I. Kolaf [2] have introduced an involution VAG — GV for an arbitrary fiber product
preserving functor G on F.#,,. Moreover, in [3] we have proved that there is no
involution F'G — GF for an arbitrary couple F' and G of higher order jet functors.
On the other hand, in this paper we have constructed higher order jet involutions A}*
and AXS depending on a linear connection A. At the end we formulate an

Open problem. To introduce an involution AK’G: FG — GF depending on a
linear connection A on the base manifold M for an arbitrary couple F' and G of fiber
product preserving functors on % .#,,.

944



References

[1] A. Cabras, I. Koldi- Prolongation of second order connections to vertical Weil bundles.
Arch. Math., Brno 87 (2001), 333-347.
[2] M. Doupovec, I. Koldr: Iteration of fiber product preserving bundle functors. Monatsh.
Math. 184 (2001), 39-50.
[3] M. Doupovec, W. M. Mikulski: On involutions of iterated bundle functors. Colloq. Math
106 (2006), 135-145.
[4] C. Ehresmann: Sur les connexions d’ordre supérieur. Atti del V. Cong. del’Unione Mat.
Italiana, 1955, Roma Cremonese (1956), 344-346.
[6] C. Ehresmann: Extension du calcul des jets aux jets non holonomes. C. R. Acad. Sci.,
Paris 239 (1954), 1762-1764.
[6] I. Koldr, M. Modugno: Natural maps on the iterated jet prolongation of a fibered mani-
fold. Ann. Mat. Pura Appl., IV. Ser. 158 (1991), 151-165.
[7] 1. Koldr A general point of view to nonholonomic jet bundles. Cah. Topol. Géom. Différ.
Catég. 44 (2003), 149-160.
[8] I. Kolar, P. W. Michor, and J. Slovdk: Natural Operations in Differential Geometry.
Springer-Verlag, Berlin, 1993.
[9] I. Koldr, G. Virsik: Connections in first principal prolongations. Suppl. Rend. Circ.
Mat. Palermo, II. Ser. 43 (1996), 163-171.
[10] D. Krupka, J. Janyska: Lectures on Differential Invariants. Folia Facultatis Scien-
tiarum Naturalium Universitatis Purkynianae Brunensis. Mathematica 1. University
J. E. Purkyné, Brno, 1990.
[11] P. Libermann: Introduction to the theory of semi-holonomic jets. Arch. Math. (Brno)
38 (1996), 173-189.
[12] M. Modugno: Jet involution and prolongation of connections. Cas. P&st. Mat. 114 (1989),
356-365. zbl
[13] G. Virsik: On the holonomity of higher order connections. Cah. Topol. Géom. Difér.
Catég. 12 (1971), 197-212. zbl

Authors’ addresses: Miroslav Doupovec, Department of Mathematics, Brno

University of Technology, FSI VUT Brno, Technickd 2, 61669 Brno, Czech Republic,
e-mail: doupovec@fme.vutbr.cz; Wltodzimierz M. Mikulski, Institute of Mathemat-
ics, Jagiellonian University, Reymonta 4, Krakéw, Poland, e-mail: mikulski@im.uj.edu.pl.

945



		webmaster@dml.cz
	2020-07-03T16:58:44+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




