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A STRONG LAW OF LARGE NUMBERS
FOR IDENTICALLY DISTRIBUTED VECTOR
LATTICE-VALUED RANDOM VARIABLES

RASTISLAV POTOCKY

For over twenty years many authors have devoted their attention to the laws of
large numbers and the similar convergence theorems, i.e. the results on the
convergence of weighted sums of random variables in one or another sense. While
a number of interesting results has been produced for the norm topology, the
theory is much less developed for the weak topology and almost completely
neglected is the convergence with respect to the order. It is the latter case I intend
to discuss now. The main reason for doing so is that in a number of spaces the order
convergence is stronger than the topological one. (e.g. L”-spaces, 1<p <. See
[3D.

In what follows I shall consider functions with values in an Archimedean vector
lattice E. .

Definition 1. Let (Z, S, P) be a probability space. A sequence (f.) of functions
from Z to E converges to a function f almost uniformly if for every € >0 there exists
a set AeS such that P{A}<e and (f.) converges relatively uniformly to f
uniformly on Z — A ; i.e. there exists a sequence (a.) of real numbers converging to
0 and an element r € E such that |f,(z)— f(z)|<a.r for each ze Z— A.

Definition 2. A function f: Z—E is called a random variable if there exists
a sequence (f,) of countably valued random variables such that (f,) converges to f
almost uniformly. ,

The question whether or not the set of all random variables is closed with respect
to the almost uniform convergence can be answered in the affirmative provided E
has the so-called o-property. (For the definition see [3], [5]).

Proposition 1. Let E be an Archimedean vector lattice with the o-property.
Then the vector lattice of all random variables is closed with respect to the almost
uniform convergence.

Proof. Let a sequence (f,) of random variables almost uniformly converge to
a function f and for each n let (f) be a sequence of countably valued random
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variables almost uniformly converging to f,. Choose a real sequence (a,) such that
a, 1 0. Then for each n there exists a set A, €S such that P{A{} <a,2™" and

Ifi(2) = f. ()| < anr,

S
for each ze€ A,, some r, €e E and a} — 0.

Since E has the o-property, there is an u € E such that r, < K(n) u for each n,
where K(n) is a function from N to N, N the set of natural numbers. Denoting
arK(n) by b} we have |fi(z)—f.(z)|<bhu for each z€ A,. As the set of real
numbers has the diagonal property there exists a sequence b}’ converging to 0.
Hence we have

[fa%(2) = fu ()| < bi"u, z€A,,n=12, ..

Given £>0, put £ =2""¢. Since (f,) converges to f almost uniformly there
exists a set Ao€ S such that P{A§)} <eg, and |f.(z) — f(z)| < a.r for each z€ A,
and some re E, a,—0. There exists a natural number n, such that a, <2 'e.

x©

Put Z=[) AnA. We have P{ZS)<P{ASI+ S P{ASI< S 2 “a, +

n=ngq n=ng, n=nq

+27'e<2'e+2 'e=¢ and

[fA(2) = ()| < b u+ a; for each zeZ,.

From now on E is equipped with a locally solid linear metrizable topology (i.e. E
has a base of neighbourhoods of 0 consisting of solid sets), P means a complete
probability measure.

Proposition 2. Let E be a vector lattice equipped with a locally solid linear
metrizable topology, P be a complete probability measure. Then each random
variable is a measurable map from Z into E.

Proof. There exists a sequence {A.}, A, €S such that P{A{}<k™' and
If.(z) = f(z)| < albi, b€ E forall ze A, ; k=1, 2 ... For each neighbourhood U
of zero there exists a continuous monotonous Riesz pseudo-norm r such that
{xeE;r(x)<1}c U (see [5]). Because of this and the above inequalities we have
that f,(z)— f(z) in the topology for each z € Z except possibly a set of probability
0, since P{{JA:}“=0. Denote | JA, by Z,. An application of [1], prop. 2.2.3
implies that the restriction of f to Z, is a measurable function from Z, into E. Let B
be any Borel subset of E. We have

f'(B)={zez; f(z)eB}u{zeZ—Z,; f(z)eB}€S.

It follows from proposition 2 that each random variable is a random element in
the sense of [1]. Also definitions of independent, identically distributed and
symmetric random variables coincide with the corresponding definitions in [1].
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Definition 3. A sequence (f.) of random variables satisfies the strong law of
large numbers if there exists an element a € E* such that for every € >0

o k
lim P{ﬂ {z; lk"Zﬁ(z)‘Sea}}:l.
n k—n i—1
If (f.) satisfies SLLN, then the consecutive arithmetic means converge to

0 relatively uniformly almost everywhere.

Definition 4. An Archimedean vector lettice E is called o-complete if every
non-empty at most countable subset of E which is bounded from above has
a supremum.

Definition 5. A linear topology on an Archimedean vector lattice E is said to be
compatible with the ordering if the positive cone of E is closed in this topology.

Theorem 1. Let E be a o-complete vector lattice with the o-property equipped
with a complete compatible metrizable locally solid linear topology. If f, are
independent, identically distributed, symmetric random variables in E, then the
condition

> P{z; |fi(z)|sna}°<eo forsome aeE",
n 1

is necessary and sufficient for (f,) to satisfy the strong law of large numbers.

Proof. For each n let (f}) be a sequence of countably valued random variables
converging almost uniformly to f.. There exists a set of probability 1 such that
fx — f, relatively uniformly on this set for each n. Consider now all f, as functions
defined on this set with values in E. Because of the inequality

fal <Ifu = fal +1fa]

which holds for each natural number n and each natural number k and the
assumption that E has the o-property we can regard all f, as random variables in
a principal ideal of E (i.e. ideal generated by a single element, say u, u€ E*)I,,

a<u. Since E is equipped with a compatible topology, L. = 0 (—nu, nu) is
n=1

a Borel set in E. Hence f, are independent, identically distributed and symmetric
random variables in I,.

Since E is g-complete vector lattice, I, equipped with the order-unit norm (i.e.
the norm induced by u) is a Banach space (even Banach lattice). It will be denoted
by (L, || |l.). It is well-known that in such a lattice the norm-convergence and the
relatively uniform convergence are equivalent. (see [4], p. 102).

Let us denote by (y.)7 the set of all values which the above mentioned countably
valued random variables f5 take on. Put y,=u. Comsider the countable set
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Az{z ayi;n=0,1 } of all linear combinations of y, with the rational

i=0

coefficients a;. The set B=[) |J {xe€L; |x —a|<ru} is a linear subspace of I,.
reQueA

(Q stands for the set of all rational numbers). This follows from the inequalities

|x+y|<|x|+[y| and
lax —by|<|a—b] |x|+]b] [x —y].

It is obvious that all f, take on only values in B. Equipped with the norm || ||.,
B becomes a separable Banach space. Indeed for each x € B and each £ >0 there
exists an element a € A such that ||x — a||. <&. The completeness follows from the
fact that B is closed in (L, || |[.)-

From now on this space will be denoted by (B, || ||..). It remains to prove that f,
will maintain all the properties mentioned above. Since B is separable, its Borel
sets are generated by open balls. Denote these Borel sets by W,. For such a ball we
have

{xeB;|lx—xll.<e}=U{xeB; |Ix—xll.<e(1-n"")} =
=UBn{xeL;|x—x|.<e(1-n"")}=

=BnU{xelL;|x—x|<e(l1-n"u)

and this is a measurable set with respect to the topology induced on B by the
original topology. The o-algebra of these sets will be denoted by Wr. We have
proved that Ws = Wy. It means that (f,) are independent, identically distributed
and symmetric random variables in (B, || |[.).

Consider now the random variable f,. We have

Ellfl<1+ 3 PUIANL>n) =1+ 3, PUIA<nu) <o

(C stands for the set complement). It follows by using the well-kn(;wn theorem on
independent, identically distributed random variables in Banach spaces (see e.g.
[1], th. 4.1.1.) that (f,) satisfies SLLN in B and consequently in I,. It means that

li"m P{Q{ZEZ; ||k7'§l::f;(2)||uS8}}= 1
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for each £€>0, since f, are symmetric. The above equality can be rewritten as

follows
k
lim P{ﬂ {zeZ; lk"Zﬁ(z)lSSu}= 1
n k=n
1

owing to the property of the order-unit norm.

Necessity can be proved as follows. One can show by repeating step by step the
first part of the proof that f, are independent, identically distributed and symmetric
random variables in a separable Banach space (B, || ||.) with the norm induced by
an element u, a <u. Since, by hypothesis, (f.) satisfies SLLN with respect to the
relatively uniform convergence, it satisfies SLLN with respect to the || ||.; i.e.

S

—0 a.e. Hence we have

"

in the norm || ||... If the series = P{||fi||. > n} were divergent, P{||f,||.. > n infinitely
often} would be 1, by Borel—Cantelli lemma, a contradiction.
The theorem extends the results of [2].
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YCUJIEHHBIN 3AKOH BOJIbIIMX YUCENT I OMUHAKOBO
PACIIPEJIEJIEHHBIX CIIYYAUWHBIX BEJIJMYUH CO 3HAYEHUSIMU
B BEKTOPHOW PEUIETKE

Rastislav Potocky

Pe3ome

B pabote oka3biBaeTcs HEOOXOAUMOE M IOCTATOYHOE YCJIOBHE ISl TOTO, YTOOBI MOCAEN0BATE b-
HOCTb OJIMHAKOBO paCMpefleseHHbIX CAYYaiHbIX BEIMYHMH CO 3HAYEHUSMH B BEKTOPHOM pelleTK
YIOBJETBOPS/Ia YCHIIEHHOMY 3aKOHY GOJIbLUMX YHCE.

72



		webmaster@dml.cz
	2012-08-01T00:38:00+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




