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GENERATION OF OPERATION-INVARIANT
CLASSES OF SETS

HORST MICHEL

Classes of sets with invariance under certain operations play an important role in
measure theory and related fields. Given a set X and a class € = (X)) it s a typical
problem to find the smallest class ¥ < ?(X) containing € and being invariant
under one or several operations defined on &. It is well known that the class & of
open intervals in X = R' generates in this way the class F of the Borel sets in R’
that is invariant under countable union and complementation and of course % is
the o-algebra generated by €.

There are several techniques to “construct” such classes. One of them consists in
the repeated and possibly transfinite addition of sets that arise from elements of &
applying the desired operation(s). In some interesting cases (e.g. generated
algebras) it is sufficient to repeat this procedure of enlarging € at most as often as
finite ordinals exist and in other cases (e.g. generated o-algebras) this repetition
has to be done more frequently. These differences can be explained in two ways.
The first is connected with the kind of complication of the operation(s). There is,
e.g., a stronger demand on a system & to be invariant under a countable than under
a finite union and therefore ‘‘in general” the first operation requires more steps
than the second. A further reason is connected with the cardinality of X: in the case
that X is finite there is no difference between the algebra and the o-algebra
generated by a class € = 2(X).

In the present paper we wish to clarify this generation of operation-invariant
classes of sets with regard to the number of the steps mentioned above. This seems
to be of interest since non-standard classes of sets like o-classes (as important for
quantum mechanics; see e.g. [1], [8]), o-algebras Fc P(P(X)) of sets of
configurations (as important for random fields; see e.g. [9]) and others become
more and more important.

We consider general mappings T: P(P(X))— P(P (X)) that cover the most
interesting set operations and introduce notions of isotony and expansiveness of T
being essential for our purposes. The condition of m-boundedness (see sect. 4)
turne out to be essential for the (ordinal) number of steps in the transfinite
sequence
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€, T(¥), TA(%), ..., T*(%), ...,

to get T-invariance. In preparation for these results we consider the possibility of
reducing invariance under several operations T, ..., T, to only one operation T
that is needed to justify a further restriction to this case.

1. Notations

If X is a set, let ?(X) denote the class of all subsets. In this paper we consider

mappings T defined on the class P(P (X)) of all subsets € = P(X) into itself.
Every such mapping

T: P(P(X))— P(P(X))

is called a class transformation. Important class transformations are set operations.
For some of them we introduce fixed notations:

v(%)={L"JE.-|neN; E, .. Ee %} ,

i=1

vd(%)={L"JE.-|n €N E,, ..., E,€ % and pairw. disj.} ,
i=1

vo(8)= v(%’)u{o E|E, Es, ...c ss} ,

A(%’)={ﬁE,-lneN; E., ... E, e%’} i
i=1

C*(6)={E‘|[Ee¥} with E°=X\E,
C(é)={E, E‘|E€ €},
D(8)=¥¢uU{E\F|E, Fe §},
1(8)=¢
with arbitrary € € ?(P(X)) in all cases and v, v, v,, A, C*, C, D play the role of

T in (1). Obviously there are class transformations defined without set operations
for the variable &, e.g. the transformations Ty, T with

Tv(8)= %’u{ U E} ,

Ee¥
Tc(8)=P(X)\&.
A class transformation is called isotonic if

8, FeP(P(X)), €cF>T(8)cT(F)
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and expansive if
e P(P(X)) > € T(9).

Then v, v4, Vo, A, C, D are isotonic and expansive. C* is isotonic but not
expansive. Ty is expansive but not isotonic (take e.g. X ={1, 2, 3}, €= {{1}, {2}},
F={{1}, {2}, {3}}, then E=~F and T\ (%)= {{1}, {2}, {1, 2}}, Tv(F)={{1},
{2}, {3}, {1, 2, 3}}). Tc is neither isotonic nor expansive.

Concerning the fixed set X all class transformations T: P(?(X))— P(P(X))
form a semigroup with composition T, T, defined by T, T>(%) = T,(T»(%)). E.g. the
special relations

AV=VA, AC¥*=C*v, vC*=C*A, C*C=CC*=C 2)
vecv, C*<C

are easily proved.
T* denotes the k-fold power of T and, more generally, let a be an ordinal, then
the a-fold power T* of T is defined with transfinite induction by

T*(8)=T (U T“’(%)) . 3)

B<a

If a is isolated and T is expansive, then (3) reduces to
T*(€) = T(T*"'(%)).

If T*=T (ie. T(T(%))=T(%) for all €e P(P(X))) is valid, then T is called
idempotent. v, v4, Vo, A, C are examples of idempotent class transformations.
More generally it may be that T**'=T* is fulfilled, even in the case of set
operations and k>2. The following theorem gives an example.

1.1. Theorem. The class transformation T = v C fulfils T?> = T?.
Proof. First of all we show

(vO)*=vaC. 4)
Replacing € by v(&) in C(%)=&uC*(%) we have from (2) the equation
Cv(€)=v(EuC*v(E)=v(E)uArC*(%)
and then taking C(%) instead of € we obtain with

vCVvC(€)=v(vC(B)UAC*C(€))=
=Vv(C(E)uAV(E)=VvAC(B)

equation (4). From (2) we get
CVvAC(8)=vAC(E)uC*v AC(B),
C*VAC(E)=AvC*C(8)=v AC(%)
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and therefore

CvAaC(E)=vAC(38). &)
Applying (4), (5) and (2) we conclude

vC(vC)Y=v(CvAC)=v(VAC)=vAC=(vO)
This proves the theorem.
The semigroup of all class transformations allows the ordering

T.<T, = (€eP(P(X)) D T(%) < TE)).
Concerning this ordering there exists an upper bound class transformation T¢ for
every class transformation T that is defined by
T (E)=T(E)u¥, (€cP(X)).
Obviously T¢ has the properties
T<T,

T<T', T' expansive > T*<T’,
T 1sotonic = T* isotonic.

2. Invariant classes of sets

2.1. Definition. Let € € P(? (X)) and T be a class transformation on X. € is said
to be T-invariant if

T(€)c €. (6)

The set of all T-invariant € in ?(P(X)) will be denoted by $x(T) or $(T).
We mention some elementary facts concerning this definition. For any T the set
$(T) is nonvoid since T(P (X)) = P(X). If T is expansive, then (6) is equivalent to
T(%)= €. Since T(€)c € iff T(€)u¥ < &, we have equality of T- and T°-invari-
ance: $(T)=$(T°). Every idempotent T gives rise to T-invariant classes:
F =T(¥) tulfils T(F)= F for all € e P(P(X)). For many cases it is important to
have invariance of a class € under several class transformations T\, ..., T,. In this

case T,...T,(%)< € is obvious for isotonic T, ..., T,_, and therefore

S(THN...0n¥(T,)= F(T\...T.)
holds. For the converse of this implication we have
2.2. Theorem. If T\, ..., T, are expansive and T,, ..., T,-, are isotonic, then
H(T,... T,)c F(T)N...n9(T,).
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Proof. For fixed i it follows with expansiveness for T, ..., T;_, that
T.(&)<T..\ T (8)c...cT,...T:,(%)

and with isotony for T, ..., T,_, and therefore also for the products T,...T;,«
(k=0, ..., n—i~1) we have

T.. T(€)<T....TT,.(8)c...c T...T.(%).

If €€ #(T,...T,), the theorem follows from T,(€)<=T,...T,.(6)< % and i being
arbitrary in {1, ..., n}.

It should be remarked that theorem 2.2 is only sufficient and does not cover all
important cases. In this respect we prove only

2.3. Theorem. Let Ty, T, : P(P(X))— P(P(X)); then either of the conditions
(a) T, is isotonic and Ti =1 and T, is expansive,
(b) T, is idempotent and expansive and T is isotonic and T} = I is sufficient for

EeI(T\T,) > Ee S(T)NIF(T>).

Proof. (a) is sufficient since

T(8) =T, TA(%) =&
L(&)=TiT.(&)=Ti"'(¢)=¢

and in the case of (b) we have
TA(8) T T.(8) =€

and therefore
Tl(g) = T] Tz(g) cé¥.

2.4. Remark. As an application of theorem 2.3 it is possible to characterize an
algebra € of subsets of X not only by “v (%)=& and C*(€)= %" but also by
“C*v(8)=%” or by “vC*(€)=%”. Similar results hold for o-algebras:
“v,C*(€)=€”. Of course theorem 2.2 is also applicable to the description of
algebras by only one equation. But then the nonexpansive C* must be extended to
the expansive class transformation C and one has then vC(€)=% and for
o-algebras v,C(%) =¥ respectively.

3. Generation of T-invariant classes

If & is not T-invariant, then it is important to construct a (minimal) T-invariant
class F containing &. It is well known in measure theory this problem frequently
appears if suitable classes of sets are desired for defining measures on them.
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3.1. Lemma. If (%.)... is a family of classes F, € P(P(X)) and T is isotonic,
then
T(F.)c F., (ae)>T (n ga)c N %..

ael ael

Proof. With the isotony of T we have

T(N %) T(F)

ael

for each ao€ I, therefore T (ﬂ .%,) c () T(%,) and from the assumption the
ael

ael

lemma results.

This lemma and the above mentioned fact of T(?(X))< #(X) for all class
transformations T yield

3.2. Theorem. Let € € P(P(X)) and T an isotonic class transformation. Then
there exists a unique M e P(P(X)) with

Ec M, (7
T(M) = M, (8)
8c¥Y, T(9)ccY>M=9. )

Proof. For the uniqueness of this ./ it is sufficient to show (7), (8) for M;n M, if
the properties (7), (8), (9) are valid for .#,, #,. Then apply (9) with ¢— M, resp.
% — M, and conclude M, UM, = M, M, and therefore M, = M,. But (7) is obvious
for #M,n M, and (8) follows from the isotony of T. For the existence of such an ./
we define

M= {F|EcF, T(F)cF).
Then of course (7) holds and by lemma 3.1 and

T {F|EcF, T(F) cF)cn(F|écF, T(F)c F)
(8) is true. (9) is a direct implication of the definition of /.

3.3. Definition. For every € € (P (X)) and every isotonic class transformation
T the class M € P(P(X)) in the theorem 3.2 is said to be the T-invariant class
generated by &. Notation: M = M(E).

It is interesting to know whether there is a difference between (%) and
Mr<(&). The last class is defined very well since T* is isotonic if T is.

3.4. Theorem. For every € € P(P(X)) and every isotonic class transformation
T one has

M (€)= Mr(%).
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Proof. Note the equality of the sets

(Fe P(P(X))|€ < F and T(F)c F)
and
(FeP(P(X)|EcFand T(F) < F}

being essential in the definition of (&) and M<(&).

3.5. Remark. This theorem enables us to replace the isotonic T by the isotonic
and expansive T° whenever (%) is required. This is of importance because
expansive class transformations are better to handle as we shall see below.

4. \Generation of T-invariant classes with m-bounded T

First we recall some important facts of the set theory. If X is a well-ordered set,
its order type will be denoted by X. Every ordinal a, B, ... is the order type of
a well-ordered set. w is the order type of N with the natural order. Q is the smallest
ordinal greater than every countable ordinal. The power & of an ordinal « is the
power of one of the well-ordered sets X with order type a. X denotes the power of
the set X.

An infinite ordinal a is said to be initial iff

B<a>p<a
holds. In this sense w and £ are initial. With
P(a)={p|B initial, B < a}
the ordinal «(a)=P(a) is said to be the index of a. It is easy to prove t(w)=0,
1(£2)=1 and
a<a; > t(a)<i(a).

For every ordinal 8 there exists an initial ordinal a with 8= ((a). Every initial
ordinal is denoted by w, where ¢(w.)=a. Then w = wo, £ = w,. The powers of
initial ordinals are the alephs:

N, =d,, (a ordinal).
For these powers the important theorem of Hessenberg ([4], p. 593)

N2=N,, (aordinal)
holds.
As it is well known T-invariant classes with expansive T containing a given €
may be constructed by forming the possibly transfinite sequence

EcT(E) =T (E)c...cT*(€)c...
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T(U T(®)=U T(® (10)

Y<wg yY<wg

with w, being the initial ordinal of R,.
Proof. Note first that 8,-boundednes implies

T( U TY(%)): U {T(sgo)lsgoe P, ( U rf(g))} .

Y<wq Y<wg

Since by hypothesis T is expansive, (10) is verified by checking

Y {T(sg.,)]sgoe P, ( U Tv(sg))}c U T(%). | (11)

Y<wg Y<wq

For &,€ Py, ( U T”(%’)) there exists an index set I with [ <R, and a representa-
y<wq
tion

%o={E.|tel} with E, eT"(%), y.<w.,; (tel).

Further let C=(y.).: be the family of all indices y. occurring in the above
representation of &,. If C* denotes the set built by wellordering the family C, we
have further on

YeEC* > y<wa
and Z‘——*.Si <N, and therefore, since a is isolated,
Cr<N, ... (12)
Now let v, be the smallest ordinal above C* ([6], p. 234) and put

yr= {Yo —1 if yisisolated,
Yo otherwise.

In the first case y* belongs to C* and we have y*r= ¥o— 1 and in the second case

with W(y*)= U W(y); W(y)<R._, for all ye C* and (11) we have
vyeC*

W(y*)sﬁ- Roo1 =Roo1* Ras1 =Raoy

the latter equality by Hessenberg’s theorem, and again F< R, is valid. Therefore
we have

Y*<N,
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in both cases. From this it follows that y* <w, and
Y*+1<w,, (13)

since w, is a limit ordinal like every initial ordinal is. For %, we check the
implications

={E|ten}cUT (&)= U T(®)= UT(®)

vel y<y*
and

Twacrﬂjwwﬁcr(u'rw»=wmwx

rs<v* y<y*+1

where the sign of equality comes from (3). But considering (13) this is equivalent to
(11) and the theorem is proved.

4.5. Corollary. If a is a limit ordinal and T: P(P(X))— P(P (X)) is expansive
and R.-bounded, then (10) holds with w,., instead of w,.

Proof. a+1 isisolated and T especially R..;-bounded. The rest follows from
4.4.

4.6. Notation. To simplify the following we write

[a]={

o if a isisolated,
a+1 if a is alimit ordinal.

Then summarizing our considerations we conclude

4.7. Theorem. Let X be a set and T: P(P(X))— P(P(X)) isotonic, expansive
and R.-bounded. Then with

E=min (|27 <R,} and B=Omnc o)
for every € = P(X) the T-invariant class M+(€) as defined in 3.3 is
M (%) = T*(¥). (14)

Proof. Isotony of T shows (%) to be correct and expansiveness of T makes
lemma 4.4 applicable. To prove (14) we show (8) and (9) with # = T?(€), since
(7) is obvious by expansiveness of T. The hypothesis and 4.2 imply 8 . o, &)-bound-
edness and with 6 =min(a, §), lemma 4.4 and corollary 4.5 it follows that

T( U T®)= U (). (15)

Y<w Y<wis)]

From (15) we get

U T®))=T( U T(®)) - T (®),

Y<ws) Y<w[s)

Tawqg»=T(T(
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such that (8) is valid. To prove (9) we check
€cY, T(9)c%=>T(E)cY

for every ordinal a by transfinite induction: T°(€)=%c ¥ is assumed; if
T?(€) <% is proved for all B<a, we get

T*(€)=T (U T"(%)) cT(9)c %.
B<a
Then we put a =ws; and (9) is obvious in our case.
4.8. Remarks. 1. The proof of 4.6 shows that even

Mr(E)=U T (%)
Y<B
is true and this is somewhat stronger than (%)= T*(%).
2. As remarked after theorem 2.3 a o-algebra & of subsets of X is characterized
by v,C(%)=¥. The class transformation T = v ,C is 8;-bounded as it is easily seen
with 4.1, therefore we have with theorem 4.7.

My c(E) = (v C)*(¥).
3. For an algebra we get with 4.7.
Mo c(8)=(v C)*(¥).

But here theorem 1.1 gives an essentially sharper result #,c(%) = (v C)*(€). We
conclude that theorem 4.7 does not give the strongest result even in the case of
arbitrary €c P(X). The reason is rather obvious: our method of proving
lemma 4.4 (and therefore theorem 4.7) was essentially based on Hessenberg’s
theorem, being not valid for finite cardinals. Nevertheless it would be of interest to
investigate, whether there is a modification of the notion of m-boundedness,
covering those cases also.
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KOHCTPYKLMSI CUCTEMbI MHOXECTB UHBAPUAHTHbBIX
OTHOCHUTEIILHO OIIEPALIMH

Horst Michel
Pesome

CraTbsl MOCBSILIEHA MOCTPOEHHIO CUCTEM MHOXECTB MHBAapHAHTHBIX OTHOCHTENbHO HEKOTOPbIX
(MHOXecTBeHHbIX) onepauud T, ..., T, W comepXallMXx 3aNaHHYIO CHCTEMY MHoxectB €. Cnydvait
HECKOJILKMX OmNepalui CBA3aHbl cO ciydaeM opgHod onepauuu (Teop. 2.2 u 2.3). C nomolsto
OINpENENSIEMOro yCaoBHs m-orpaunyHoctu onepauuu T (onp. 4.1) nony4aeM oueHKy AIHHbI (4aCTO
TpaHcuHMTHO)  mocnegosatensHoctd &, T(€), T*(%),..., koropas HeobGxoguma Jas
T-nHBapUHAHTHOCTH.
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and assuming T*(&)= T*(%) for a = a, and a certain ordinal a, (for the definition
of T*(%) see sect. 1 above). Of course a, will depend essentially on T. In case of an
algebra according to theorem 1.1 and the remark following theorem 2.3 a,=2 is
possible and in case of a ring P. R. Halmos ([2], p. 23) proved a,= w, if T is the
operation of finite unions of differences of sets, i.e. T= v D. For o-algebras with
the operator T= v C one can prove a = w; ([7]; p. 32 problem 4.d). Of course
such properties were known much earlier. For o-algebras (to be exact: Borel sets
in metric spaces) see e.g. [3], p. 305 and for generated algebras s(&) K. Jacobs
([5], p. 1.1.3) proved (%)= v AC(%). In the following we consider the reasons
for the different lengths of the transfinite sequences. We examine especially their
dependence on the power of X and on the properties of T.

By 2..(¢) we denote the system of all subclasses &, & with a power less than
m.

4.1. Definition. If T is a class transformation, m a cardinal and
Po(E)= {8y 6|E <m}

the set of all subclasses €,c & with a power less than m, then T is said to be
m-bounded if

T(&€)=U{T(&,)| 6= P.(€)} forall &eP(P(X)).

At a first glance m-boundedness seems to be a very special property, but we have
the

4.2. Theorem. Every expansive T: P(P(X))— P(P(X)) is 2**-bounded.
Proof. Independently of the special T every class &,c & cP(X) fulfils

&, < P(X)=2%<2"" and therefore with m =2?* € itself is found in
U{T(&.)| . € ?..(8)}

and the boundedness is obvious.
4.3. Examples. (a) Especially for T= v we have at least X,-boundedness: an

arbitrary E € v (%) is of the form E = L"JE,-, (E; € €) and therefore E € v(%,) with
i=1

some &, € Px,(8). For finite X we even have boundedness from theorem 4.2.
(b) Similarly for T= v, and infinite &, we have €,<N, and therefore only
N,-boundedness is attainable if X is infinite. )
The boundedness-property in theorem 4.2 is derived from X only, but the
examples show that a more restrictive boundedness is possible. In any case the
following theorem can be formulated.

4.4. Lemma. Let a be an isolated ordinal and T: P(P(X))— P(P(X))
expansive and 8,-bounded, then
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