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STRONG LAWS OF LARGE NUMBERS FOR
DOUBLE SEQUENCES OF RANDOM ELEMENTS

RASTISLAV POTOCKY — MARTA URBANIKOVA
(Communicated by Miloslav Duchori)

ABSTRACT. Strong laws of large numbers are proved for double sequences of
independent random elements in a real separable Rademacher type p Banach
space under various conditions on the random elements and on the behaviour
of norming constants. The results obtained are new even for real valued random
elements.

1. Introduction

Let (2,5, P) be a probability space, B a real separable Banach space. A
random element X in B is an S-measurable transformation from 2 to (B,B),
where B denotes the Borel o-algebra of subsets of B. The expected value of X
is defined to be the Pettis integral.

Let {a,,,} and {b,,,} be double sequences of constants with a,,,, # 0 for
all m,nand 0<b,_, — 00 as m,n = co.

Let {X,,,} be a double sequence of random elements in B with the ex-
pected values EX, . Then the sequence a,,, (X,,, — EX, ) is said to obey
the strong law of large numbers with norming constants b,,,, if and only if the

m n
weighted sums 31— 21 '21 a;;(X;; — EX,;) converge to the zero in norm of B
i=1j=

with probability 1. This will be written

EL i Zn: aij(Xij - EXU) —+0 a.c.

mn ;=1 j=1

The aim of the paper is to obtain strong laws of large numbers under various
conditions on the constants a b, the random elements X, as well as on
Banach space B.

mn’) “mn’
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We recall some basic definitions used throughout this paper.

DEFINITION 1. Let {¥,} be ii.d. random variables with P{Y; = +1} = 1.

Let B be a real separable Banach space. Put B® = B x B x ... and define
()
C(B) = {{xn oy €B*: Y Y x converges in probability}.
n=1

Let 1 < p < 2. Then B is said to be of Rademacher type p if there exists a
positive constant C such that

EHi Ynanp < ci lz P forall {z,}eC(B).
1 1

According to a well-knownresultof Hoffmann-Jorgensen and Pisier
[2], a real separable Banach space is of Rademacher type p if and only if

n n
there exists a positive constant C such that E|| Y, X;[|” < C ¥ E||X,||P for
i=1 i=1

every finite collection {X,..., X} of independent random elements in B with
EX; =0, E|X;|IP <00, 1<j <n.

The definitions of independence and of identically distributed random el-
ements are similar to those for real-valued random variables.

DEFINITION 2. The array {X,,,} of random elements in B is said to be
stochastically dominated by a real-valued random variable A if there exists a
positive constant D such that

P(IIX,,.ll >t) < DP(|A] > t) foreach t>0,

and all natural numbers m,n > 1.

DEFINITION 3. The array {X,,,} of random elements in B is said to be
row-wise stochastically dominated by a sequence of real-valued random variables
{A,,} if there exists a positive constant D such that

P(|X,..ll >t) <DP(|A, | >t) foreach t>0,

and all natural numbers m and n.

2. Strong laws of large numbers

We begin with three lemmas which play a key role in establishing the main
theorems of the paper.
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LEMMA 1. Let {z, .} be a double sequence of elements of a real Banach space,

{b,,n} a double sequence of positive real numbers such that b,,,, = c,.d, for all
m and n, with 0 <c,, T 0o, 0<b, too.If Z E—ml converges in norm,
m=1n=1

1
then 3

mn

H[\/Jg

n
>_z;; = 0 in norm for m,n — oo.
1

Proof. Put 8, =33 74,V ==3 > z,;,and S;; =0 whenever
11 7 ™t
ihoi j is zero. We have z,; = b, (S =81~ Sijo1 T 8o - 1) It follows
a
1 = 1
an = Smn - —b— Sin(bi+l,n - m Z Sm] (bm e mj)
1 m—1n-1

S z+1,]+1 bi+1,j - bi,j+1 + bij) :
mn 1=0 j=0
We show that all 4 terms converge in norm to the same limit, say S. Using
a one-dimensional version of Toeplitz’ lemma we get immediately the result for
the second and third terms. As to the last term, it follows from the assumptions

m—1n—1
on b, . that it can be rewritten as Z > S, "'—"“—C'i“d‘—d
1=0 j=0
We have
—1n-1
— 5 Ciy1— Ci 1 — 4, g
dTL
=X d;py —d; ’"Z-l'ic.+l_c_d.+l_d.
< S t_J J _ 1 1] ]S'
=0 j=0 Cm dn i=0 j=0 Cm dn
c d
- -—°] [1-2) Just
Cm dn
mo mno i1 C d+1 +1 +1 .
<35 s _ga s Shamabatdyg g
1=0 =0 n i=mo+1 j=0 n
j+1 '
DI “ G s, - s
1= 0] no+1 n

+ Z Z —= ’*;ﬂ %S, - s

T e
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It follows from this inequality that for each € > 0 there exist m; and n,
such that for m > m, and n > n; we have

<E.

ZZS” Ci J+(11 J_SI

n

=0 j=0 Cm
a

The proofs of the following lemmas are simple and will therefore be omitted.

LEMMA 2. For each real random variable X we have
EIX|I(1X] > 2) = / P(IX]| > ¢) dt+2P(IX|>2), 23>0

where I denotes the characteristic function of the set in brackets.

LEMMA 3. Let X and Y be real random variables such that P(|X| > t) <
DP(|Y|>t) for each t >0 and some D. Then

E|X|I(|X|>z) < DE[Y|I(Y|>z) z>0.

THEOREM 1. Let B be a real separable, Rademacher type p (1 < p < 2)
Banach space. Let {X, .} be a double sequence of independent random elements
in B which is row-wise stochastically dominated by a sequence of real-valued
random variables {A, } in the sense of Definition 3. Let

(i) Z ElA ° < oo for some q, 1< q<p.
Let {a o) and {b, .} be double sequences of positive real numbers such
that b,,, — oo and
m n

(iii) ‘;—:f = O(m—ln—l).
Then
——ZZ%(XU EX;) =0 ac

mni1]1

Proof. First we prove that

_ZZ(X” EY;) =0 ac

m"il] 1
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where
Y, = anI(”an” S Cmn) ) ¢ = -t

mn

We have

3N PXn # V) = 3 3 P Xl > i)
<DY 3 P(4nl> <DZZE';3M
E|A
<oy Pral ' AIERL

m n
Thus all we have to prove is the a.c. convergence to 0 of bmn Z: 2 i—EY;).
Let s, = > Z Lﬂ?— . We show that s, is fundamental in LP. Since all
i=1j=
X, take their values in a Rademacher type p Banach space, we have
i Y, — EY,;
Ell$ 1 = Spmomo P = B|| D Z -
i=mo j=no
IY; —EY,llP o < E|lY;;l7
<oy S W Pl e 5 5 B
i=mg j=no i=mo j=no iJ

Therefore we only need to show that Z Z M < 00. To this end we

m=1n=1
have
BIY,lP= [ 1X,0P 4P
[1Xi5l1<cij
C,'J
= & P(IX,ll < ci;) = p / PIP(|X,) < t) dt
0

=~ P(IX,]l > c;;) +p/t”_1P(l|Xij|| > ) dt

0
Cij

Sp/t”_lp(HXin >t) dt
0

Cij

1
< CP/t”‘IP(IA,-I > 1) dt = O/cg’jp(|Ai| > ¢, ;2'/7) dz
0 0
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when we have used the substitution z = (c;; lt)” But

1 1

E|A |?
/P(|Ai|>cijzl/”) dz 5/ 14| dz
0

q
J ciqu/l’

and consequently

S5 Al <czz/ e g Zlal’

Since {s,,,} is fundamental in L?, there exists a random element V such that
Ells,,,—V|[? = 0. Thus s,,,, converges in probability. However the convergence
in probability and a.c. convergence are equivalent for sums of independent ran-
dom elements in a real separable Banach space (see [1], [3]). Hence we obtain
that 3 3 Y’"";fly"' converges a.c. and by Lemma 1

m n

1 m n

b Z Z a;;(X;; —EY;;) =0 ac
mn =1 j=1
Now it only remains to prove that

m n
ZZ EZ;—0  where Z; =X, I(|X;ll>c;)

mn =1 j=1

b

and this will be done by proving that the series > > %ﬁl converges absolutely.
m n
We have

Sy ] <czz

E|A,|I( |A | >

Crn)

<oy Y c

mn

= O S P( 40> ) + O X o / (14, > t) d

cmn

= S P(14,] > cpn) +czz/p(|,4m| Se 2)dz
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whence
»3 IEZ.ll
c‘mn
<cY Y P4, > +CZZ/E|A

T 29

<CY > P(l4,l> +Cl/z‘qd ZElA anq < oo,

1

completing the proof. O

COROLLARY 1. Let B be a real separable Rademacher type p (1 < p < 2)
Banach space. Let {X,} be a double sequence of independent random elements
row-wise stochastically dominated by a sequence {A,,} of real valued random

variables such that Y Qﬁ‘ﬂﬂt < oo for some q, 1 < q<p. Then
m

n

Rl'ﬁ ) (X, -EX;) >0 ac

=1 j=1

COROLLARY 2. Let {X, 1} be a double sequence of independent real-valued
random variables row-wise stochastically dominated by a sequence {A, } of real
valued random variables. Let

E|A,_ |9

E ——l m| < 00
md

m

for some q, 1 < qg< 2.
Let {amn} {bmn} be double sequences of positive real numbers such that

b =00, 3 3 045 = 0(b,,,), g2 = O(m™in"1).
i= 1] mn
Then

n

1 m
b—ZZ —EXij)—)O a.c.

Compared with Theorem 1, the following theorem imposes weaker conditions

on a,,, and b, . On the other hand, the condition on X,  is stronger.

THEOREM 2. Let B be a real separable Rademacher type p (1 < p < 2)
Banach space. Let {X,,,} be a double sequence of independent random elements
in B stochastically dominated by a real-valued random variable X such that
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E|X|? < o0 for some q, 1 < g<oo. Let {a,,,}, {b,,} be double sequences of
positive real numbers with 0 < b, — oo and such that

) Zza _O(mn)

i=1j=
i) @ma = O(m~1/tn=1/%), 0<t, s < min(p,q).

Then
1 m n
> 2 0;(X; ~EX;;) 20 ac

mn =1 j=1

Proof. Put Y, =X, I(||X,..Il <cpn,) Following the first part of the
proof of Theorem 1 we obtain that the series 3 @memn=B¥nn) conyerges

m n

and, by using Lemma 1, that
1 n
— Z Z au ) -0 a.c.
mn =1 j=1

It is now sufficient to demonstrate that

ZZa”EZ — 0 in norm.

mn, 1j5=1

We have

S S 0,52, iz o BIXIT(IX] > ¢,)

=1 j=1

< 1
mn b
1 m n
b—ZZ SEIXIT(IX)| > K, (i5)/7)

as ¢, > K,m!'/tn'/* > K, (mn)'/? where K, means a suitable constant.
Consequently the Lebesgue dominated convergence theorem and the Toeplitz

lemma for double sequences imply that the last expression is smaller than given
e > 0 for m, n sufficiently large. a

COROLLARY 3. Let {X,,,,} be a double sequence of independent real-valued
random variables stochastically dominated by a real-valued random variable X
with E|X|? < co for some q, 1 < q < co. Let {a,,,}, {b,,,} be double se-
quences of real numbers satisfying the assumptions of Theorem 2.

Then

n

m
b_l' EZ%(X ~EX;;)—>0 a.c
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3. Conclusions

One of the pioneering works on stochastically dominated real-valued random
variables is probably that of Rohatgi [4]. For random elements in a real sep-
arable Banach space the problem was studied by Woyczynski in [5]. In the
current paper versions of Rohat gi’s result have been obtained for double se-
quences of Banach space valued random elements under more general conditions
on the norming constants and less restrictive conditions on the stochastic domi-
nation of the random elements. While Theorem 2 imposes a moment condition
on the dominating random variable, Theorem 1 holds for a double sequence of
random elements which need not be dominated by a single function. Moreover
Corollary 2 seems to be a new result even for real valued random variables.
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