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(Commaunicated by Wolfgang Schwarz)

ABSTRACT. Let M} (R) denote the set of all 2-sided equivalence (associate)
classes of non-singular n X n matrices over a given principal ideal domain R. For
various domains R arising in algebraic number or function theory, asymptotic
estimates are obtained for the average or the total number of classes of large
“norm” or “degree” in My (R).

1. Introduction

Let M, (R) denote the ring of all n x n matrices with entries in a given
principal ideal domain R. In the theory of integral matrices (cf. New man [6]),
special attention is frequently paid to the set M,,(R) of all (2-sided) equivalencc
classes A of matrices A in M, (R), under the relation ~ such that A ~ B if
and only if A =UBV for some units U,V in M,(R).

Usually this is done when R satisfies certain finite norm conditions as speci-
fied below, and in this paper we shall also confine attention to the subset M7 (I?)
of all equivalence classes of non-singular matrices in M, (R).

The finite norm conditions to be imposed on R are:

(1.1) for every element a # 0 in R, the norm N(a) := card(R/aR) < oc;
(1.2) for every integer k > 1, the total number

R(k) := #{Non-associate a€R: N(a)=k} <oo.

Given condition (1.1), which implies N(ab) = N(a)N(b) by [6; p. 4]. it will
be useful later to note that (1.2) is then equivalent to:
(1.3) The multiplicative semigroup G of all associate classes a of non-zero
elements a € R forms an arithmetical semigroup in the sense of [2],
nnder the extended norm N(a) := N(a).
ANMS Subject Classification (1991): Primary 15A33, 15A36, 15A54, 11NA41.
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Under the above conditions on R, it is sometimes useful to consider the
formal zeta function

CR(S Z N d = ZR

(J.E(rn k:l
Now define a norm function || || on M,,(R) by
|A]| = |A]| = N (det(A)),

and formally write

W= > AT =Y RO kk.

Ae My, (R) k=1
where
RM(k)=#{Ae Al =k}.
The main aim of this paper is to derive asymptotic estimates for tlie average
; ST RM(k) or for RU(E) itself under certain extra assumptions about 1.
k<z

which are always satisfied if R happens also to be

(i) the ring of all algebraic integers in an algebraic number field A. or
(ii) the ring of all integral functions in a given algebraic function field A"
in one variable over a finite field F,,

respectively.
Our arguments will make use of:

(1.4) LEMMA. The non-singular matriz zcta function
Gt (s) = Cr(s)Cr(2s) .. Cr(ns) .

Proof. By the Smith Normal Form Theorem (cf. [6; p. 26]). every non-
singular matrix 4 in A, (R) is equivalent to a diagonal matrix of the form

S(A) = diaglay,aras, ... ajas...a,) .
where the a, # 0 in R are unique for A up to associates in f2. Hence

det(Ll) = alal ™" ay, .

i
o0
X
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It follows that

G = S # A € MA(R) < 1] = K}k

k=1
=> #{(ar,...,a,) € Gk : N(afay™"...a,) =k}k™*
k=1
:(ZNal )(ZN(CL (n—1 ) (ZN(I,, ”)
a1€EGRr az€GR an€GR

Il

Cr(ns)Cr((n—1)s) ... Ca(s),
recalling the multiplicative property of N and the definition of || || above.

(1.5) COROLLARY. When R = Z, the non-singular zeta function for matrices
of rational integers

M (s) = ¢(s)C(2s) ... C(ns),
where ((s) is the Riemann zeta function.

This special case has been used previously by Bh o w mik [1]. We also note
two further corollaries:

(1.6) COROLLARY. If the principal ideal domain R is the ring of all algebraic
integers in a given algebraic number field K, then

i (5) = Cr(5)Cie (25) ... Cre(ns)
where (g (8) is the Dedekind zeta function of K .

(1.7) COROLLARY. If R, = F,[t] is a polynomial Ting in an indeterminate |
over the finite field I, with q elements, then

(7') I—[ J—rs 1‘

r=1

I>roof. This corollary is a consequence of Lemma 1.4 and the fact that the
special domain R, = IF, [t] has zeta function
oc

CIH’,,('S) - Z q" g = (l - ql—s)“l A

m=0

Note. Although a theory of generalized, semi-diagonal “Sinith normal
forms™ has been developed for matrices over an arbitrary Dedekind domain IR
(¢cf. Narang & Nanda [5]), this paper will confine attention to the simpler
diagonal forms available in the case of a principal ideal domain.
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2. Rings of algebraic integers

In this section, it will be assumed that the principal ideal domain R is also
the ring of all algebraic integers in a given algebraic number field K. We then
have:

(2.1) THEOREM. The numbers
R™M (k) = #{A e My(R): ||A] =k}

have asymptotic mean-value

r—oc T
k<z

lim - Z R™ (k)= Ak H Ck(r),
r=2
where (i (s) is the Dedekind zeta function of K and Axg > 0 is a constant.

More precisely
n \
ST RO (k) = (AK IT ¢x(r) )+ o).

k<x r=o

where

(«7) if [K:Q >3,
plz) = { Ola"loga) if [K:Q] =3,
(&) (K <3,
with n =nx =1-2/(1+[K :Q)]).
Proof. Under the present assumptions on I, the zeta function

oC

Cal) = Cr(s) = 3 Kmym™.

m=1

where K (m) = R(m) is the number of ideals of index m in R. Then a theorem
of Weber and Landau states that

Z R(m) = Z K(m) = Agr+ 0",

m<.ur m<ax

where Ay > 0 is an explicit constant (c¢f. Landau [4]). Furthermore. by some
results on isomorphism classes of finite R-modules treated in [2: Chapter 5], the
matrix zeta function

(1)

I (5> == C]\’(S)C/\'(?-S.) cee C[\'(”'ﬁi}
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can be re-interpreted as the “zeta function” of the category F of all finite

R-modules whose indecomposable direct summands have the form R/P™ for

some prime ideal P in R and some m < n. In order to deduce the present

theorem on Y R (k), it is then possible to invoke the following theorem of
k<zx

[2; Chapter 5]:

(2.2) THEOREM. Let a = (ki,k2,...) be an arbitrary finite or infinite in-
creasing sequence of positive integers, and let F* denote the category of all
finite R -modules whose indecomposable direct summands have the form R/P™
for some prime ideal P in R and some m € {ky,kz,...}. Let F*(k) denote the
total number of isomorphism classes of R-modules of cardinal k in F*. Then

the zeta function

Crols) = F(k)k™" =[] ¢k (kis)  for Re(s)>ki".

k=1 i>1
Furthermore

50700 = (A [T cuelhafb) )% + o),

k<ax i>2

where
(@) { O (z"/*1) if [K:Q) > (ko +k1)/(k2— k1),
p(z) =

O (1‘5“'2_1) otherwise (e > 0 arbitrary) .
In addition, if ky =1, then

oy - [ O@"Ior) i (K Q= (kD = ).
PIZY 0@Vh) i K Q) < (ka4 1)/ (k2 — 1).

Theorem 2.1 follows from Theorem 2.2 on consideration of the special se-
n) for which k) =1, ko = 2, since the identity C,({”)(s) =
Ch(s)Cn(28) ... Cx(ns) then implies that R('”‘)(/s:) = F* (k). By way of exam-
ple. we note that the further special choices R = Z, Z[\/rf] or Z[\/EJ yield:
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(2.3) COROLLARY.

(i)

#{AEM*(z):1det |<T} (Hg ) O(Vr).

where ((s) is the Riemann zeta function.

(ii)
#{Ae My (2[vT)) ¢ [det(A)f <z}

n
(=
4

Hcﬁl(r'f)>r+()(ﬁ)_

r=2

where ( /—1(s) is the Dedekind zeta function of Q(v/~1).
(iii)

#{Ae M (2[V2]): N(det(A) < o}

_(log(1+Vv2)
~( i | (R ))rw(ﬂ

where here N((L + b\[‘Z) = |a® — 2b%| (a.b € Q). and Cyals) is th
Dedekind zeta function of Q(ﬂ) .

Remark. With the aid of special estimates involving the Riemann zeta

function, Bhow mik [1] has directly given a sharpened version of part (i) of
Corollary 2.3.

3. Polynomial and algebraic function rings

Next suppose that the given basic principal ideal domain R is also the prin-
cipal order in some algebraic function field K’ in one variable ¢ over a finite
field F, with ¢ elements. (The simplest example here is the polvnomial rine
R, = F,[t] inside K| =T (1))

For a general domain R in the present case, the zeta function {p(s) takes o
simplified form (cf. [3; pp. 13/14], say): Firstly

Crls) = > RIE™ =S Rty
- — )
k=1 1=
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where R#(m) = R(¢™) is the number of associate classes in G (or ideals

in R) of norm ¢™ (or degree m); here R(k) = 0 if k is not a power of q.
Secondly, it can be proved that

Cr(s)=Zrly) = 1P_(yq)y )

where y = ¢7%, and P(y) is a polynomial in y with rational integer coefficients.
This leads (cf. [3]) to a formula of type

R*(m) = Apq™ + O(1), Arp=P(¢g ") >0. (3.1)

It now follows that every element a # 0 in R has the norm of the form
N(a) = ¢”@, where O(a) may be called the degree of a, and similarly, the
norm of an equivalence class A € M»(R) may be re-written as

JAll = 4] = ¢" =g,

where d(A), d(A) may be called the g-degrees of A, A respectively (not to be
confused with the ordinary degree n of A). In terms of the present notation,

we may then re-write C};"')((S) = (R(s)Cr(2s)...¢r(ns) in the form

o0
i (s) =23 () = 3 R (gm)y™ )
m=0 (‘;.2)

=ZrW)Zry?) .. Zr(y").
Now consider

(3.3) THEOREM. As m — oo

R (g™ = #{A e M:(R): (‘9(‘4) = m} = (AR H Z(q_"))q'” + ()((1""/2) )
r=2

In particular, for R, = F,[t],

n—1 -1
1?‘(,:1')((11:1.) — ( H(l _ (1:)> qm + O(qm/Z) )

r=1

Proof. By the formula for (g, (s) in the proof of Corollary 1.7 above. the
-ocond statement follows from the first.
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Now, note that Zgl)(y) = Fi(y), where Fi(y) := H Zrly"). If Fry) =

S any™, Fs3(y) = Y bnmy™, then the equation Fy(y) = Zp(y?)F3(y) and

m=0 m=0

(3.1) imply that

|amt = ‘ Z R#(k)bm—Zkl = O< Z qk1bm—~‘2k?1)

0<k<m/2 0<k<m/2
— O(qm/2 Z lbmf.?k:| q—-(m—»Zk)/Q) — O(qm/‘Z)
0<k
since Fi3(q1/2) converges absolutely. Thus
m )
Doarg = F(g) = Y 0 =B ) +0( ).
k=0 k>m

It then follows from (3.1) and the equation Fi(y) = Zp(y)F2(y) that

m m
R(n) m ZR# m — ak = Z(A[gqm—k + O(1 ))(1/,;
k=0
= Apg™» axqg ¥ +0 ( Z qm)
k=0 =

:Aqf}“g( )qm +O( nl/ )

The conclusion of Theorem 3.3 can be considerably sharpened if desired:

(3.4) THEOREM. For all sufficiently large m,

R(n) (q"l) = #{A - M:(L(R) : f)(A) — TT)} — GAA‘<7‘”\)(]””/A.
k=1

where

1 k—1 n

ag(m) = ?ARZQ—‘)T”’””//V H Z]g(e%”’”'/l’ qwr//\» ‘
' h=0 r=1
r#k
In particular, o(m) = Ap [[ Zr(q™") as before, and op(m) = Ol
=2

M 00 .
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Proof. The zeta function

2 (y) = Ply)  P*)  PH™
‘ (1-qy) (1-qy*) (1—qy")

has a partial fraction decomposition which can be expressed in the form

n k-1

(n)( c(k, h)
Zr"(y) = Qly) +ZZ 1/k e—2mih/ky

k=1h=0

where Q(y) is a polynomial, and c(k, h) is a constant which can be evaluated
by I"Hospital’s rule:

clk,h) = lim (1 gYRemIMEY) Zi0 (y)

y—q—1/k g2mih/k

%P(q-—l) ]:[1 ZR(GZWihr/k q—r/k) )
r;ék

If we now expand (1 — g/ ke 2mih/k y)—1 as a power series within a suitable
disc, we obtain

k—1
ZR(n m)ym_Q(y +iiz(,(k h m/k —21r1mh/k m

m=0 m=0 k=1 h=0

This leads to the stated formula for R(n)(g™) when m > deg Q(y).

(3.5) COROLLARY. For R, =F,[t] qnd any m > 1,

R(n ™) Z&k )g™'*

where
k—1

Sk(m) = .;i_ e~ 2mihm/k H(l _ e2mihr/k q171~/k>—1
h=0 rei
r:,ék
n-—1
and & (m)= [[ (1 —¢")7! as before, g,(m) = O(1) as m — oo.
r=1
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