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INTRODUCTION 

Let M be a differentiate manifold of finite dimension n which we are going to 
assume to be connected and of class C°°. It is known that a differential system on 
M is a G-structure, Be, where G is the group of all linear transformations leaving 
invariant a subspace Vi of a n-dimensional vector space V. The Lie algebra of G is 
identified with a subspace of Hom(V, V). Such G-structure is interpreted as the set 
of all the adapted frames to a differential distribution, which, usually, is determined 
by a system in total differentials of Pfaffian system. The integral submanifolds of 
this distribution constitute the dynamical system of the G-structure. 

Studying such G-structures the first situation that cannot be completely analyzed 
on the basis of Frobenius, and Darboux's theorems occurs when V is 5-dimensional 
and V\ is 2 or 3-dimensional, even though it is known that the problem of classifying 
generic 3-dimensional and 2-dimensional differential systems on a five manifold are 
totally equivalent, when completely integrable systems and flag systems are excluded. 

Then, let us consider a Pfaffian system of constant rank 3 on a 5-dimensional 
manifold, i.e., dimV = 5, dimVi = 2. In this case the group G is the group of 
all non-singular linear transformations of V leaving the subspace V\ invariant. If 
we choose a basis {ei, e2,e3, e4,e5} of V such that {e4 ,e5} span V\ then G can be 
identified with the subgroup of the general linear group, GL(5), of the matrices of 
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the form 
^* * * 0 0 
* * * 0 0 
* * * 0 0 

* * * * * 
.* * * * * 

i.e., with zeros in the upper right-hand block and arbitrary entries elsewhere. This 

group is 19-dimensional and we will call it G19. 

By means of the effective application of the reduction technique for G-structures 

designed by Sternberg, we prove the following result: 

Theorem. Let BG19 be the G\9-structure associated to a PfafHan System 5, of 

constant rank 3 on a ^-dimensional manifold. If S is neither completely integrable 

nor a flag system, then: 

(i) BG19 is reduced to a G-structure BG16, which has 16-dimensional group struc

ture. 

(ii) BG16 is reduced to a G-structure BG12, which has 12-dimensionalgroup struc

ture. 

(iii) No reduction is obtained on BG12 by reiterating the Sternberg's procedure. 

R e m a r k . The calculations that carry to the reduction in (ii) do not agree with 

those indicated by Sternberg. 

STERNBERG'S STRUCTURE FUNCTION 

In order to apply this technique, let us briefly describe the (first-order) structure 

function of a G-structure BG, which we will call c (for details see [S. 1964]). 

Let us first consider the differential form defined on the bundle of frames 3(M) a*-d 

V-valued given by u(X) = p " 1 (n*(X)) for each p G 3(M) and each X <E Tp(£(M)) , 

with w(p) = x. We can restrict CJ so as to obtain a V-valued form on BG, which we 

will continue to call w. As u gives an isomorphism of any horizontal subspace H at 

p onto V, identifying A2(H) with A2(V) we obtain a map 

cн:A
2(V)^V 

defined as follows: 

c//(w A v) = du(X A Y) Vw, v G V 

where X and Y are the elements of H such that w(X) = iz, w(Y) = v. 
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If we denote by Q the projection of Hom(V A V, V) onto the quotient space 

Hom(V A V, V)/*/(Hom(V, g)), 

we have a well defined function, c, on BQ 

c: BG-^ Hom(V AV ,V)/^(Hom(V ,g)) 

given by 

c(p) = Q(CH) 

which does not depend on the choise of the horizontal subspace H at p. 

This structure function is very useful for studying the equivalence of G-structures. 
In fact, we have the next result ([S. 1964]): Let BQ and BQ be G-structures over 
M\ and Mi- If <p is an isomorphism of M\ onto M2, then c2 o (p+ = c1. where c1 

is the structure function of BQ and c2 the structure function of BQ\ where by an 
isomorphism we mean a diffeomorphism <p: M\ —• Mi such that <P*(BG) = BQ. 

The practical procedure of using this result is based on the searching of the isotropy 
group of a certain action of G on Hom(V A V) V)/^/(Hom(17, g)) . Specifically, the 
action induced by 

(1) a(a)L(u A v) = aL(a~xu A a~xv) 

for each aeG and each L G Hom(V A V, V). 

If the orbits of this action are of maximal dimension, discrete, and finite in number, 
it has sense to restrict the local equivalence problem for G-structures to generic 
points; i.e., those x £ M such that c(p) = z lies in an orbit of maximal dimension. 

Let z be some fixed point of this orbit and let G\ be the isotropy subgroup of z. By 
using this method we reduce the G-structure equivalence problem to a Gi-structure 
equivalence problem. This Gi-structure can be reduced itself by means of its own 
structure function and the procedure can be reiterated until the corresponding struc
ture function is constant. 
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CALCULATION ON DIFFERENTIAL SYSTEMS 

In order to prove the Theorem, let us now apply this reduction procedure to the 
case of differential systems. Let x G M be a fixed generic point, p G -9G19 , with 
7r(p) = x, and z = cl9(p) G Hom(V A V, V)/s/(\iom(V, 019)), where c19 denotes the 
Sternberg's structure function on BG19- We look for the isotropy group of z, that is, 
the elements a G G19 such that 

az(a~lu A a~lv) = z(u A v) Vw, v G V 

or equivalently, the elements a G G such that 

(2) :(au A au) = a:(« A v) Vu, t; E V. 

Let us consider a horizontal subspace Hp at p. Since u;p : Hp —* V is an isomorphism, 
for each u in V there exists an unique vector XL* of Hp, such that u>p(Xp ) = u. We 
consider a connection J f = {Hq/q G -9Gi9} such that the horizontal subspace at p 
is the initial Hpi for having horizontal differentiable vector fields in a neighborhood 
of p. (Remark: it is not necessary to take a connection; it is sufficient to consider 
a family Jf of horizontal subspaces). When we fix a basis {e4,e5} of V\ we get 
X = Xe*, Y = Kes horizontal vector fields such that u>q(Xq) = e4 and u>q(Yq) = e$ 

for each g G -9G19- Then 

4 9
q ( g ) ( e 4 A e 5 ) - - ^ ( X A y ) 

= Xf (W(y)) - Yf(u,(X)) -u; f ( [K ,Y ] f ) = -u f ( [X ,Y ] f ) . 

Let e3 = -4 9
p (p) (e 4 A e5) = w,([X, K]f). 

Excluding the integrable differential systems, {e3,e4,es} are linearly independent. 
Therefore K, Y and the horizontal projection of [K, V] are linearly independent in 
a neighborhood of p. In general, [X, Y]q will not be a vector of Hf, but chang
ing, if necessary, the horizontal distribution, we can get subspaces Hq such that 
Xf, Yq, [X, Y]f G Hf for each g in a neighborhood of p. (This horizontal distribution 
may not verify the connection relations: RQm(Hq) = 1/fa, for all a G G19. A discus
sion of conditions on this subspaces to be a connection can be found in [S. 1964]). 

Let G' be the subgroup of isotropy of z, and let BG> be the G'-structure consisting 
of those q in BG19 such that c(q) = z. Since 

cHq(
q)(e4 A e s) = cuP(e4 A e*) = ~ e 3 V? G £ G ' C BGl9 

the horizontal vector field [X, V] = Are3 is a horizontal lift, i.e., for each q in a 

neighborhood of p [K ,Y] f = Xq
3. 
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By using LJP, we can define for u,v G V, the bracket 

[utv]=wp([X\X«)p). 

This bracket depends on the choice of the horizontal subspaces. However this de-

pedence does no affect the isotropy of z because, if we change the subspaces, the 

corresponding brackets differ in an element of «0r/(Hom(V, 019)). So equation (2) is 

equivalent to 

(2') [au,av] = a[u,v] + (u,v) u , ü Є V 

with 0 £ c0r/(Hom(V, 919)). To characterize the elements of £/(Eom(V, 019)) let us 

call 0*; the coordinates of 9 with respect to a natural basis of Hom(V A V, V). We 

have 0*j = —Oji. Furthemore 

e(0) = O iff 0£=a*.-a*,. 

with Ai = (a*-) € 9i9, i = 1,2,3,4,5. Since given At = (a£) € 019, 

0 ^ = 0 if j = 4,5, k= 1,2,3, i= 1,2,3,4,5 

we obtain 

04*5 = ^ 4 = 0 

and hence if g(cHl) = z\, Q(CH3) = *2 

1,2,3 

Z! = z2 iff (C//J54 = (ctfi)$5 = (ctf2)45 = (ctf2)54> f o r t = 1,2,3 

or, equivalently 

z\ = z2 iff zi(e4 Ae5) + Vi = z2(e4 A e5) + Vi 

and therefore (2') is equivalent to 

(2") [ae4, ae5] + Vi = ae3 + Vi. 

Suppose 
"* * * o o-
* * * 0 0 
* * * 0 0 

* * * a ß 
.* * * 7 S. 
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* * 0 0 o-
* * 0 0 0 

* * д 0 0 

* * * a ß 
* * * т s. 

and let A = a6 - 0y. Then 

[ae4, ae5] = [ae4 + 7e5, /2e4 + 6e5] = A[e4, e5] = Ae3. 

Thus a 6 G19 is an element of the group of isotropy of z if and only if a is of the 

form 

a = 

where A = a6 — fti. 

Therefore we have reduced the Gi9-structure to a structure Bcl6 whose structure 

group, Gi6, is 16-dimensional. 

We have to reiterate the procedure on this new G-structure. Let now z = c l 6(p). 

In the same way that before we consider 

Ctf„(e4 Ae5) = - e 3 , % ( e 3 A e 4 ) = -e i , % ( e 3 A e 5 ) = - e 2 

i.e., in a neighborhood of p 

[Xe*,Xe*] = X63, [Xe\Xe<] = Xe\ [Xe\ Xe*] = Xe*. 

Identifying by wp we have 

[e4, e5] = e3, [e3, e4] = e\, [e3, e5] = e2 

where {ei, e2, e3, e4, e 5 } is a basis of V in the general case that the system is neither 

completely integrable nor a flag system. 

Now we look for those elements a E G\e such that 

(3) [au,av] = a[u,v] +0(u,v) Vu, v E 17 

where 0 E s/(Uom(V, 0i6))- Since 0i6 is the algebra of the matrices of the form 

* * 0 

* * 0 

A = | * * ai+a4 

* * 

L* * 

0 o i 
0 0 

0 0 

«1 <*2 

1 «з rt4 . 
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given Ai = (a? ) 6 0ie, » = 1,2,3,4,5, we have 

4 = o 
«o = o 
„Ş_ - „4 *ІЗ = «І4 + «І5 

ifj = 4,5, k= 1,2,3, i = l , 2 , 3 , 4 , 5 , 

ifj = 3, 11=1,2, i= 1,2,3,4,5, 

if ť = l , 2 , 3 , 4 , 5 , 

Hence we deduce for 0 € Hom(V/ A V, V) 

e(0) = o iff 0kj = «* , -«* . , 

i.e., if and only if 

(«.-.) € 0 . 6 

k
5 = k

4 = 0 

0k

м = <& = 0 

35 = Øкa = 0 "35 

JЬ = 1,2,3, 

* = 1 , 2 , 

* = 1,2. 

Therefore, given two horizontal subspaces at p such that ^(c//,) = z\, Q(CH2) = *2. 

z\ = 22 if and only if 

( c « . ) . 4 = (CH.)45 = (CЯ.)45 = ( cH 2)s4 

(CH.)*3 = ( cЯ.)з4 = (cЯ_)з4 = (CЯ.)*3 

(CЯ,)*3 = ( cH.)з5 = ( cЯ.)з5 = (cЯ_)*iЗ 

* = 1,2,3, 

* = 1 , 2 , 

* = 1,2. 

That is, z\ = z2 iff 

Zi(e4 A e5) + Vi =z2(e4 A e5) + Vi, 

zi(e 3 A e4) + V2 =z2(e3 A e4) + V2, 

z\ (e3 A e5) + V2 = z 2 ( c 3 A e5) + V2, 

where V2 = span{e3,e4, e 5). Therefore, given a £ G\6 

* * 0 0 0 

* * 0 0 0 
* * Д 0 0 

* * є a ß 
* * /! 7 s 

where A = aS — fty, since 

[ае4,ае5] = Д е 3 , 

[ае3, ае4] =Дае1 + Д7е 2 + (еу - а^)е3, 

[ае3, ае5] =Д/?в1 + Д^е2 + (еб - /?/|)е3, 
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we deduce that the isotropy subgroup of z is the 12-dimensional group which we will 

call G12, consisting of all the matrices of the form 

Дa Aß 

Д7 Дб 

0 

0 

0 0-

0 0 

0 0 * * 

* * 

д 

0 0-

0 0 

0 0 * * 

* * * 

* 

a ß 

7 6. 

with A = a8 — /3y. 

The Lie algebra of this group is 

fll2-

~2a\ -f a4 Ö2 0 0 01 

aз a\ + 2a4 0 0 

0 

0 

0 * 

* 

* 

* 

ai + a 4 

0 

0 

0 

0 * 

* 

* 

* * ai aг 

* * * aз a4J 

For applying again the same procedure on this Gi2-structure, J9G12, we must 

consider the projection 

g: Hom(K A V, V) — Hom(V A V, K)/^(Hom(V, fl,2)) 

and characterize previously the elements of ^(Hom(V, fli2))-

Given 0 G Hom(V A V, V), g(0) = 0 iff 0& = a*. - a*,-, (a*-) G fli2. 

In this case the conditions on the components of the matrices of fli2 are: 

4 = 0 ifj = 4,5, k = 1 2,3, i = 1,2,3,4,5, 

<• = 0 ifj = 3, k = 1 2, i = 1,2,3,4,5, 

«?3 = «І4 + «?5 if 1 = 1,2,3,4,5, 

«,!2 = « « if i = 1,2,3,4,5, 

«,?1 = в<4 if i = 1,2,3,4,5, 

«п = 2a?4 + a?5 
if i = 1,2,3,4,5, 

«?2 = «?4 + -«?5 if i = 1,2,3,4,5, 

So, in terms of the coordinates of 9 we get: 

0l = -0l 

(4) 
( ъ = -ъ 
l #34 = ^35 : 

if . = 1,2,3,4,5, j= 1,2,3,4,5, ib = 1,2,3,4,5, 

k= 1,2,3, 

= 0 Äг = 1,2, 
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( \2 = a\ь-2a\л-a\ь, 

022 = «i4 + 2«15-«2"4, 

(5) 

h = -2aiл -' 1 3 34 ^35, 

\з = - a 3 4 ? 

U = - 2 a J 4 ~ « 4 5 , 

U = - л 5 a4 4, 

U = - 2 « | 4 " « 5 5 , 

*?5 = - « 5 4 , 

\з = - « 3 5 , 

\з = - « 3 4 " -2«35. 

U = - « 4 5 , 
2 

Ü2A 
= - « 4 4 " - -««. 

\ъ = - « 5 5 > 

(e\5 = -ai4-2aU. 

Conditions (4) are the same that those ones we have when we consider 

s/(Hom(V, 9i6))« From (5) the unique relations that we obtain among the com

ponents of 0 are: 

(6) (0\ 

\o\ 
14 + #24 = -3«І4 " ЗaŠs - Зa33, 
в + в\ь = -За^4 - За|-5 - За|3. 

Since a?3 is the trace of the submatrix rix [ I4 I5 ) which is arbitrary in the 

\a?4 4,/ 
elements of 012, the relations (6) do not impose any new condition on 0, and hence 

its components only must verify (4). 

When we consider the structure function 
cu: BGl2 - Hom(V A V, V)/\*/(Hom(V, g1 2)) 

for trying to reduce the Gi2-structure, BG12J we must search the elements a E G12 
such that there exists 0 £ .<3r/(Hom(V, 912)) verifying for every u, v 6 V 

(7) [au} av] — а[tx, v] + Ø(ti, v). 

Since BG12 is the reduction of BGXS, every element of G12 verifies the relation (3), 
similar to (7), but with a rest in .^(Hon^V, 9i6))> so they verify (7) because we are 
not imposing any new condition on 0. Hence the isotropy of any value 2 = c(p), with 
7r(p) = a:, where x is a generic point of M, is all the group G12, and therefore using 
this procedure no reduction is obtained on structure BGX2. 

437 



References 

[C 1910] E. Cartan: Les systèmes de Pfaff à cinq vaгiables at les équations aux dérivées 
partielles du seconde oгdre, Ann. Sc. Normale Sup. 27(1910), 109-192. 

[S. 1964] S. Sternberg: Lectures on differential geometгy, Prentice-Hall, Inc, Englewood 
Cliffs, N.J., 1964; second edition, Chelsea Publ., New Yoгk, N.Y., 1983. 

[G. 1989] R. B. Gardner: The mєthod of equivalence and its applications, CBMS-NFS 
regional conference seгies in applied mathematics, 58, S.I.A.M. Philadelphia, 
Pennsylvania, 1989. 

Authors' address: Dpto. de Geometría y Topología, Univ. de Granada, E 18071 -
Granada, España. 

438 


		webmaster@dml.cz
	2020-07-03T09:26:37+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




