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CRITERIA OF PROPERTY A FOR THIRD ORDER 
SUPERLINEAR DIFFERENTIAL EQUATIONS 

ANTON SKERLIK 

(Communicated by Milan Medved1) 

ABSTRACT. Some new criteria of property A for superlinear differential equa
tions y'" + p(t)y' + q(t)\y\a sgny = 0 and y'" + p(t)y' + q(t)f(y) = 0 are 
established. The obtained results extend and improve a sufficient condition for 
the equation y"' +p(t)y' + q(t)ya -= 0 , where a > 1 is a quotient of odd positive 
integers. 

1» Introduction 

This paper is concerned with the criteria of property A for the third order 
superlinear differential equations of the form 

y'" + p(t)y'+ q(t)\y\a sgny = 0 , (A) 

y"'+p(t)y' + q(t)f(y) = 0, (F) 

where p: I —• ( —oo,0], q: I —• (0,co), / : R —> R = ( —oo,oo), / = (a,oo) 
C (0,oo) are continuous, 0 < a G R and xf(x) > 0 for x ^ 0 . In general, we 
assume that p(t) ^ 0 on I. 

We restrict our attention to those solutions of equations (A) and (F) which 
exist on some ray (t*,oo) C I and which are nontrivial in any neighbourhood 
of infinity. Such a solution is called oscillatory if it has arbitrarily large zeros, 
otherwise it is called nonoscillatory. 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Primary 34C11. Secondary 34C10. 
K e y w o r d s : Superlinear differential equations, Nonoscillatory solution. 
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D E F I N I T I O N 1. The equation (F) is said to have property A if each solution 

u of that equation is either oscillatory or satisfies conditions: 

There exists a point T > a such that ( — iyu^\t) s g n u ( r ) > 0 for every 

t > T , j' = 0 , 1 , 2 . and 

lim uu\t) = 0, j = 0 , 1 , 2 . 
t—>oo 

We shall consider a superlinear case. In the case of equation (A) this means 

t h a t a > 1, t h a t is 

7 du 
J ^ 

< oo for any e > 0, (1) 

and for equat ion (F) the condition 

±oo 

/ -—— < oo for any e > 0 (2) 
J f(u) 

is required . 

In the part icular case of equation (A) when p = 0 on I the following result 

holds (see e.g. [6] and [7]): 

T H E O R E M A . The sufficient and necessary condition for equation (A) to have 

property A in superlinear case is that 

oo 

/ 
Ѓq(t) át = oo. 

The authors J . E l i a s [1], L . E r b e [2], j . L . N e l s o n [8] and 

P . S o l t e s [10] have studied the equation (A) with a > 1, where a is a 

quotient of odd positive integers. Their results may be presented as 

T H E O R E M B . Suppose that p G Cl(I,R). Let 

P<0, p>0 and o>0, ( p < 0 , p > 0 and q>0) on I, (4) 

and 

Jq(t)dt oo. 
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Then the equation (A) has property A . 

T h e purpose of this paper is to establish some new criteria of p roper ty A 
for equat ion (A) , which extend and improve Theorem B. 

We note tha t the results here established do not require, on the function p, 
any monotonici ty condition of the form of (4 ) . Fur thermore we shall require, 
on the function q, a weaker condition than the condition (5 ) , sometimes there 
is needed only the condition (3) . So our results can be applied to the cases 
when the conditions (4) and (5) are not satisfied. In addit ion we extend these 
obtained results to equation (F) with addit ional assumptions of monotonici ty 
on the function / . 

In the rest of this paper we suppose that p(t), < 0 and q(t) > 0 , t £ I and 
xf(x) > 0 for x ^ 0 . 

2. L e m m a s 

In this section we present some lemmas requisite to proofs of main results . 
The proofs of these lemmas may be omit ted since they are like or similar to 
proofs in the references. 

R e m a r k 1. If y is a solution of ( F ) , then z = — y is a solution of the 
equation 

z"'+p(t)z'+q(t)fl(z) = 0, 

where f\(z) = —f( — z) and zf\(z) > 0 for z ^ 0 . Thus , concerning nonoscilla-
tory solutions of (F) we can restrict our at tention only to the positive ones. 

LEMMA 1. There exists a solution y of (A) ( ( F ) ) with y ^ 0 and y > 0 , 

/ / < 0 , y" > 0 , t > T > a. If a > 1, then y > 0 , y' < 0 , y" > 0 , t > T > a. 

P r o o f . See [1; Theorem 1], [2; Lemma 2.1], [5; Theorem 1.1], [10]. 

L E M M A 2 . Let y be a nonosdilatory solution of (A) ( ( F ) ) , which exists on 
I. Then either 

y > 0 , y ' < 0 , y " > 0 , y ' " < 0 

lim y'(t) - lim y"(t) = 0 , lim y(t) = L < oc , 
t—•oo t—>-oo t—>oo 

(6) 

or there exists T E I such that 

y(t)>0, y'(t)>0 for all t>T. (7) 

P r o o f . See [2; Theorem 2.2], [5; Lemma 1.3 and Lemma 2.1]. 
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3. The equation (A) 

In this section we shall establish two criteria of property A for the equation 
(A). These criteria extend and improve Theorem B. We recall that we consider 
a superlinear case, that is, a > 1, and so the condition (1) holds. 

THEOREM 1. Let 0 < S < 2 be a real number and suppose that 

t6p(t)>-M > -oo on I, (8) 

and 
oo 

jt6q(t) dt = oo. (9) 

Then the equation (A) has property A . 

P r o o f . Let y be a nonoscillatory solution of the equation (A). We first 
prove that y cannot have property (7). Suppose that there exists T £ I, T > a 
such that y satisfies (7). Multiplying (A) by t6y~a(t) and integrating by parts 
from T to t > T we obtain 

t6y"(t) / - У ( f ) , « . У 2 ( Q / a * - ү ( đ ) 

т 
ť < o t 

j Уa(s) 2 V V У a + 2 (s) 2 j y a +Ҷs) + 
т т 

t 

J, = K - f s°q(s) ds , (10) 

T 

where K is a constant. 
From 0 < S < 2, (1) and (8) it follows that the first two integrals on the 

left-hand side of (10) are bounded from below. Using the well-known inequality 
Az2 - Bz> -B2/4A, A > 0 we get 

J[ 2 {y(s)) 2dS

 y(s)\y«(s)dí 

t 
-> 9ć 2 / s-2У'(s) , ^ 

^-8-тт)Js -ь)ds>-°°-
т 

174 



(п) 

CRITERIA OF PROPERTY A ... 

So 

y°(t) y»(t) 2y"+*(t)- J Hy ' 
T 

Integrating the above inequality from T to t > T we have 

* V ( 0 3a f s6y'2(s) f s^y'(s) 
T T 

t s 

< K2 + KYt - I J u6q(u) du ds . 

T T 

Since 

/[¥••($)'--*-$].•-*<•>*• 
T 

t t 

> -^fs*-V-a(s) ds > -^-T*-W-a(T)Jds, 
T T 

from (11) we get 

t s ty(t) 
y 
| ^ < K, •+ K3t - J I ubq(u) dtx ds . 

T T 

So it follows from (9) that y' < 0 for sufficiently large t, hence a contradiction. 
Therefore the equation (A) cannot have any solution with property (7), hence 
it follows from Lemma 2 that y has property (6). 

Now we prove that lim y(t) = 0 . Let y be a (positive) solution with property 
t— •oo 

(6) and lim y(t) — L > 0. From (A) we have 
t—•oo 

t6y"'(t)<-Lat6q(t) for t>a. 

Integrating the above inequality from a to t > a we get 

t t 

t*y"(t) - 6tS-' y'(t) + 6(6 -\)J s6-2y'(s) ds < K5 - La J sSq(s) ds . (12) 

a a 
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By the integral condition (9) the right side of (12) tends to — oc as t —> oo 

while all terms on the left side are either positive or bounded. This contradict ion 

proves the theorem. 

R e m a r k 2. For p = 0 on I it is sufficient to require 6 = 2, i.e. the 

condition ( 3 ) . 

E x a m p l e 1. Consider a differential equation 

y'" - t ~ y + /J[l - (/? - 1)(/? - 2 ) ] * « I - ° > - 3 | y r sgny - 0 , 

< > a > 0 , a > l and /? < 0 or 0 G (i^-1, l±v^ \ 
:iз) 

T h e conditions (4) of Theorem B and (8) of Theorem 1 are satisfied. 

Case /? < 0. 

T h e condition (9) of Theorem 1 is satisfied for any a > 1 with 6 = 2, hence 

the equat ion (13) has property A . An example of such solution is y(t) = t& . 
8-2 

T h e o r e m B can be applied only in the case when a > --------— . 

T h e condition (9) is not satisfied. A solution y(t) = t@ has not proper ty A . 

T h e following theorem concerns the case when condition (8) fails. 

L E M M A 3 . Let Q be a polynomial, Q(z) = Az3 - Bz + C, A>0, J3 > 0 , 

z £R. Then 

Q(z)>C-^(B3/3A)1/2 for all z>0. (14) 

T H E O R E M 2. Let 0 < 6 < 2 . If 

J[q(t)-D(-p(t)) 3 / 2 
Ѓ åt = oo (15) 

for every positive constant D , then the equation (A) has property A . 

P r o o f . Let y be a nonoscillatory solution of (A) and suppose tha t y 
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satisfies (7). The identity (10) may be rewritten as 

tsy"(t) / - У ( Q , gtЬy'2(t) 
ya(t) Уa(t) 2y>+Ҷí) 

+ [\a2(^-UAÝ(y'^ 

1 [T* {S)) (yW) 
(s) V , , y'(s) 

w +p(sm+qis) ss ds 

+ 6(6-1) s6-2y'(s) 

) 
líZV 

J y%; 

(10') 

dз 

+ f/Kí (s) 
У(s) 

36s Í - I У ' W 
У O O J 

vЧfi 
Уa(s) 

ds = K. 

Similarly as in Theorem 1 we can easily prove that the last two integrals on the 
left-hand side of (10') are bounded from below. 

We denote z(t) = y'(t)/ya(t) for t > T. By (14) we have 

.2 . ' 2 \ 3 / V - a ( * ) , 

> 

-f-(s/-'(0)V-(-,,«)); + ,(!) >«(()-(§) ^í-^f-KO)"2 

3/2 
(-p(0) ' ^ ^ - - D o í - P Í O ) fora11 ť > T -

After substituting this estimate to (10') we get 

tsy"(t) f '- 'y'ft) a * y 2 W 
y«*(t) y a(*) 2 y«+»(«) 

Г 

< A'6 - У [q(s) - D0 (- p(^))3/2] sS ds . 

The rest of the proof is similar to that of Theorem 1, hence it is omitted. 

E x a m p l e 2. Consider the differential equation 

y'" + (3 - 2*2)y' + (4t3 - 6t)e^-^2 \y\a sgny = 0, 

a > 1, t> (3/2)1!2 . 
(16) 

The conditions of Theorem 2 are satisfied, hence equation (16) has property 

A . An example of such a solution is y(t) = e~f . Theorem B cannot be applied 

to equation (16) since p'(t) < 0 on I. 

R e m a r k 3. Theorem 2 can be applied to the equation (13), too. 
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4. T h e equat ion (F) 

In order to obtain results for superlinear equation (F) similar to those in 
section 3, we assume that / G C2(R,R) and that for all \uo\ > 0 there exist 
constants KQ = KO(UQ) > 0 and ko = ko(uo) > 0 such that 

f'(u) > h , 2f,2(u) - f(u)f,f(u) > 0, and 
(17) 

f,2(u)/[2f,2(u) - f(u)ff,(u)} < Ko , for all \u\ > | u 0 | . 

E x a m p l e 3. The functions /i , / 2 and /3 : R —> R satisfy conditions (2) 
and (17), where 

/.(«) = H ° s g n u , a>l, 

fiW = т+т 
/з(гг) = sinhгг. 

|ix|2 asgnгi 

THEOREM 3. ietf conditions (2), (8), (9) and (17) AoW. TAera tf/ie equation 
(F) Aâ  property A . 

P r o o f . The proof is similar to the proof of Theorem 1. Let y be a 
nonoscillatory solution of (F) and suppose that y satisfies (7). Multiplying 
(F) by t6 J f(y(t)) and integrating by parts from T to t > T we obtain 

t*y"(t) f '-y(f-) tsf(y(t))y'2(t) 

f(y(t)) f(y(t)) + 2P(y(t)) 

+ 6(8-1) fsS~2y'^ds+fS^s)y'^dS + ( V f(y(s)) d s 4 7 f(y(s)) 

t , (18) 
i Гł/ í - 1 xiґ -

- 1 L /ҶУW) " " "" ""/ҶӮӢ) + j , i - %|p,y(.) - 3ÍÍ^^V'%) ï/F ds 

= J f - í sðq(s) dз , 

т 
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where K is a constant. Since 

t 

f^-mrm-i^-^m^ У'(«) 
f(y) 

ds 

Ъ 9 A2 / f ss-2jLds>-l6>Ko 
J 2f2-ff" f(y) ~ 4 ° / 

6-2 У'(s) Л ^ 

fШ) 

it follows from (2), (8) and (17) that all integrals on the left-hand side of (18) 
are bounded from below, hence we have 

tSVn(t) / " V í * ) , t6f'(y(t))y'\t) < 

/(*(*)) /(»(*)) 2/-(y(*)) 

Integrating the above inequality from T to t > T we obtain 

/(»(*)) / I 2/2(y(3)) " / ( * ) ) ] * 

t 5 

IÍ! - í söq(s)ds. 

T 

< K2 + Kгt - I I u6q(u) du ds . 

T T 

Since 

iw^rní-^n-

(19) 

2 ,2 / 5*-2 

-ž6 ÍJЪ) 
í - 2 o „ T ^ - 2 

d á > - S ć 2 
3 Jfc, ?/d" 

from (19) we get 

t6y'(t) 
f(y(t)) 

< KІ + K3t 

t s 

jju<q(u ) duds. 

т т 

The rest of the proof is similar to that of Theorem 1 and hence is omitted. 
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E x a m p l e 4. Consider the differential equation 

y" - ~^y + , 4 • u i s i n h ^ = ° , t>a>0. (20) 
tl r4 sinh j 

The conditions of Theorem 3 (with 8 = 2) are satisfied, hence equat ion (20) 
has proper ty A . An example of such a solution is y(t) = 1/t. 

R e m a r k 4. In the case when p ~~ 0 on I the condition (3) is sufficient 
for equation (A) to have property A . But in this case the function / need not 
be twice di f ferent ia te . For example, if / is nondecreasing and there exists a 
constant C > 0 such tha t \f(uv)\ > Cf(u)\f(v)\ for u > 0 , v eR, then the 
condition (3) and 

oo 

/ 
tq(t)f(t) át = oo 

is sufficient for superlinear equation (F) to have property A , see e.g. Theorem 1 
in [4] or Corollary 1 in [9]. 

When the function f(u) does not satisfy either monotonicity conditions or 
hypotheses for large values of u we refer to [3]. 

E x a m p l e 5. The differential equation 

y'"~^y' + ~~i~~T)sinhy = 0, i > a > l 

has a nonoscillatory solution y(t) = lntf which has not proper ty A . All the 
conditions of Theorem 3 are satisfied except the condition (9)., 

The last theorem concerns the case when condition (8) fails. 

Suppose tha t / £ C 2 ( R , R ) and that for all |u 0 | > 0 there exist constants 
I\0 = Ko(uo) > 0 , k0 = ko(uo) > 0 and k'0 = k'0(u0) > 0 such tha t 

f'(u) > k0 , Af'2(u) - f(u)f"(u) > 0 and 

f'2(u)/[Af'2(u) - f(u)f"(u)] < Ko or (21) 

Af'2(u)-f(u)f"(u)>k'Q 

for all \u\ > |wo|, where A is some constant, 0 < A < 2 . 

R e m a r k 5. The functions fx , f2 and / 3 from Example 3 satisfy the 
condition (21) . 
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THEOREM 4. Let conditions (2), (15) and (21) hold. Then the equation (F) 
has property A . 

P r o o f . Let y be a nonoscillatory solution of (F) . Suppose that y satisfies 
(7). The identity (18) may be rewritten as 

t6y"(t) _ 6_____t) , t6f'(y(t))y'2(t) 
f(У(t)) f(У(t)) + 2/-(y(0) 

+ /ғ Я"„»/VMY 3...-I л .л» 'M 

+ 6(6 - 1) / " . , y \ y da 

V'(») 
f(y)\f(y) 

ds 

s6-2y'(s) 

f(y(s)) 

(18') 

+ JWHm) +*>$N" s* ds = K , 

!У"(0 _ / ~ У ( 0 *V'(У(0)У'2(0 

/(y(0) /(y(0) 2/2(y(0) 

+ 

+ 

Л ß f'2ŕ,Л.« (У'(S)\2 3 ; f - l í//,ЛУ'( 

2 ' ( У ) S Ш) ' Ž6S f ІУ)Ҡl 

£) 
/(v) 

v'(*) 
/(v) 

ds 

l 

6(6-1) j s6-2y'(s) 

f(v(s)) 
ds 

(18") 

+ / [ ^ Ш У ^ ж ^ s* ds = K . 

where B is a constant, i? = 2 — A. 

From 0 < 6 < 2, (2) and (21) it follows that the first two integrals on 
the left-hand side of (18') or (18") are bounded from below. If we denote 
z(t) = y'{t)/f(y(t)) for all t > T and we use (14), then from (18') or (18") 
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we get 

tsv"(t) _ / - У ( < ) <V'Q/(tjУ2(l) 
/(y(í)) /(y(í)) 2/Ҷy(ŕ)) 

<K6-J[q(s)-Do(-p(s)) 
т 

3 / 2 ó Љ 

The rest of proof is similar to these of previous theorems and hence is omitted. 

E x a m p l e 6. Consider the differential equation 

y>» + (3 - 2t2)y' + (4*3 - 6<)( e5«2 + e 2 ' ' ) j ^ M . - 0 , < > ^ . 

The conditions of Theorem 4 are satisfied. Hence this equation has property A . 

An example of such solution is y(t) — e~* . 

R e m a r k 6. Theorem 4 cannot be applied to equation (20) since the con
dition (15) is not satisfied. 
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