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Abstract. We study the prolongation of semibasic projectable tangent valued k-forms on
fibered manifolds with respect to a bundle functor F' on local isomorphisms that is based on
the flow prolongation of vector fields and uses an auxiliary linear r-th order connection on
the base manifold, where r is the base order of F'. We find a general condition under which
the Frolicher-Nijenhuis bracket is preserved. Special attention is paid to the curvature of
connections. The first order jet functor and the tangent functor are discussed in detail.
Next we clarify how this prolongation procedure can be extended to arbitrary projectable
tangent valued k-forms in the case F' is a fiber product preserving bundle functor on the
category of fibered manifolds with m-dimensional bases and local diffeomorphisms as base
maps.

Keywords: semibasic tangent valued k-form, Frolicher-Nijenhuis bracket, bundle functor,
flow prolongation of vector fields, connection, curvature
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Our starting point is the general procedure of prolongating a connection I' on
a fibered manifold ¥ — M to a connection on the fibered manifold FY — M,
where F' is an arbitrary bundle functor on the category .# .#,, ., of fibered manifolds
with m-dimensional bases and n-dimensional fibers and their local isomorphisms, [6].
This procedure is based on the flow prolongation of vector fields. In [6] and [8] it
is clarified that if F' has the base order r, then one needs an auxiliary linear r-th
order connection A on the base manifold M to construct the induced connection
Z(T',A) on FY. In Section 2 of the present paper we deduce that every projectable
morphism ®: Y x 3 A¥T'M — TY linear in the second factor, which is equivalent to
a projectable semibasic tangent valued k-form on Y, induces a morphism .7 (®, A):
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“G. Sansone”, Universita di Firenze, supported by the University of Florence. The second
author was also supported by a grant of the GACR, No. 201/05/0523.
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FY X3 AFTM — TFY in a similar way. But first of all we clarify, in Proposition 1,
that the set of such forms, or equivalently morphisms, is closed with respect to the
Frolicher-Nijenhuis bracket. In Section 3 we present the coordinate expression of
Y@, A) in the case of the functor J! of the first jet prolongation. In Proposition 2
we deduce that the curvature C(_# (I, A)) of the connection #*(T', A) differs from
the prolongation #!(CT, A) of the curvature CT of I' by a term depending on the
curvature of the connection A conjugate to the auxiliary linear connection A. A
similar formula holds for the mixed curvature of two connections on Y.

Then we define integrability of A by using the viewpoint of the theory of G-
structures. Proposition 3 reads that if A is integrable, the operation ® — Z# (P, A)
preserves the Frolicher-Nijenhuis bracket for the morphisms whose underlying base
map is constant with respect to A. In Section 6 we interpret the construction of
tangent bundles of fibred manifolds as a functor transforming Y — M to TY — M
and we deduce an explicit formula for the difference of C'(7(I',A)) and .7 (CT, A).
Our motivation arises from a general difference between the functors J* and T: the
former preserves the fiber products, but the latter does not.

The final part of the paper is inspired by a classical result from the theory of
tangent valued forms on manifolds. If F' is a product preserving bundle functor
on the category .# f of all manifolds, the prolongation of a tangent valued k-form
from a manifold M to FM can be constructed by using the canonical exchange
diffeomorphism between FT M and TFM, [1], [3], [13]. For a fiber product preserving
bundle functor F' on the category % .#,, of fibered manifolds with m-dimensional
bases and fibered manifold morphisms with local diffeomorphisms as base maps, we
show that one can use a kind of exchange map that has been recently introduced
by the second author, [4]. In this case we can construct a prolongation % (p, A) of
every projectable tangent valued k-form ¢ on Y — M by means of an auxiliary r-th
order linear connection A on M. If ¢ is semibasic, we obtain the same result as in
Section 2. As an example, in Section 8 we discuss the case F' = J! in detail.

All manifolds and maps are assumed to be infinitely differentiable. Unless other-
wise specified, we use the terminology and notation from the book [6].

1. Semibasic forms and morphisms. Consider a fibered manifold p: ¥ —
M. A tangent valued k-form ¢ on Y is called semibasic, if

(1) o(Z1,...,2Z) =0

whenever at least one of the vectors Zi,..., Zy is vertical. Such a form defines a
morphism linear in the second factor ®: Y x; AFTM — TY by

(2) Oy, X1,.... Xe)=0(Z1,..., %), Zi €T,Y, Tp(Z) = X;.
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This definition is correct: if we take another Z; € T,Y satisfying Tp(Z;) = X,
i=1,...,k, then Z; = Z; + W;, where W; are vertical vectors. Then multilinearity
yields

(p(Zl +W17...,Zk+Wk) = <P(Zl7~-~7Zk)-
Conversely, if ®: Y x3; A¥TM — TY is a morphism linear in the second factor,
then (2) defines a semibasic tangent valued k-form on Y, which will be sometimes
denoted by w(®).

Let 2,4, i =1, ..., m = dimM, p =1, ..., dimY — dim M, be local fiber
coordinates on Y. If ® is projectable, which is the same as w(®) is projectable, then
the coordinate expression of both ® and w(®) is

(3)  da’ =a! . (x)dz A... A dat, dyp:afl___ik(x,y)dzil AN dat

11 . ’Lk

Consider another tangent valued [-form 1) on Y.

Proposition 1. If both ¢ and i are projectable and semibasic, then the
Frolicher-Nijenhuis bracket [p, )] is also projectable and semibasic.

Proof. It is well known that [p, 1] is also projectable, [6]. To prove the main
assertion, we use the Lie bracket formula for [¢, 9], [6], p. 71. Assume that one entry
is a vertical vector field. Since the Lie bracket of a projectable vector field and a
vertical vector field is vertical, we have one vertical vector field in each term on
the right hand side of the formula. Hence the value of [, ] vanishes, so [p, )] is
semibasic. g

Thus our approach defines the Frolicher-Nijenhuis bracket of two linear projectable
morphisms ®: Y Xy AFTM — TY and ¥: Y Xy AN'TM — TY. Write ®: A*TM —
TM and W: A'TM — TM for the underlying base maps. Then the explicit formula
for [®,U]: Y xp AFHTM — TY is (an analogous expression was used in another
situation in [10])

(4) [®,9](&, ..., &) = k'l' ngng (Eo)s o)) Yothr1)s - - Ea(hrn))]
1
+ HI— 1) Z sgn oW ([R(Eo(1ys - Eo () )s ot 1)) Eo(ht2)s - - -+ Eoliet))

-1 kl
+ % Z sgno® ([ (Eo(1ys-- - &) Cotr )]s Eotita)s - - -+ Eothrt))

k—1

-1
+( '()l 0 ,ZSgHU‘I’ 1 &o@ ] Eothr 1)) okt - > Eohtl))
(
(

k—1)1

+ 1) ,ZSgHU‘I’ 1 &o@] 1 &or1))s Ealit2)s - > Ealit))

1)
3(-1)
(k—1)!
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where &1, ..., k4 are vector fields on M and the summations are with respect to all
permutations of k + [ letters.

2. The flow prolongation of projectable semibasic forms. Consider a
bundle functor F' on the category .# .#,, , of fibered manifolds with m-dimensional
bases and n-dimensional fibers and their local isomorphisms, [6]. The definition of the
order of F' is based on the concept of the (g, s,r)-jet, s = ¢ < r, of fibered manifold
morphisms, [6], p. 126. Consider two fibered manifolds p: Y — M, p: Y — M and
two F Moy, n-morphisms f,g: Y — Y. We say that F is of the order (q,s,r), if
Jperf = jd®rg implies Ff|F,Y = Fg|F,Y,y € Y. The number r is called the base

Y
order of F.

For a projectable morphism linear in the second factor ®: Y x; AKTM — TY
and k vector fields &1,...,& on M, ®(&1,...,&) is a projectable vector field on Y.
The restriction of the flow prolongation ,93’(@(51, e 7§k)) to F,Y depends on the
r-jets jr&i, ..., jo&k, x € M, cf. [8]. This defines a map

(5) Fo: FY xy N J'TM — TFY

linear in the second factor that will be called the flow prolongation of ®.

Consider a linear r-th order connection A on M, i.e. a base preserving linear
morphism A: TM — J"T'M satisfying o A = idpp;, where 3 is the target jet
projection.

Definition 1. The composition
(6) F(®,A) :=.Fo (idpy xy AFA): FY xy NNTM — TFY

is said to be the flow prolongation of ® with respect to A.

Clearly, if the values of ® lie in the vertical tangent bundle VY of Y, then the
values of . (®,A) liein V(FY — M).

3. To supply an example, we are going to discuss the case F = J! of the first
jet prolongation in detail. For a projectable vector field 7 on Y with the coordinate

expression

0
+ 0P (2, y)

() £ia) 2 o

ozt

its flow prolongation #'7 is given by the well known formula

o omP , 9 )\ 0

496



where ¢ are the induced coordinates on J'Y', [6]. The coordinate form of A: TM —
JYTM is

9) & = Thy(x)e".

Consider ® with the coordinate expression (3). Using direct evaluation, we ob-
tain the following additional coordinate expression of #1(®,A): JY xp AFTM —
TJY:

oal . oal . OakF .
ik k 1
(10)  dyj = c‘;;;jlk - c‘;;/qlk vj — é;jlk Y+ (A, s — g Vi)

k l i
+o (@ ail...ik,lzy@rm} dz"™ AL A da'F.

4. The curvature of #'(I',A). The lifting map of a connection on Y is a
morphism I': Y X, TM — TY linear in the second factor. Its coordinate expression

is
(11) dz' = da', dy? = FP(z,y)da’.

Using (10), we obtain the well known additional coordinate expression of the con-
nection #(T',A) on J'Y — M, [6], p. 366, [9],

OFF  OFF & i
(12) dy? = [3xj o Yl + (FF — yg)ri]} dz.

The curvature CT of I' is a morphism Y x A2TM — VY with the coordinate
expression

13 dzt =0, dy? _aF;’ —6FJPqui da?
(13) x_’y_<dzi+8yqi)x/\x'
Hence we can construct

(14) IHCT,A): JY xp A’TM — VJ'Y.

To compare (14) with the curvature of #1(C,T’)
(15) C(FLHT,AN): JY xp APTM — VJ'Y,

we need the following concept.
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Since 3: J'Y — Y is an affine bundle associated with the vector bundle VY ®
T*M, T defines a map 7I': J'Y - VY @ T*M,

T(2) =T(8(z)) — =, z€ JY.
The curvature of the classical linear connection A can be interpreted as a map
CA: M —TM@T*M @ N*T*M.
The well known exact sequence
0= VYT M - vy Zvy -0

induces an injection 3*(VY @ T*M @ A?T*M) — VJ'Y @ A2T*M. So we have the

evaluation map

(tT,CA): J'Y — VJY @ A’T* M.

Write A for the classical conjugate connection of A. The following assertion can
be proved by direct evaluation.

Proposition 2. We have C(_#'(T,A)) = #'(CT,A) + (rT,CA).

Remark. A more general result will be interesting from the viewpoint of our
theory. If A is another connection on Y, then the mixed curvature of I' and A is
defined to be the Frolicher-Nijenhuis bracket [, A]: Y x 3 A2°TM — VY, [6], p. 232.
Even in this case we have deduced by direct evaluation

(16) [ ZHT,A), 71 A N)] = 71T, AL A) + (7T, CA) + (rA, CA).

Since CT = 1[I',T], Proposition 2 is a special case of (16).

5. We define integrability of A: TM — J"T'M by using the viewpoint of the
theory of G-structures. Using translations on R™, we extend each X € T, R™ to
a constant vector field X on R™. The canonical integrable connection I: TR™ —
J'TR™ maps every X € T,R™ to joX.

Definition 2. A linear r-th order connection A on M is said to be integrable, if
for every x € M there exists a neighbourhood U and a diffeomorphism f: U — R™
transforming A to I,i.e. ToTf=J"Tfo (Aly).
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We say that f is a normal coordinate system of the integrable connection A. One
verifies easily that two normal coordinate systems of A differ by an affine transfor-
mation R™ — R™.

In the case » = 1, a classical result reads that a classical linear connection is
integrable if and only if it is both torsion-free and curvature-free.

Assume A is integrable and consider a tangent valued k-form ¢ on M. We say
that ¢ is constant with respect to A, if in every normal coordinate system of A all
coefficients of ¢ are constant. In particular, the identity one-form idr,; is constant
with respect to every integrable A. Clearly, if 1 is another tangent valued [-form on
M constant with respect to A, then [p, ] = 0.

Now we can describe the most important case in which the operation ® — (P, A)
preserves the Frolicher-Nijenhuis bracket. Consider two projectable morphisms &:
Y xpy A"TM — TY and U: Y X A'TM — TY linear in the second factor.

Proposition 3. If A is integrable and the underlying tangent valued forms ®
and ¥ are constant with respect to A, then

(17) (7 (D, A), Z(T,A)] = F([®, 0], A).

Proof. In a normal coordinate system of A, consider constant vector fields
X1,..., X In particular, it we have [Xi,f(j] = 0. By Definitions 1 and 2, we
have

(18) F(D,A)(Xy,...,Xp) = F(®(X1,..., X))

and analogously for .% (¥, A) and . ([®, ¥], A). Consider (4) with &’s replaced by X’s.
Since ® and ¥ are constant with respect to A, Q(Xl, e 7X;f) and Q(Xkﬂ, e Xk+g)
are also constant vector fields and all terms on the right hand side except the first ones
vanish. Now we apply % to both sides and use the fact that the flow prolongation
preserves the bracket of vector fields. O

In particular, for every connection I' and every integrable r-th order linear con-
nection A on the base manifold we have

(19) C(F(T,A)) = Z(CT, A).

The same is true for the mixed curvature of two connections.

6. We find it useful to discuss the case of non-integrable A in another concrete
situation. If we interpret the construction of the tangent bundle of a fibered manifold
as a functor transforming Y — M to TY — M, every connection I" on Y and a linear
connection A: TM — JYTM induce a connection .7 (I';A) on TY — M.
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Write X?, Y? for the induced coordinates on TY. For a projectable vector field n
on Y, the coordinate form of its flow prolongation 7 is

o€t ; 0 ot . onP .\ 0
I 8Xi+(8xiX T oY )aYp'

(20) n+
Thus, if ' and A are of the form (11) and (9), the equations of .7 (I', A) are

(21) dy? = FP da,
dX7 =17, X*da',

OFF . OF? ; ,
dy? = (8—lijJ + a—yflyq + F;’rgkX’f> da’.

Both C(.7(I',A)) and .7 (CT, A) are sections TY — V(TY — M) ® N*T*M.

Since TY — Y is a vector bundle, the identification TY xyTY = V(TY — Y) and
the inclusion V(TY — Y) — V(TY — M) define a map TY xy TY — V(TY —
M). If we add I': Y xpr TM — TY to the second factor, we construct a map
TY Xy TM — V(TY — M). Dualizing in T M, we obtain a section

I TY - V(TY - M) T*M,

22 ) ) ) ) ) )
(22) vI(z',yP, X', YP) = (2", y?, X", YP,0, da*, F} da*).

The clasical curvature CA of the conjugate connection of A can be interpreted as
amap TM — TM @ A2T*M. Hence CAoTp: TY — TM @ A2T*M and we can

construct the evaluation map
(WL, CAoTp): TY — V(TY — M) ® A>T*M.
Using direct evaluation, one deduces

Proposition 4. We have C(7(I',A)) = 7(CT,A) + (uT, CA o Tp).

7. The case of a fiber product preserving bundle functor. If F is a fiber
product preserving bundle functor of the base order r on the category .#.#,, of
fibered manifolds with m-dimensional bases and fibered manifold morphisms with
local diffeomorphisms as base maps, then a natural transformation ty: J'Y — FY
is defined as follows. Every section s: M — Y can be interpreted as a morphism §
of the trivial fibered manifold idy,;: M — M into Y and we set

(23) ty (Jzs) = (F8)(x),  weM.

Taking into account try: J"TM — FTM and the surjective submersion FTp:
FTY — FTM, we can construct the fiber product FTY X pprp J'TM.

500



In [4] the second author introduced a map
pl FTY xppa J'TM — TFY

with the following property. If 1 is a projectable vector field on Y over a vector field
&on M and Fn: FY — F(TY — M) is its functorial prolongation, then the flow
prolongation #n: FY — TFY satisfies

(24) Fn = py o (Fn xar j"¢).
Moreover, the map
(25) p¥: FTY xppy JTTM — TEY xpp J'TM, % (A, B) = (u¥-(A, B), B)

is a diffeomorphism.
To clarify the basic ideas, we start with the case of a projectable tangent valued
one-form p: TY — TY over p: TM — T'M. We have the induced map

FLP XFf JTEZ FTY XFPTM JTM — FTY XFPTM J'TM.
Consider the diagram

FgoXFﬁJrf

FTY XFTM JTM — s FTY XFTM J'TM
(26) Jﬂ{i lui
TFY Xpp J'TM TFY

Since fif” is invertible, the bottom arrow defines
(27) F o=y o (FoxpgJ'@)o(iy) " TFY xqpp J'TM — TFY.

If  is a projectable vector field on Y, then ¢(n) is also a projectable vector field
onY.

Proposition 5. We have % (¢(n)) = Fp o (Fn xpum j7E).
Proof. If we interpret £ as the morphism & of M — M into T'M, we have
Jn€ = J"E(x). Hence ji(po&) = (Jpo J"E)(x). By functoriality,
F(w(n)) =py o (FpoFnxa J'poJE) =y o (Fo xpy J'¢) o (Fnxa j7)
= py o (Fo xpp J¢) 0 ()" o iy o (Fny xar J7€)
=Fpo(FnxrmjE).
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In [5], it is deduced that F¢ is a bilinear morphism.
Definiton 3. For every linear r-th order connection A: TM — J"T'M, the
tangent valued one-form on FY

y(tp, A) = 9(,0 o (idTFy XTMA)Z TFY - TFY

will be called the F-prolongation of ¢ with respect to A.

Consider a projectable morphism ®: Y x; TM — TY linear in the second factor
and the corresponding semibasic one-form w(®) on Y. Write q: FY — M. For
FO: FY xp J'TM — TFY we define analogously

(28)  w(F®): TFY xpy J'TM — TFY, w(Fd)(Z,X)=d(z X),
where Z € T,FY, X € JITM, Tq(Z) = BX € T, M.

Lemma. We have w(F®) = .7 (w(®)).

Proof. By definition, w(®)(n) = ®(§) is the same projectable vector field on
Y. Hence

(29) F (w(®)(n)) = F((£))-

By Proposition 3, 7 (w(®)(n)) = Fp o (Fn xra j°€). Then (29) implies that
ﬁ(w(@)(n)) depends on j"¢ only and the induced map FY xp, J'TM — TFY
coincides with .#®. ] 0

If we add A: TM — J"TM, the above lemma implies

Proposition 6. We have Z (w(®),A) = w(F (P, A)). O

8. As an example, we discuss the case F = J! in detail. If F = J", then
J'TY X yepar J'TM = J'TY and the map pd : J'TY — TJ'Y coincides with
that introduced by L. Mangiarotti and M. Modugno, [11} see [4]. Thus, we can use a
result from [6] to find the coordinate expression of i ,uY c JYTY — TJY xpp JYTM.
Let 2%, y?, X, YP be the above coordinates on TY and y?, X ¢ Y? the induced jet
coordinates on J'(TY — M). Further, let 2, y?,y? be the standard coordinates on
J'Y and dzf, dyP, dy? the induced coordinates on TJ Y. Moreover, write ! dx ,fl
for the corresponding coordinates on J'T'M. By [6], p. 340, the equations of /i My are
' =12 yP =y, y? = y¥ and

(30) do' = X', dy? = VP, dy? = YP — XIy?, € = X0,
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while in the coordinate form of u‘{,l the last equation of (30) is missing. Hence the

only nontrivial equation for (/]3]/1 )~ Lis

(31) YP = dyf + &y
Thus, if 2° = 2%, y? = y? and
(32) X' =d\(z)X7, Y?=dl(z,y) X" +al(z,y)Y?

is the coordinate expression of ¢, then the additional equations of J'¢ are

9al .
(83)  Xj = EX* o),
da¥  Oal dab  dab
4 P _ J J PxI 4 a q pya
6 ¥ = (G + gt )X+ XL+ (G + gt )Y+ gy

In the case F' = J! we have Jl¢ Xl J'p = J'p. Using (30) and (31), we deduce

that the coordinate expression of #1p = u‘h oJlp (u‘{,l )L TIY Xy JITM —
TJY is

(35) dz’ = a} dz’, dy? = af da* + a? dy,
da¥  Oaf daly  dal
— J P J q T q
(36) dy! (amz+aqyz)dz +abel + (a o vi) dy

,dal .
a’q’(dy3+§§yj) yj i DIk g yfai k.

Now one can observe even from the coordinate expressions that if ¢ is semibasic, i.e.
ab = 0, and if we substitute ¢; = T} ; dz* into (36), then the result is equal to (10)
with k£ = 1.

9. The case of a projectable k-form. Such a k-form ¢ onY can be interpreted
as a map

p: TY Xy ... xy TY = TY over @: TM Xpr...xpyTM — TM.

The induced maps are

F(p: FTY ><Fy...><FyFT§/~>F'TYV7 FE: FTMX]V[...XJWFTMHFTM,
Jrfi J'TM XMoo XM J'TM — J'TM.

Then we can construct

FLP XFfJTfi (FTY XFTM JTTM) XFy ... XFYy (FTY XEFTM JTTM)
— FTY XFPTM J'TM
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and a diagram analogous to (26) defines a map .# . The antisymmetry of ¢ induces
the antisymmetry of .% ¢, so that the latter can be interpreted as a map

(37) Fo: NFTEY X pwppy ASJ'TM — TFY.

If we add the k-th exterior power of A: TM — J"T M to the second factor, we obtain
a tangent valued k-form .7 (p, A) on FY, which will be called the F-prolongation of
o with respect to A.

If ¢ = w(®), we deduce analogously to Proposition 6

(38) W(F(®,A)) = .Z (w(®),A).
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