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In this paper we are concerned with the oscillatory and asymptotic behavior of
the solutions of the delay differential equation

(1) Lnu(t) - p(t)u(g(t)) =0

and its special case, the ordinary differential equation

(2) Lyu(t) — p(t)u(t) =0,
where n > 3 and L, denotes the general disconjugate differential operator of the

form

1 d 1 d d1.d .
Ta(t) dtrp_1(t) dt ~° " dt r(t) dtro(t)

(3) L, =

It is always assumed that

(i) ri(t), 0 < 7 < n, p(t) and g(t) are continuous, r;(t) > 0, p(t) > 0, g(t) < ¢t
and g(t) = oo as t = oo;
(i)
oo
/ ri(s)ds=o00 for 1<i<n—1.

The operator L, satisfying (ii) is said to be in canonical form. It is known that any
differential operator of the form (3) can always be represented in a canonical form
in an essentially unique way (see Trench [11]). In the sequel we will assume that the
operator L, is in canonical form.
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We introduce the following notation:

Dou(t) = %(tt))’
Dau(t) = —— 4D, u@), 1<ig<n
i —’I'i(t) dt i—1 ’ XX e

Equation (1) can then be rewritten as
Dru(t) — p(t)u(g(t)) = 0.

The domain D(L,) of L, is defined to be the set of all functions u: [T}, 00) = R
such that D;u(t), 0 < % < n exist and are continuous on [T},00). A nontrivial
solution of (1) is called oscillatory if it has arbitrarily large zeros; otherwise it is
called nonoscillatory.

If u(t) is a nonoscillatory solution of (1) then according to a generalization of a

lemma of Kiguradze [4, Lemma 3] there is an integer ¢, 0 < ¢ < n such that ¢ = n
(mod 2) and

@ u(t)D;u(t) > 0, (;

(=1)"u(t)D;u(t) > 0,

for all sufficiently large t. A function u(t) satisfying (4) is said to be a function of
degree ¢. The set of all nonoscillatory solutions of degree £ of (1) is denoted by Aj.
If we denote by N the set of all nonoscillatory solutions of (1), then

N=N1UN3U...UNn if n is odd,
and
N =MNgUMNMU...UN, ifniseven.

It is known (see [3] and [4]) that the ordinary equation (2) has always a nonoscil-
latory solution of degree n (N, # @) regardless of the parity of n and that in the
case n even equation (2) also has a nonoscillatory solution of degree 0 (Ny # 0).
Therefore, investigating the delay equation (1) which is of particular interest is the
extreme situation described in the following definition.

Definition 1. Equation (1) is said to have property (B) if for n even N' = NoUAN,
and for n odd N = N,,.

Now, we shall investigate property (B) of equation (2) and then we will extend
our results to the more general equation (1). In a recent paper Kusano, Naito
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and Tanaka [9] have established sufficient conditions for equation (2) to have prop-
erty (B). Their results generalize those of Lovelady [5] for equations of the form
y(™ — p(t)y = 0. Kusano, Naito and Tanaka have compared equation (2) with a set
of second order equations of the form

(L9) +atwo =o

The objective of this paper is to improve the above-mentioned results. We compare
equation (2) with the set of second order delay equations

2OV s n(t) =
(Z9) +aw:ton =0,

where ¢;(t) and 7;(¢) will be defined below.
In passing, the term “property (A)”, refers to the equation

(") Lnu(t) + p(t)u(g(t)) = 0,

and is used to describe the situation in which for n even (17) has no nonoscillatory
solution and for n odd every nonoscillatory solution of (1) is of degree 0. For
analogous results concerning property (A) of (1*) the reader is referred to [2], [7]
and [10].

We begin by formulating some preparatory results which are needed in proving
the main theorems.

Let iy € {1,...,n—1},1<k<n-—1andt,s € [ty,0), We define

IO = 17
t
Li(t, 857y yTy) = / Tio (@) e—1(2, 85750y - 574, ) dz.
S
It is easy to verify that for 1 < k< n—-1
Ik(t,s;’l‘ik, .. ‘,7‘1'1) = (—l)ka(s, 1 PR 7Tik),

(5) t
Ik(t,S;Tik,.-.,Til)-:/ Til(l').[k_l(t,x;rik,...,Ti2)d.’l?.

For simplicity of notation we put

J,-(t,s) = ro(t)li(t,s;rl, .. .,7‘1'), Ji(t) = Ji(t, to),
I(i(t, S) = 'I‘n(t)li(t, S;Tn—1y.-- ,Tn—i), Ki(t) = Ki(t, to)'
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Lemma 1. Let r(t) > 0 be a continuous function. Assume that p(t) and g(t)
satisfy (i). Then the second order delay equation

(;(IT)y'(t)) T p(tulg(®) = 0

has a positive solution if and only if so does the corresponding differential inequality

(;%y’(U) +p(t)y(9(1) <0.

For the proof of this lemma see e.g. Kusano and Naito [8].

Lemma 2. Let ¢, 0 < ¢ < n — 1 be fixed. Equation (2) has a solution u(t)
satisfying
tlim D;u(t) = c; € R— {0}
—00

for some c; if and only if

/ " K1 (0 J:(0)p(t) dt < oo

This lemma is an analog of Theorem 1 of Kitamura and Kusano [6].

Lemma 3. Ifu € D(L,) then the following formula holds for 0 < i < k< n -1
and t,s € [T, 00):

k

D;u(t) = Z(—l)j*iDju(s)Ij_i(s, 5Ty Tig1)

j=i

+(—1)k—i+1/ Li—i(z,t;7ky - Tig1 )Th41 () Diru(z) da.
t

This lemma is a generalization of Taylor’s formula with remainder encountered in
calculus. The proof is immediate.

The following theorem can be found in [9].

Theorem 1. Let

(6) / " Knia (it (p(8) dt = o0
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fori = 2,4,...,n —2 if n is even and for i = 1,3,...,n — 2 if n is odd. Then
equation (2) has property (B).

The following theorem generalizes Theorem 2 in [9] and covers the case when
condition (6) is violated. For convenience we make use of the following notation:

" ?i<t) = ripa (1) / " Knmia(@ ) T (5 7(0))p() o,

where 7;(t): [to,00) = R, 1 < i < n — 2, are continuous and satisfy
(8) Ti(t) 2 00 ast > 00, w(t)<<t, fori=1,2,...,n-2.

Theorem 2. Suppose that (8) holds and the integrals in (6) converge. Assume
that the second order delay equations

Z(t)Y _
(E) (2) + a0
are oscillatory fori = 2,4,...,n—2 ifn iseven and fori =1,3,...,n—2 if n is odd.

Then equation (2) has property (B).

Proof. We assume that u(t) is a positive solution of (2). Then there exists an
integer £ € {0,1,...,n} such that n + £ is even, and a number ¢; such that (4) holds
for t > t;. For the sake of contradiction we assume that 1 < £ < n—2. By Lemma 3

withi=¢+1,k=n—1,s >t >t using (2), (5) and letting s = co we obtain for
t>t

9) —Deyru(t) > / Tn(8)In—e—2(8,t;Tn—1, ..., Te+2)P(s)u(s) ds,
t
and if £ > 2, putting ¢ =0 and k = £ — 2 in Lemma 2 we get

10) Dou(t) > /tt I_o(t,s;m1,. .., Te—2)Te—1(8)De—1u(s) ds.
For details the reader is referred to [9]. Combining (9) with (10) we have
—Detyu(t) > /t°° Ta(Z) In—p—2(z,t;Tn—1,...,Ter2)D(z)r0(x)
X /tI Io_o(z,s;7m1,. .., Te—2)Te—1(8)Do—yu(s)dsdz

2 / Tn(x)ln—l—-Z(zyt;Tn-—ly .. .,T[+2)p($)To($)
t

x/ Ii_o(z, 8571, ... Te—2)Te—1(8)Do—1u(s) dsdz
T((t)
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for all t > ty, where t2 > t; is chosen so that 7¢(t) > t; for t > t5. Since Dy_ju(t) is
increasing, we conclude from above that

—Dyyru(t) > De—l(Te(t))/ Tn(T) In—e—2(T,t;Tn—1, ..., Te42)p(T)T0(T)
t
x/ Ip_o(z, 8571, .., Te—2)Te—1(8) dsdz.

Let y(t) be given by
y(t) = De-1u(t).

Note that y(t) > 0 and in view of the above inequalities

(11) —Dyyu(t) 2 y(7e(t)) /°° I p—o(z,t) Jo—1(z, 7(t))p() dz.

That (11) also holds for £ = 1 follows from (9) and the fact that Dou(t) > Dou(r(t)).

Noting that
v _
(L8) =ress@Deruto

we obtain from (11) that y(t) is a positive solution of the differential inequality

(%%) +qu(t)y(re(t) <O for t >ty

Lemma 1 then implies that equation (F,) has an eventually positive solution. But
this contradicts our assumptions. The proof is complete now. O

We show that the conclusions of Theorems 1 and 2 can be strengthened as follows:
Theorem 3. Assume that equation (2) has property (B). Then every nonoscilla-
tory solution u(t) of degree 0 of (2) satisfies
tl—lglo Dou(t) =0
if and only if
o0
[ @K op) dt = o,

and every nonoscillatory solution u(t) of degree n of (2) satisfies

. _ iy Pou®)] _
tl—lglo |Dn—yu(t)] = tl—lglo no1(t) o0

if and only if

/ " Lt (O Ko(0)p(t) dt = oo,
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The proof of this theorem immediately follows from Lemma 3. g
For the special case of equation (2), namely, for the equation

(12) (%L)<ML)(mLfaw)>> +p(t)u(g(t) = 0

we have the following result:

Corollary 1. Let 79(t) satisfy (8). Further suppose that the second order delay

equation
Zl (t) ! oo T o ~

is oscillatory. Then equation (12) has property (B).

Example 1. Let us consider the fourth order Euler equation
a
(13) (£ 2y — 7Y = 0, t>1, a>0.

We put for this equation m»(t) = At for some A € (0,1]. Then by Corollary 1
equation (13) has property (B) if the second order delay equation

v+ 5 (5-2)von =0

is oscillatory. By a generalization of the well-known criterion of Hille (see [1]), this
occurs if

1 A 1
(14) 2a\ (5 - g) > z

If we put A = 2 then (14) reduces to a > 19—0 and moreover by Theorem 3 if a >

3 then every nonoscillatory solution y(t) of (18) satisfies either tlim y(t) = 0 or
—>00

- u(®)]

Am S5

Naito and Tanaka’s criterion for (12) to have property (B), which is evidently weaker.

= 00. One should note that for the choice A = 1in (14) we obtain Kusano,

To describe better the situation in which not all second order equations (F;)
are oscillatory we use the following definition and in the sequel we suppose that
ki ko, ... km € {1,2,...,n — 2}, where m > 1, are all mutually different and such
that n = k; (mod 2) for 1 < i < m.
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Definition 2. We say that equation (1) has property B, .. k,. if

N =Ny UNg, U...UN,, UN, ifniseven,

m

and

N =N, U...UN, UN, ifnisodd.

Theorem 4. Assume that (8) holds. Let (6) be satisfied fori € {1,3,...,n — 1} —
{k1,...,km} ifnisodd and fori € {2,4,...,n—1} —{ki,...,km} if n is even. Then
equation (2) has property By, .. k...

Theorem 5. Assume that (8) holds and the integrals in (6) converge. Let q;(t)
and 7;(t), 1 < i < n — 2 be defined as in (7) and (8). Then equation (2) has prop-
erty Bi,.,... km 1fequat10ns (E;) are oscillatory fori € {1,3,...,n—1} —{k1,.. ., kn}
ifn is odd and for i € {2,4,...,n — 1} — {k1,...,km} if n is even.

The proofs of Theorems 4 and 5 follow from Theorems 1 and 2, taking Theorem 1
in [1] into account.

Example 2. Let us consider the fifth order delay equation
(15) t 1y @ (2)) — tizy(\/i) =0, t>1, a>0.
2
We put 71(t) = t. Then, by Theorem 2 equation (15) has no solution of degree 1 if
the second order equation

(16) y'(t) + (t) =

a
152Y
is oscillatory, which is true if a > 2. If we let 73(t) = At for some A € (0,1] then
by Theorem 2 equation (15) has no solutxon of degree 3 if the second order delay

equation
" a (1 X A _
Y (t)+t2 (3 2+ z y(At) =0
is oscillatory, which by a generalization of Hille’s criterion [1] occurs if
1 X A 1
(17) a/\(§—§+—)>z

If we put A = —1: then (17) reduces to a > 2\/—
ifa> 2\/_ then equation (15) has property (B),
if 2 <a< \/- then equation (15) has property Bj,
ifa > 0 then equation (15) has property B; 3.

Finally, by Theorems 2 and 5

Note that we have obtained a better result than the criterion in [9] provides.
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Now we are prepared to extend our previous results to equation (1). Our extension
is based on the following theorem which is due to Kusano and Naito [8].

Theorem 6. Assume that
(18) g(t) € C'([to0)), ¢'(t) >0, g(t) <t.

Let g='(t) be the inverse function to g(t). Then equation (1) has property (B) if the
equation

=0

_plg ®)ralg (®)
(19) Dau(t) 9'(g71()rn(t) u(t)

has property (B).

Applying our previous results to equation (19) we obtain sufficient conditions for
(1) to have property (B).
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