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Abstract. We examine iteration graphs of the squaring function on the rings Z/nZwhen
n = 2kp, for p a Fermat prime. We describe several invariants associated to these graphs
and use them to prove that the graphs are not symmetric when k = 3 and when k > 5 and
are symmetric when k = 4.
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1. Introduction

If R is any set, a mapping f : R → R induces a directed graph on R, called the

iteration digraph of f , whose vertices are the elements of R and whose directed edges

connect each x ∈ R with its image f(x) ∈ R. The iteration graphs of the squaring

function f(x) = x2 on the rings R = Z/nZ have interesting connections to number
theory (see, e.g., [6] and [2]) and have been extensively studied (see, e.g., [5], [8], [1],

and [6]), yet interesting questions about them remain unanswered. For each positive

integer n, we denote the iteration graph of the squaring function on the ring Z/nZ
by G(n).

In [6], the authors call an iteration graph symmetric if its connected components

can be partitioned into isomorphic pairs. They offer a theorem, which they attribute

to László Szalay [7], that the iteration diagraph ofG(n) is symmetric if n ≡ 2 (mod 4)

or n ≡ 4 (mod 8). In this paper we prove that the generalization to higher powers

of 2 is false. In particular, we show that if p is a Fermat prime, and n = 2kp, then

G(n) is not symmetric when k = 3 and when k > 5, but it is symmetric when k = 4.

We are currently working on a generalization of this work to G(n) for arbitrary n.
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2. Preliminaries

Theorem 2.1. If n =
t∏

i=1

pαi

i , then G(n) has exactly 2ω(n) = 2t fixed points.

P r o o f. It is easy to see that 0 and 1 are the only fixed points modulo pα for

any prime p. If a is a fixed point modulo n, then certainly a is a fixed point modulo

pαi

i for each i, so for each i we know that a ≡ 0 (mod pαi

i ) or a ≡ 1 (mod pαi

i ).

Conversely, by the Chinese Remainder Theorem, for each choice εi ∈ {0, 1} there

is a unique a such that a ≡ εi (mod pαi

i ), and clearly, a is a fixed point modulo n.

Since there are 2t distinct ways to choose the εi, G(n) has exactly 2t fixed points. �

Theorem 2.2. Suppose that n = 2kp, where p = 2l + 1 is a Fermat prime and

k > 1. Let α be the smallest even integer such that αl > k and β the smallest odd

integer such that βl > k. Then the four fixed points of G(n) are

(1) 0, 1, 2αl, and 2βl + 1.

P r o o f. By the proof of Theorem 2.1, it suffices to show that each listed point

is equivalent to 0 or 1 modulo 2k and to 0 or 1 modulo p. This is obvious for the

points 0 and 1.

Since αl > k, it is clear that 2αl ≡ 0 (mod 2k). On the other hand, since 2l ≡ −1

(mod p) and α is even, 2αl ≡ (−1)α ≡ 1 (mod p).

Similarly, since βl > k, we see that 2βl + 1 ≡ 1 (mod 2k). Since 2l ≡ −1 (mod p)

and β is odd, 2βl + 1 ≡ 0 (mod p). �

We can also express the fixed points of G(n) in terms of k and l as follows.

Theorem 2.3. Suppose that n = 2kp, where p = 2l + 1 is a Fermat prime and

k > 1. Suppose that k ≡ t (mod 2l) with 0 < t 6 2l. Then the four fixed points of

G(n) are

0, 1, 2k+2l−t, and 2k+3l−t + 1.

P r o o f. Again it suffices to show that each listed point is equivalent to 0 or 1

modulo 2k and to 0 or 1 modulo p, and this is obvious for 0 and 1.

Clearly, k+2l−t > k and k+3l−t > k, so 2k+2l−t ≡ 0 (mod 2k) and 2k+3l−t+1 ≡ 1

(mod 2k).

On the other hand, since k ≡ t (mod 2l), we can write k − t = 2la for some

integer a and therefore 2k+2l−t = 22l(a+1) ≡ 1a+1 ≡ 1 (mod p) and 2k+3l−t + 1 =

22la+3l + 1 = 22la23l + 1 ≡ −1 + 1 ≡ 0 (mod p). �

132



In the table below we list the fixed points for G(n) for p = 3 and p = 5.

p n k Fixed Points

3 3 · 2k k ≡ 0 (mod 2) 0 1 2k 2k+1 + 1
3 3 · 2k k ≡ 1 (mod 2) 0 1 2k+1 2k + 1
5 5 · 2k k ≡ 0 (mod 4) 0 1 2k 2k+2 + 1
5 5 · 2k k ≡ 1 (mod 4) 0 1 2k+3 2k+1 + 1
5 5 · 2k k ≡ 2 (mod 4) 0 1 2k+2 2k + 1
5 5 · 2k k ≡ 3 (mod 4) 0 1 2k+1 2k+3 + 1

Theorem 2.4. If n = 2kp, where p = 2l + 1 is a Fermat prime, then G(n) has

exactly four components.

P r o o f. By a straight-forward graph theoretic argument, each component of

G(n) has exactly one cycle. Therefore it suffices to show that G(n) has no cycles of

length greater than one.

To this end, suppose that a lies in a cycle. We will show that a is one of the four

fixed points of G(n). By the argument of Theorem 2.1 once again, it suffices to show

that a is congruent to 0 or 1 modulo 2k and to 0 or 1 modulo p.

Since a lies in a cycle, there is a smallest positive integer t such that a2t

≡ a

(mod n). But then a(a2t
−1 − 1) ≡ a2t

− a ≡ 0 (mod n).

Now a and a2t
−1 − 1 are relatively prime, so one or the other, but not both, is

divisible by 2k, and one or the other, but not both, is divisible by p. Thus there are

four cases corresponding to which of them is divisible by p and by 2k.

Obviously if a is divisible by 2k or by p then a ≡ 0 (mod 2k) or a ≡ 0 (mod p),

respectively.

If a2t
−1−1 is divisible by p, then a2t

−1 ≡ 1 (mod p), and a has odd order dividing

2t − 1 in the unit group (Z/pZ)∗. Since |(Z/pZ)∗| = p − 1 = 2l, the only element of

odd order in (Z/pZ)∗ is the identity, and it follows that a ≡ 1 (mod p).

Similarly, if a2t
−1 − 1 is divisible by 2k, then a2t

−1 ≡ 1 (mod 2k). Again, this

implies that a has odd order in the unit group (Z/2kZ)∗, which has order 2k−1. The

only element of odd order in (Z/2kZ)∗ is the identity, so a ≡ 1 (mod 2k).

Thus, in all four cases a is congruent to 0 or 1 modulo p and to 0 or 1 modulo 2k,

and hence a is one of the fixed points of G(n). �
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3. Component heights

Definition 3.1. For a ∈ Z/nZ, denote by Comp(a) the connected component of

a in the graph G(n).

Definition 3.2. For any component Comp(a), denote by Height(Comp(a)) the

greatest distance of any point in Comp(a) to the unique cycle of Comp(a).

Theorem 3.3. If n = 2kp, then Height(Comp(0)) = m, where m is the smallest

positive integer such that 2m > k, i.e., m = ⌈log2(k)⌉.

P r o o f. Suppose that a ∈ Comp(0). Then a2t

≡ 0 (mod n) for some t, and

obviously a is divisible by 2p. Since all powers of a will be divisible by p, the distance

of a to 0 is the smallest t such that 2k
∣∣ a2t

, and this is maximized when 2 ‖ a. But

then t is the smallest positive integer such that 2t > k, i.e., t = m, as desired. �

Note that for k = 1, 2, 3, . . . the corresponding sequence of heights of Comp(0)

is 0, 1, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4, 4, 4, 4, 4, . . ., and the heights grow logarithmically as a

function of k.

Theorem 3.4. If n = 2kp, where p = 2l + 1 is a Fermat prime, then

Height(Comp(1)) = max(k − 2, l).

P r o o f. If a ∈ Comp(1), then a2t

≡ 1 (mod n) for some positive integer t. It

follows that a is invertible modulo n, so a ∈ (Z/nZ)∗, and that the order of a divides

2t. Conversely, any element a ∈ (Z/nZ)∗ whose order is 2t lies in the component of

1 and is a distance t from 1.

It follows that an element farthest from 1 in Comp(1) is an element of greatest

two-power order in (Z/nZ)∗.

By the (extended) Chinese Remainder Theorem,

(2) (Z/nZ)∗ ∼= (Z/2kZ)∗× (Z/pZ)∗,

and by the structure theorem for unit groups,

(3) (Z/nZ)∗ ∼=






Z2l when k = 1,

Z2 × Z2l when k = 2,

Z2k−2 × Z2 × Z2l when k > 3.

It follows that the element of greatest two-power order in (Z/nZ)∗ lies a distance l

from 1 when k − 2 6 l, and a distance k − 2 from 1 when k − 2 > l, as desired. �
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Note that for k = 1, 2, 3, . . . the corresponding sequence of heights of Comp(1) is

l, l, . . . , l,︸ ︷︷ ︸
l+2 times

l + 1, l + 2, l + 3, l + 4, l + 5, . . . ,

and, after an initial constant segment, the heights grow linearly as a function of k.

Theorem 3.5. Suppose n = 2kp, where p = 2l + 1 is a Fermat prime, and set

m = ⌈log2(k)⌉. Then, using the notation of Theorem 2.2, Height(Comp(2αl)) =

max(m, l).

P r o o f. Suppose that a ∈ Comp(2αl). Then for some t, a2t

− 2αl ≡ 0 (mod n),

and it follows that a is even. Since a is even and 2m > k, we know that a2max(m,l)

≡

2αl ≡ 0 (mod 2k). On the other hand, a2t

≡ 2αl ≡ 1 (mod p), so a ∈ (Z/pZ)∗. Since

|(Z/pZ)∗| = 2l, we know that a2l

≡ 1 (mod p). Thus a2max(m,l)

≡ 1 (mod p). Since

a2max(m,l)

≡ 2αl (mod 2k) and a2max(m,l)

≡ 2αl (mod p), we know that a2max(m,l)

≡ 2αl

(mod n). Therefore Height(Comp(2αl)) 6 max(m, l).

To show that Height(Comp(2αl)) = max(m, l), it now suffices to find a ∈

Comp(2αl) whose distance to 2αl is at least max(m, l). We claim that this maximal

distance is attained by a = 6 when l > 2 and by a = 2 when l 6 2.

By definition of m, we have 2m−1 < k 6 2m. Consequently, 62m

≡ 0 (mod 2k),

while 62m−1

6≡ 0 (mod 2k). It follows that the distance from 6 to 2αl at least m.

On the other hand, if l > 1, we claim that 3 is a generator of the cyclic unit

group (Z/pZ)∗. Since |(Z/pZ)∗| = p − 1 = 2l, (Z/pZ)∗ is a cyclic two group. The

generators of (Z/pZ)∗ are exactly those elements that are not quadratic residues

modulo p. However, since p is a Fermat prime, l is a power of 2, so if l > 1, then

p ≡ 2l + 1 ≡ (−1)l + 1 ≡ 2 (mod 3). Since 2 is not a quadratic residue modulo 3,

quadratic reciprocity yields

(−1)
(3

p

)
=

(p

3

)(3

p

)
= (−1)

p−1
2

3−1
2 = 1,

so ( 3
p
) = −1. Thus 3 is not a quadratic residue modulo p, and hence 3 generates

(Z/pZ)∗. In particular, 32l

≡ 1 (mod p), while 32l−1

6≡ 1 (mod p).

Now if l > 2, since l is a power of 2, we know 2l
∣∣ 2l−1. It follows that 22l−1

≡

22l ≡ 1 (mod p). Therefore 62l

≡ 1 (mod p), while 62l−1

6≡ 1 (mod p). In this case,

it follows that the distance from 6 to 2αl is at least l.

We now know that the distance of 6 to 2αl is at least max(m, l) when l > 2.

If l = 2, so p = 5, it is easy to check that 22l−1

= 4 6≡ 1 (mod 5), while 22l

≡ 1

(mod 5). Obviously, 22m−1

6≡ 0 (mod 2k), while 22m

≡ 0 (mod 2k). Therefore 2 is a

distance at least max(m, l) to 2αl.
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Finally, if l = 1, then p = 3 and 22l−1

≡ 2 6≡ 0 (mod 3), while 22l

≡ 4 ≡ 1

(mod 3). Again, 22m−1

6≡ 0 (mod 2k), while 22m

≡ 0 (mod 2k). Therefore 2 is a

distance at least max(m, l) to 2αl.

Having found the desired element a, we now conclude that Height(Comp(2αl)) =

max(m, l). �

Corollary 3.6. If n = 2kp, where p = 2l + 1 is a Fermat prime, then

Height(Comp(2αl)) = Height(Comp(0)) exactly when m > l.

In particular,

Height(Comp(2αl)) = Height(Comp(0)) when k > 2l−1 = (p − 1)/2.

P r o o f. The first statement follows immediately from Theorem 3.3 and Theo-

rem 3.5. Clearly, if k > 2l−1, then 2m > k > 2l−1, so m > l. Conversely, if m > l,

then m − 1 > l − 1. Since k > 2m−1, it follows that k > 2l−1, as desired. �

Theorem 3.7. Suppose n = 2kp, where p = 2l + 1 is a Fermat prime. Then,

using the notation of Theorem 2.2,

Height(Comp(2βl + 1)) =






0 if k = 1,

1 if k = 2, and

k − 2 if k > 2.

P r o o f. Suppose that a ∈ Comp(2βl + 1). Then for some t, a2t

≡ 2βl + 1 ≡ 1

(mod 2k) and a2t

≡ 2βl+1 ≡ 0 (mod p). Clearly a is divisible by p and a is invertible

modulo 2k. Since 20, 21, and 2k−2 are, respectively, the greatest order of an element

of (Z/2kZ)∗ when k = 1, 2, and k > 2, it follows that a1 ≡ 2βl + 1 (mod n) when

k = 1, a22

≡ 2βl + 1 (mod n) when k = 2, and a2k−2

≡ 2βl + 1 (mod n) when k > 2.

It follows that Height(Comp(2βl+1)) 6 1, 2, and k − 2, respectively, when k = 1, 2,

and k > 2.

It remains to identify elements a ∈ Comp(2βl+1) that attain the maximal distance

to 2βl + 1.

Choose any s of maximal order t in (Z/2kZ)∗. Thus t = 20, 21, or 2k−2, respec-

tively, as k = 1, k = 2, or k > 2. By the Chinese Remainder Theorem, there is a

unique a modulo n such that a ≡ s (mod 2k) and a ≡ 0 (mod p). Clearly a has the

desired maximal order t modulo 2k, so at ≡ 1 (mod 2k) and, since a is divisible by

p, at ≡ 0 (mod p). It follows that at ≡ 2βl + 1 (mod n) and a ∈ Comp(2βl + 1),

a distance at most t from 2βl + 1. On the other hand, at−1 6≡ 1 (mod 2k), so the

distance from a to 2βl + 1 is exactly t, as desired. �
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Corollary 3.8. If n = 2kp, where p = 2l + 1 is a Fermat prime, then

Height(Comp(2βl + 1)) = Height(Comp(1)) when k − 2 > l,

and also when p = 3 and k = 2.

P r o o f. The result follows immediately from Theorem 3.4 and Theorem 3.7. �

4. Weak symmetry

Definition 4.1. The graph G(n) is said to be symmetric if the connected com-

ponents can be partitioned into isomorphic pairs.

In order to study symmetry, we define a weaker notion, which we call weak sym-

metry.

Definition 4.2. The graph G(n) is said to be weakly symmetric if the connected

components can be partitioned into pairs such that there is a bijection of the form

τ(a) = a+ε, between paired components. When there exists such a bijection between

components Comp(a) and Comp(b) we write Comp(a) ∼ Comp(b).

It is a consequence of weak symmetry that paired components have the same

cardinality, but they may fail to have the same graph topology.

Theorem 4.3. If n = 2kp, where p = 2l + 1 is a Fermat prime, then G(n) is

weakly symmetric. In particular, using the notation of Theorem 2.2,

Comp(0) ∼ Comp(2βl + 1) and Comp(1) ∼ Comp(2αl).

P r o o f. First, to show that Comp(0) ∼ Comp(2βl +1), define τ(a) = a+2βl+1.

To prove that τ is the desired bijection, we will show that τ(a) ∈ Comp(2βl + 1) if

and only if a ∈ Comp(0).

Suppose that a ∈ Comp(0). Then by Theorem 3.3, a2m

≡ 0 (mod n), where as

usual m = ⌈log2(k)⌉. In particular, a ≡ 0 (mod p). Since 2βl + 1 ≡ 0 (mod p) as

well, τ(a) ≡ 0 (mod p). We also note that a is even. Since βl > k,

τ(a)2
k−1

= (a + 2βl + 1)2
k−1

≡ (a + 1)2
k−1

(mod 2k).

A simple induction starting with (a+1) ≡ 1 (mod 2) yields (a+1)2
k−1

≡ 1 (mod 2k),

and hence

τ(a)2
k−1

≡ 1 (mod 2k).
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Since τ(a)2
k−1

≡ 2βl +1 ≡ 0 (mod p) and τ(a)2
k−1

≡ 2βl +1 ≡ 1 (mod 2k), it follows

that τ(a)2
k−1

≡ 2βl + 1 (mod n), and therefore τ(a) ∈ Comp(2βl + 1), as desired.

Conversely, suppose that τ(a) ∈ Comp(2βl + 1). Then, by Theorem 3.7,

(a + 2βl + 1)2
k−1

≡ 2βl + 1 (mod n). In particular, (a + 2βl + 1)2
k−1

≡ 2βl + 1 ≡ 0

(mod p). Since 2βl + 1 ≡ 0 (mod p), it follows that a2k−1

≡ 0 (mod p), and hence

a ≡ 0 (mod p). Similarly, (a + 2βl + 1)2
k−1

≡ 1 (mod 2k). Since 2βl + 1 ≡ 1

(mod 2k), we conclude that (a + 1)2
k−1

≡ 1 (mod 2k). It follows that a is even, and

hence a2m

≡ 0 (mod 2k). But now a2m

≡ 0 (mod n) and a ∈ Comp(0), as desired.

This proves that Comp(0) ∼ Comp(2βl + 1).

Next, to show that Comp(1) ∼ Comp(2αl), define τ(a) = a + 2αl − 1. Suppose

that a ∈ Comp(1). Then a2t

≡ 1 (mod n) for some t. Therefore a2t

≡ 1 (mod p)

and a2t

≡ 1 (mod 2k). Since a2t

≡ 1 (mod p), we know that a is not divisible by p.

But 2αl − 1 ≡ 0 (mod p), so τ(a) = a + 2αl − 1 is not divisible by p. It follows that

τ(a) ∈ (Z/pZ)∗, and hence (τ(a))2
l

≡ 1 (mod p). On the other hand, since a2t

≡ 1

(mod 2k), we know that a is odd. Therefore τ(a) = a+2αl−1 is even. Consequently

(τ(a))2
k

≡ 0 (mod 2k). We now conclude that (τ(a))max(2l,2k) ≡ 2αl (mod n), and

hence τ(a) ∈ Comp(2αl).

Conversely, suppose that τ(a) ∈ Comp(2αl). Then (τ(a))2
t

≡ 2αl (mod n), for

some t. It follows that (τ(a))2
t

≡ 1 (mod p) and (τ(a))2
t

≡ 0 (mod 2k). The first of

these congruences implies that τ(a) is not divisible by p. Since τ(a) = a+2αl−1 and

2αl−1 ≡ 0 (mod p), it follows that a is not divisible by p. Therefore a ∈ (Z/pZ)∗ and

a2l

≡ 1 (mod p). The second congruence implies that τ(a) is even. But then a is odd.

Consequently a ∈ (Z/2kZ)∗, so a2k

≡ 1 (mod 2k). It follows that amax(2l,2k) ≡ 1

(mod n), so a ∈ Comp(1), as desired. �

Theorem 4.4. If n = 2kp, where p = 2l + 1 is a Fermat prime, then, using the

notation of Theorem 2.2,

|Comp(0)| = |Comp(2βl + 1)| = 2k−1

and

|Comp(1)| = |Comp(2αl)| = 2k−1(p − 1).

P r o o f. It is easy to see that a ∈ Comp(0) if and only if a is even and divisible

by p. Clearly Z/nZ contains 2k multiples of p, of which 2k−1 are even. Therefore

|Comp(0)| = 2k−1. By Theorem 4.3, Comp(0) ∼ Comp(2βl + 1), which implies that

|Comp(0)| = |Comp(2βl + 1)|.

Similarly, the elements of Comp(1) are invertible elements of Z/nZ that have
2-power order. Thus the elements of Comp(1) are just those integers belonging
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to the Sylow 2-subgroup of the unit group (Z/nZ)∗. Since p is a Fermat prime,

|(Z/pZ)∗| = p − 1 = 2l is a power of two, and we conclude that |Comp(1)| =

|(Z/nZ)∗|2 = 2k−1(p − 1). Since Theorem 4.3 implies that Comp(1) ∼ Comp(2αl),

we conclude that |Comp(1)| = |Comp(2αl)|, as desired. �

5. Symmetry

It is known [6] that the iteration graph G(n) is symmetric when n ≡ 2 (mod 4)

and when n ≡ 4 (mod 8). However, beyond these two infinite families of graphs,

symmetry seems to be quite rare. In this section we offer a characterization of the

symmetry of the graphs G(n) for n = 2kp, where p is a Fermat prime, by applying

the invariants described in the previous sections. In particular, we show that for each

Fermat prime p, the graphs G(n) fail to be symmetric when k = 3 and when k > 5.

Thus, each Fermat prime contributes an infinite family of nonsymmetric iteration

graphs.

Our argument is motivated by the observation that the heights of two components,

Comp(0) and Comp(2αl) increase logarithmically, while the heights of the other two

components Comp(1) and Comp(2βl + 1) increase linearly as a function of k. Thus,

for large k the heights must differ, and components from the two groups cannot be

isomorphic. However, within the two groups, the cardinalities differ, again preventing

isomorphism. Our asymptotic argument works for all k > 6, and specific comparison

of component heights also provides a proof when k = 3. When k = 5, all components

may have the same height, and an ad hoc argument must be applied.

As remarked above, it is known that G(n) is symmetric when k = 1 and when

k = 2. To this list we add the case k = 4. Thus, each Fermat prime p, contributes an

iteration graph G(n) = G(16p) that is symmetric. We offer no opinion as to whether

this provides an infinite family of symmetric graphs. We suspect, however, that the

methods we apply here may be modified to work for integers n that are not of the

from 2kp. In a future paper we intend to investigate conditions under which graphs

G(n) for which n ≡ 16 (mod 32) are symmetric.

Theorem 5.1. Suppose n = 2kp, where p = 2l + 1 is a Fermat prime. Then the

iteration graph G(n) is not symmetric when k = 3 and when k > 6.

P r o o f. If G(n) is symmetric, Comp(0) must be isomorphic to one of the

other three components. Since isomorphic components have the same cardinality,

and 2k−1 6= 2k−1(p − 1), Theorem 4.4 implies that Comp(0) is not isomorphic to

Comp(1) or to Comp(2αl). However, isomorphic components must also have the same

height. By Theorem 3.3, Height(Comp(0)) = m = ⌈log2(k)⌉ and, by Theorem 3.7,
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Height(Comp(2βl + 1) = k − 2 when k > 2. It is an easy exercise in calculus to

verify that k − 2 > m when k > 6. Furthermore, when k = 3 we obtain k − 2 =

1 6= 2 = ⌈log2(3)⌉. It follows that Comp(0) is not isomorphic to Comp(2βl +1) when

k = 3 and when k > 6. We conclude that Comp(0) is not isomorphic to any of the

other three components, and therefore G(n) is not symmetric, when k = 3 and when

k > 6. �

Since it is known that G(n) is symmetric when k = 1 and k = 2, Theorem 5.1

leaves open two cases: k = 4 and k = 5. In our last two theorems we show that G(n)

is symmetric when k = 4 and is not symmetric when k = 5.

Theorem 5.2. Suppose n = 2kp, where p = 2l + 1 is a Fermat prime. Then the

iteration graph G(n) is not symmetric when k = 5.

P r o o f. As in the proof of Theorem 5.1, Comp(0) cannot be isomorphic to

Comp(1) or to Comp(2αl), so it suffices to show that Comp(0) is also not isomorphic

to Comp(2βl + 1).

By Theorem 3.3 and Theorem 3.7, we see that Height(Comp(0)) = m = 3 and

Height(Comp(2βl + 1)) = k − 2 = 3, so both components have height 3. Let

A ⊂ Comp(0) be the set of elements whose distance from 0 is equal to 3 and

B ⊂ Comp(2βl + 1) the set of elements whose distance from 2βl + 1 is 3. An

isomorphism between Comp(0) and Comp(2βl + 1) must induce a bijection between

A and B.

Clearly, if a ∈ A, then a8 ≡ 0 (mod n) while a4 6≡ 0 (mod n). It follows that

a = 2ps for some odd s. Now, if 2ps and 2pt are two elements of A, then we claim

that (2ps)2 ≡ (2pt)2 (mod n). Clearly, (2pt)2 − (2ps)2 = 4(t2 − s2)p2 ≡ 0 (mod p).

Moreover, t2−s2 ≡ 0 (mod 8), because 1 is the only square of an odd integer modulo

8, so 4(t2−s2)p2 ≡ 0 (mod 32). Thus (2ps)2 ≡ (2pt)2 (mod n), as desired. It follows

that any two elements of A connect to the same element of G(n).

By the Chinese Remainder Theorem, for each integer s of order 8 in the unit group

(Z/32Z)∗ there is a unique b ∈ Z/nZ such that b ≡ 0 (mod p) and b ≡ s (mod 32).

Clearly each b chosen in this way belongs to B. Since 3 and 5 have order 8 modulo

32, we can find a and b ∈ B with a ≡ 3 (mod 32) and b ≡ 5 (mod 32). But then

b2 − a2 ≡ 25− 9 ≡ 16 (mod 32). Consequently, a2 6≡ b2 (mod n), and hence a and b

connect to distinct elements of G(n).

It now follows that no bijection from Comp(0) to Comp(2βl + 1) can preserve the

graph topology of G(n). Therefore Comp(0) is not isomorphic to Comp(2βl + 1),

and the graph G(n) is not symmetric. �
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Theorem 5.3. Suppose n = 2kp, where p = 2l + 1 is a Fermat prime. Then the

iteration graph G(n) is symmetric when k = 4.

P r o o f. To show that G(n) is symmetric, we prove that Comp(0) ∼= Comp(2βl +

1) and Comp(1) ∼= Comp(2αl).

By Theorem 4.4, |Comp(0)| = |Comp(2βl + 1)| = 8 and, by Theorem 3.3 and

Theorem 3.7, Height(Comp(0)) = Height(Comp(2βl + 1)) = 2. As in the proof of

Theorem 5.2, the elements of Comp(0) that lie a maximal distance from 0 have the

form 2ps for odd s. In particular, there are four such elements: 2p, 6p, 10p, and 14p.

Each of these elements satisfies (2ps)2 = 4p2s2 ≡ 0 (mod p) and (2ps)2 = 4p2s2 ≡

4p2 (mod 16), so in G(n) they connect to the same element 4p2. The elements a

distance one from 0 have the form 4p2s or 8p2s for odd s. There are exactly three

of them: 4p2, 8p2, and 12p2.

Also as in the proof of Theorem 3.7, the elements of Comp(2βl + 1) that lie a

maximal distance from 2βl + 1 are divisible by p and congruent to an element of

maximal order 4 in (Z/16Z)∗. Since (Z/16Z)∗ has four elements of order 4, namely

3, 5, 11, and 13, exactly four elements lie a distance two from 2βl + 1. In particular,

since p = 2l+1with l > 1, it follows that p4 = (2l+1)4 = 24l+4·23l+6·22l+4·2l+1 ≡ 1

(mod 16), so we can write these four elements as 3p4, 5p4, 11p4, and 13p4. Since

each of these elements has square congruent to 9 modulo 16 and 0 modulo p, they

all connect to the same element in G(n). In particular, they all connect to 9p4. The

elements a distance one from 2βl + 1 are divisible by p and congruent to an element

of order 2 in (Z/16Z)∗. The elements of order two in (Z/16Z)∗ are 7, 9, and 15, so

the elements a distance one from 2βl +1 are 7p4, 9p4, and 15p4. Note that 2βl+1 ≡ 1

(mod 16) and 2βl + 1 ≡ 0 (mod p), so 2βl + 1 ≡ p4 (mod n).

It follows that the map τ : Comp(0) → Comp(2βl + 1) defined by

2p 7→ 3p4 6p 7→ 5p4, 10p 7→ 11p4, 14p 7→ 13p4,

4p2 7→ 9p4, 8p2 7→ 7p4, 12p2 7→ 15p4, 0 7→ p4

is an isomorphism.

Next we consider the structure of Comp(1) and Comp(2αl). As noted in the proof

of Theorem 3.4, the elements of Comp(1) belong to the Sylow 2-subgroup of (Z/nZ)∗,

which is isomorphic to Z4 × Z2 × Z2l .

From the analysis in Theorem 3.5 it is evident that the elements of Comp(2αl) are

congruent to 0 (mod 2) and are relatively prime to p. Under the natural multipli-

cation in Z/nZ, the elements of Comp(2αl) do not form a group. We will introduce

a new operation ∗ on Comp(2αl) which coincides with squaring in Z/nZ and under
which Comp(2αl) forms a group isomorphic to Z4×Z2×Z2l . It will then follow that

Comp(2αl) ∼= Comp(1), as desired.
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To begin, we identify each of the eight even integers â ∈ {0, 2, 4, 6, 8, 10, 12, 14}

with a corresponding element σ(â) ∈ Z/4Z×Z/2Z as follows:
σ(0) = (0, 0), σ(2) = (1, 0), σ(4) = (2, 0), σ(6) = (3, 0),

σ(8) = (0, 1), σ(10) = (1, 1), σ(12) = (2, 1), σ(14) = (3, 1).

We now associate each element a ∈ Comp(2αl) with an element τ(a) ∈ Z4×Z2×Z2l

by setting τ(a) = (σ(â), ā), where â is the natural image of a in Z/16Z and ā is

the natural image of a in (Z/pZ)∗ ∼= Z2l . Note that we have written the first two

components of Z4 ×Z2×Z2l additively and the third component multiplicatively, so

τ(a)τ(b) = (σ(â) + σ(b̂), āb̄).

The map τ is easily seen to be a bijection. By the Chinese Remainder Theorem,

each element of Comp(2αl) is uniquely determined by its residues modulo 16 and p.

Conversely, via the identification τ , each element of Z4 × Z2 × Z2l corresponds to a

unique residue modulo n that is even and relatively prime to p.

Since τ is a bijection, we can use τ to induce a multiplication ∗ on Comp(2αl) by

setting a ∗ b = τ−1(τ(a)τ(b)), and it is immediate that under this induced multipli-

cation Comp(2αl) is isomorphic as a group to Z4 × Z2 × Z2l .

It remains to show that squaring under the induced multiplication ∗ coincides with

the standard squaring operation in Comp(2αl). Clearly, if a, b ∈ Comp(2αl), āb̄ = ab,

so ā2 = a2. On the other hand, note that σ(â) + σ(â) = (0, 0) when â ∈ {0, 4, 8, 12},

i.e., when a ≡ 0 (mod 4) and σ(â) + σ(â) = (2, 0) when â ∈ {2, 6, 10, 14}, i.e., when

a ≡ 2 (mod 4). However, if a ∈ Comp(2αl) and a ≡ 0 (mod 4), then certainly a2 ≡ 0

(mod 16), so σ(â2) = (0, 0) = σ(â)+σ(â) and if a ≡ 2 mod 4, then a2 ≡ 4 (mod 16),

so σ(â2) = (2, 0) = σ(â) + σ(â).

It now follows that the graphs Comp(1) and Comp(2αl) are both isomorphic to

the graph of the group Z4 × Z2 × Z2l , and are hence isomorphic to each other.

We have now shown that Comp(0) ∼= Comp(2βl + 1) and Comp(1) ∼= Comp(2αl),

and hence G(n) is symmetric. �
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6. Diagrams

The following twelve diagrams, constructed with the aid of the computational

mathematics package Gap [4] and displayed using the Graphviz visualization tool [3]

display the iteration graphs G(3 · 2k) and G(5 · 2k) for 1 6 k 6 6.
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