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ON THE SIZE OF A MAXIMAL INDUCED TREE 
IN A RANDOM GRAPH 

MICHAL KARONSKI—ZBIGNIEW PÁLKA 

1. Introduction 

Let G„,p be a random graph with n labelled vertices, where each of ( J possible 

edges occurs with the same probability p independently of all other edges. 
In this paper, bounds for the size of a maximal induced tree in G„,p, i.e. such 

a tree which is not properly contained in any other tree, are established. 
A similar problem of the size of a clique in Gnp has been considered by Matula 

[2], [3] as well as by Bollobas and Erdos [1]. 
It should be noted that we do not consider an isolated vertex in Gn>p as a maximal 

induced tree. Henceforth, in this paper the term "tree" means "induced tree". 

2. Maximal trees in a random graph 

Let Yk and Zk denote the number of trees and maximal trees of the size (the 
number of vertices) k, 2 ̂  k ^ n, in Gn,p, respectively. For the sake of simplicity let 

us assume that :pi(k) = (8Vjt(l + r(.-c))+ l)"1, where 0<r(ifc)<l/T2A:,<7 = 1 - p , 

d = l/q, k=k(p) = dVpe3/2. 
First, we shall investigate the behavior of the expected values E(Zk) and E(Yk) 

of the random variables Zk and Yk, respectively. Let nx be the least integer such 
that, for a given p and all n^nu the inequality 2^ / (n , p)^n holds, where 

(1) /(n,p)-=logd(np)-logd log^nA)-.-!. 

Theorem 1. If pi(k)^p<l and n^nu then E(Zk)^l for any integer k, 
2^k^l(n,p). 

Proof. The random variable Zfc, i.e. the number of maximal trees of the size k in 
a random graph G„,p, has the expectation 

(2) E(Zk)=(n
k)tk(l-kpqk-1rk, 
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where 

(3) 4 = *fc-V~Y*~1)(k~2)/2, 

is the probability that the random graph restricted to the fc-membered subset of 
vertices is a tree. Formula (2) follows from the fact that a subgraph of Gn,p of the 
size k is a maximal tree iff it is a tree and no other vertex is incident with exactly 
one of the vertices of this subgraph. By the Stirling formula 

/n\ nk /ne\k , ,., , 

where r(k) satisfies the condition 0<r(k)<l/12k, and so we have 

(4) Q 4 ^ (n epqik-3)/2)k(dpk2V2ric e'™)"1. 

It is easy to check that for k2*2 and p ^Pi(k) 

dpk2V2xicerik)^l. 

Hence we arrive at 

(5) (l)k<(ntpq«^y. 

By the use of the following inequalities 

1 - j t ^ e " * , for J C ^ O , 
npqk~1^n/4, 

and 
kpqk~l ^1/2, 

both for k ^ 2 , one can get that 

E(Zk)^(npqik-3V2 exp (1 - (n - ^pq"'1))" 

:s(-ndVp~exp(--npqk-1)jy 

Finally we obtain the inequality 

(6) E(Zk)^(nX exp (-npq"-1))". 

Now by elementary calculations one can check that fj(Z,:)s£l for all 

fc^log^npj-log,, Ioge(nA)+l; 

thus we prove the theorem. 
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Let now 

(7) u(n,p) = 2 logd(rzpe)H-3. 

We have 

Theorem 2. If pA(k)^p <1 and n^6, then E(Yk)^l for any integer k, 
u(n, p)^k^n. 

Proof. To prove this it should be noticed only that 

E(Yk)=(П

k)tk, 

where tk is given by the formula (3). Using (5) one can check that E(Yk)^ 1 for all 
k^u(n,p). 

Now we shall show that l(n,p) and u(n,p) given by (1) and (7), are threshold 
functions for the occurrence of maximal trees in Gn,p. It means that, with some 
restrictions on n and p, a random graph Gnp most likely does not contain 
a maximal tree of the size k for any 2 =^k ^ [ l ( n , p)] and k^{u(n, p)}. As usual 
[x] and {x} denote the greatest integer not greater than x and the least integer not 
less than x, respectively. 

Let an,p denote the size of the smallest maximal tree in a random graph Gnp. Let 
n2 be the least integer such that for a given p and all n ̂  n2 the following inequality 

(8) 2 < / ( „ , p ) « „ ( l - J ^ T j ) 

holds. 

Theorem 3. Let 1 — e _ 1 / 2 ^ p < 1, n^n2 and I = l(n, p) be the threshold func­
tions given by the formula (1). Then for any integer k, 2^k<l(n, p) 

(9) Prob (an,p^k)^(k- \)(nk)-kf, 

where f = f(8) = d6 - 1 and 6 = S(n, k, p) = l(n,p) — k. 
Proof . Let Zk denote, as before, the number of maximal trees of the size k ^ 2. 

Then 

Prob (an,p ^k) = Prob (\J (Z, > 0) W j^Prob (Zf > 0), 
V/-2 / / = 2 

by Bool's inequality. Moreover it is obvious that 

?rob(Zi>0)^E(Zj) = gi. 

Now we shall show that for p ^ l - e " 1 / 2 , 02^ig3^...^.g*. Here 

v / - 2 

V" (-})<"-»"'- ^ 
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where 
h(j) = (l-jpq'-'r'-

Consider h(j) to be the function of the continuous argument / on the interval 
(2, l(n, p)). One can check that h(j) is increasing for all y^(log ed)_ 1 . Thus the 
function h(j) is increasing on the interval (2, l(n,p)) if (loged)"1 ^ 2 , which is true 
for all p ^ 1 - e_ 1 2 . From this fact it follows that Q^\IQ] is greater than or equal to 
one if 

(n-ZW-^l . 

This inequality is satisfied for all 2^j^l(n, p) and p^l — e 1 2 if 

Kn,p) | 1 c l 

n loge(rzA)^ 

which is true for all n^n2. 
Now we can write that 

(10) P r o b ( a n , p ^ k ) ^ ( k - l ) E ( Z * ) . 

From formula (1) we have 

a-'=a'-'d*=^^da, 

np 

hence using (6) we obtain 

E(Zk)^(nX exp (~db \o^(nl)))k = (nk)~kf. 

Putting the above estimate into formula (10) we obtain the thesis. 
It should be mentioned that the restriction imposed on n in theorem 3, i.e. on the 

size of a random graph Gn,p, is not too significant if p is small. For example, in the 
best case, when p = 1 - e 12, n2 is equal to 15. 

Now we would like to state a similar result for the upper bound of the size of 
a maximal tree in Gnp. Let random variables /?„,p and rn,p denote the size of the 
largest maximal tree and the largest tree in a random graph Gnp, respectively. 

Theorem 4. Let pi(k)^p < 1, n^6 and u = u(n, p) be the threshold function 
given by the formula (7). Then for any integer k, u(n, p)<k^n, 

P r o b ( f r , p ^ k ) ^ ) \ 

where 
c = c ( f , p ) = (7<£+3)/2(pe)-, 

and 
e = e(n, k, p) = k-u(n, p). 
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Proof. Let Yk denote the number of trees of the size k in G„.P- Then 

(11) ProbG3„,p=^) = Prob(T„,pSsA:) 
= Prob (y t >0)«E (y f c ) . 

By formula (5) 

(12) E(Yk)^(np ea<™)\ 

but 
k(k - 3)12 = (k + e)(u - 3)12 + e(e + 3)/2, 

and from formula (7) 

(„-3)/2 = J_ 

np e 

Putting both into (12) and (11) we obtain the thesis. 

3. Final remarks 

We were not succesful in determining what will happen with the lower bound for 
the size of a maximal tree when pi(k) ^p < 1 - e"1/2. It seems possible that formula 
(9) holds for such probabilities also. 

A problem of the size of a maximal tree remains open in the case when p is very 
small, i.e. 0<p<px(k). 
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Резюме 

В работе даны ограничения для числа вершин максимального дерева в случаном графе. 
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