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ON STRONGLY PSEUDOCONVEX DOMAIN
WITH PIECEWISE SMOOTH BOUNDARY

O. ABDELKADER* — S. SABER™**

(Commaunicated by Igor Bock )

ABSTRACT. On a bounded strongly pseudoconvex domain D in C" with a
piecewise smooth boundary, we prove that the &-Neumann operator N can
be extended as a bounded operator from Sobolev (—%)-spaces to the Sobolev
(3)-spaces. In particular, N is a compact operator on Sobolev (—3)-spaces.

0. Introduction

Let D be a bounded pseudoconvex domain in C* with the standard Her-
mitian metric. Let 0 be the maximal extension of the Cauchy-Riemann operator
on the space L%qu)(D) of square integrable (r,¢)-forms (0 <r <n, 0<qg<n)
and 0* its Hilbert space adjoint. The d-Neumann problem consists in proving
existence and regularity for the solutions of the equation

Op =, O=00*+0%0.

The 0-Neumann problem has been studied extensively when the domain D has
smooth boundary (see [1], [3], [10], [14], [15], [17], and [18]). If D has smooth
boundary and has a C°-plurisubharmonic defining function on 0D, Boas
and Straube [2] showed that the 0-Neumann operator is bounded on Sobolev
(s)-spaces with s > 0. If D is bounded domain with piecewise smooth strongly
pseudoconvex boundary, Henkin, Iordan and Kohn [12] and Michel
and Shaw [19] showed that the d-Neumann operator is bounded from L%r’q) (D)

to H(;r 2 (D) by two different method. If D is a bounded pseudoconvex Lipschitz
domain with plurisubharmonic defining function on 4D, Michel and Shaw

[20] showed that the d-Neumann operator is bounded on Sobolev (é—)-spaees.
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Straube [23] has extended the subelliptic estimates of N to domains with
piecewise smooth boundaries of finite type. Other results in this direction belong
to Bonami and Charpentier [4], Englis [9], and Ehsani [6], [7],
and [8]. In fact, the main aim of this work is to establish the following:

THEOREM. Let D € C" be a bounded strongly pseudoconver domain with
piecewise smooth boundary. For each 0 <r <n, 1< q<n—1, the d-Neumann
operator

N: L}, (D) = L{, (D)

satisfies the following estimate: for any ¢ € L(r,q) (D), there exists a constant
C > 0 such that

IN¢lly(p) < Cllel_1p)> (0.1)
where C = C(D) is independent of ¢; i.e., N can be extended as a bounded
operator from H(;i)(D) into H(%T‘q) (D). In particular, N is a compact operator

on L{, (D) and H.,* (D).

In this paper we shall apply Michel and Shaw technique [19] with suitable
modifications required. The plan of this paper is as follows: In Section 1 we first
recall the L? existence theorem of the d-Neumann operator on any bounded
pseudoconvex domains. In Section 2 we prove a priori estimates on each smooth
subdomain. In Section 3 we prove the main theorem.

1. Preliminaries

Let D be abounded domain of C". We express a (r, ¢)-form ¢ on D as follows:
o= ¢4, dz" NdzPe
A.B,

where A, = (o,...,,); 1<) <--- <, <, B, =(8,....8,); 1<5, <
- < B, < n. We denote by Cf° (D) the space of differential forms of class
C* and of type (r,q) on D. Let

C("f’q)(D) = {90|D: pE CE’:Q)((C")}
be the subspace of C{7, (D) whose elements can be extended smoothly up to
the boundary 0D of D. For ¢,1) € COO (D), we define

@)= D Canban 5 el =(p),
Ar,Bq

() =/(so,1/)) dv, el = (o, 0)
D
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where dv is the Lebesgue measure. Let Cg9,. ;) (D) be the subspace of ce q)(D)

whose elements have compact support in D. The formal adjoint operator ¥ of
0: er 1) (D) —» C(‘,?,q)(D)

is defined by :
(o, 9) = (¢, )

for any ¢ € C(T 9 (D) and ¢ € C’°°r qdl)(D). It is easily seen that 0 is a closed,
linear, densely defined operator, and 0 forms a complex, i.e., 0> = 0. We de-
note by L%r,q) (D) the Hilbert space of all (r,q) forms with square integrable
coefficients. Let 9: L? 1)(D) — L7 (D) be the maximal closure of the orig-
inal 0; thus a form ¢ € L(Tq (D) is in the domain of @ if and only if dy is
defined in the sense of distributions, belongs to L2 g1 )(D). Then 9 is a closed,
linear, densely defined operator, and forms a complex i.e., 2 = 0. We denote
the domain and the range of 0 in L rq)(D) by dom, (8) and Rang Tq,(a)
respectively. The adjoint operator

0*: L? (D) — L?

(r,q)

(D)

(r,g—1)
of 0 also a closed, linear, densely defined operator. Hence, ¢ is in the domain
of 0* if there is a 9 € L%r,q—l)(D) such that for any x € dom, , ,)(0) N
L7 —1)(D), we have i

{p,0x) = (¥, X) -
We then define 0*¢ = 1. Clearly, 0* also forms a complex.
DEFINITION 1.1. A domain D & C" is said to be strongly pseudoconvez with

C™ -boundary if there exist an open neighborhood U of 0D and a C* function
A: U — R having the following properties:

(i) DNU={z€U: A(z)<0}.

(ii) a%; gl 2 LRI
zeU ,¢=(¢,...,¢") €C" and L(z) > 0.

(iii) The gradient V\(z) = (86)‘5), %f—l, ...,%,%Z, ‘?y,f)) #0
for z = (2',...,2") € U; 2@ =z + iy®.

DEFINITION 1.2. Let D be a bounded domain in C"*. The boundary 0D of
D will be called piecewise smooth strongly pseudoconvez if there exists:

(i) A finite open covering {V} _, of an open neighborhood V' of 0D.

(ii) C?-strongly plurlsubharmonlc functions ¢;: V; = R, j=1,...,k, such
that the following conditions hold:
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(a) A point z € V; U---U1, belongs to D if and only if, for every
1<j<k,z¢V, org;(z) <0.

(b) For every collection of indices 1 < j, < --- < j
doj, N---Adg; #O0forall zel, Nn---NV,

< k we have

m

Let H*(D), s > 0, be defined as the space of all u|,, such that u € H*(C").
where H*(C") = H*(R?") is the Sobolev space of R?>" . We define the norm of
H*(D) by

lullypy = nf {llv |geny = v € HYTY), vl =u}.

Let C§°(D) be the space of C*-functions with compact support in D and
H$(D) be the completion of C§°(D) under the H*(D)-norm. When s — 0,
since C5°(D) is dense in L?*(D), it follows that H)(D) = H(D) = L*(D). If
D is a Lipschitz domain, then C*®(D) are dense in H*(D) in the H*(D)-norm.
If s <1, we also have C§°(D) is dense in H*(D). Thus

HY(D) = H(D) for s< % (1.1)

We define H7*(D) to be the dual of Hyj(D) when s > 0 and the norm of

H *(D) is defined by
(£, 9|

Hfos(D) = Sup HgHs(D) ’
where the supremum is taken over all functions g € C§°(D).
We use H(sr,q)(D) to denote Hilbert spaces of (r, ¢q)-forms with H?*(D)-coef-
ficients and their norms are denoted by || - ||S(D).

2. A priori estimates

In this section we prove a priori estimates on each smooth subdomain of D.
We then prove the estimates on each smooth strongly pseudoconvex domain with
good control of the constants in each subdomain. Let O = 90" + 0*0 be the
Laplace-Beltrami operator from wa)(D) to L‘(ZNI)(D) such that dom, (O) —
{pedom, ,(d)Ndom, (%) : dpedom, . ,)(0*) and d*p€ dom, , ()}
Let Ker(, (0) = {p € dom, ,(3) Nndom, (%) : dp =0 and d*p = 0}.
Then O is a linear, closed, densely defined self-adjoint operator from L%r‘q) (D) to
L?r,q) (D). Following Hérmander L%-estimates for  on any bounded pseudo-
convex domains, one can prove that O has closed range and Ker, ,(0) = {0}.
The d-Neumann operator N is the inverse of (. The following L?-existence of

N on D is proved in Hormander [13] and Shaw [21; Proposition 2.3].
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PROPOSITION 2.1. Let D be a bounded pseudoconvexr domain in C*, n > 2.
For each 0 <1 <n and 1 < q <n, there exists a bounded linear operator

N:IL?

(ray (D) = L{, (D)

such that
(i) Rang »(N)C dom, ,(00), [JN = NI;I =1 on dom, ,(O).
(ii) For any ¢ € L(Zr’q) (D), p =00*Nyp + 0*dNy.
(iii) Let § be the diameter of D. The following estimates hold for any ¢ €
L? (D):
(r.q)

2
INgll < £l
q
_ 2
[Nl < /<=l

_ 52
15" Nl < eTllsoll-

The following lemma is proved by Michel and Shaw [19]:

LEMMA 2.2. Let D be a bounded domain in C* with a piecewise smooth
strongly pseudoconvex boundary. Then, there exists an ezhaustion {D_}>° | of
D such that we have the following conditions:

(i) {D, }2, is an increasing sequence of relatively compact subsets of D
[o.0]

and \J D, =D.
K—1
(ii) Bach {D_ }>°, has a C* plurisubharmonic defining function X, , such
that
S 62)‘5 a3 2 n
WCC > ¢;[(] for z€dD,_ , (e€C",
a,f-1

where ¢, > 0 is a constant independent of & .
(iii) There exist positive constants c,, ¢, such that c, < |V, | < ey on 0D, ,
where ¢y, ¢y are independent of k.

Lemma 2.2 implies that D can be approximated by a family of strongly
pseudoconvex domains with smooth boundaries which are uniformly Lipschitz.

By using the identity of Morrey-Kohn-Hérmander which is proved in Chen
and Shaw [5; Proposition 4.3.1], we prove the following lemma:
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LEMMA 2.3. Let D and {D,_}°, be the same as in Lemma 2.2. There exists
a constant ¢, > 0 such that for any peC rq)( W) N dom,. q)(a ), 0<r<n,
1<g<n-1, we have

3D

A,,Bg k=1

‘PA B,
ozk

T / ol ds,, < e (186l + 132013.) .
9D,

where ds,  is the surface element on 0D, and c, is independent of k.

Proof. Since [VA,| # 0 on a neighborhood W of 0D, , then the function
n, = A./IVA,| is defined on W. We extend 7, to be negative smoothly inside
D, . Then 7, is a defining function in a neighborhood of D, such that 1, <0
on D, n, =0on dD, and |Vy,|=1 on W. The following identity is proved
in Hérmander [13] orin Chen and Shaw [5; Proposition 4.3.1]: for any
¢ €CT, (D,.) N dom Tq)((?*)

_ SOA B,
100113, + 10503, = .
0z
A,,Bg k=1
+ Z Z zaazﬁwf‘ aBg_ Pa, BBg—1 ds,. .

A Bq 1 ¢ ,3 laD
(2.1)
By simple calculation, for each z € 9D, and ¢ € C*, we have

- 82nn a3
Z (')z‘)‘('),zﬂC ¢

1 L 9%\ . "\ [ OX, 1/|V/\ |
_ k_rar B
= a%; 520078° © +2Re;(az )Z

Then, if Z 32[, =(* =0, it follows from Lemma 2.2 (ii) and (iii) that there exists

a constant c1 > 0 independent of x such that on 0D,

Z azaazﬂgacﬂ Z cl|<]2 N

Since ¢ € O, (D) N dom(w)(é,‘:), it follows that ¢ verifies the Neumann
condition

Z Bzﬁ “o5%A.8B,, =0 on 0D, foreach A, B _,.
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Substituting these into (2.1), we have

‘PA B,
33 Cre [ 1o dn, < Wl + 1356,
A, ,Bg j=1 oD,
Then, the lemma is proved by taking ¢, = 1/ min{1,¢,}. ad

PROPOSITION 2.4. Let D and {D,}32, be the same as in Lemma 2.2. There
exists a constant c; > 0 such that for any ¢ € (’ﬁq)(Dﬂ) N dom, ,,(95),
0<r<n,1<q<n-1,

el p.) < (100l +11050115,) - (22)

Moreover, if ¢ € C7 ( ) Ndom, (0,),

lell3 (b, < esliDeellD, (2.3)

where ¢ is independent of ¢ and K.

Proof. Let z € 0D, and u be a special boundary chart containing z.
From Kohn [16; Proposition 3.10] and Chen and Shaw [5; Lemma 5.2.2],

n .
the tangential Sobolev norm 3 |||D’ ¢|||._;, and the ordinary Sobolev norm
j=1 )
| ¢ll, are equivalent for ¢ € dom(8) N dom(d*) where the support of ¢ lies in
unD, , D)y = dp/0x; (7 =1,2,...,2n), and € > 0. Then, from Folland
and K o ‘hn (105 Theorerns 2.4. 4,2.4. 5] it follows that there exist a neighborhood

w C u of 2z and a positive constant cg such that
+ / lp|? dsﬁ) (2.4)
dD.

ol < e ) EH % ap,

for ¢ € C§ o, plwnD)N dom, ,(0,). Since D, is a Lipschitz domain, then

cg depends only on the Lipschitz constant. Also from Lemma 2.2, {D, }>°

is uniformly Lipschitz, then the constant ¢; can be chosen to depend only on

the Lipschitz character of dD, , which is independent of k. Now cover D, by

finite charts {w,}™  such that this conclusion holds on each chart and choose
m

w, so that D, — |J w;, C w, C w, C D, . Then, the estimate (2.4) holds for all
i=1
¢ € Cg%r.q)(Wo) . Using a partition of unity subordinate to {w,}7, the estimate

(2.4) becomes
+ / ll? dsn) (2.5)
8D

Il ion <ol T ZH o,
323
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for any ¢ € CF° (D) N domy, ,(8}), ¢, is independent of «. It follows from
Proposition 2.1 that e

2 a Ak
lell?, < %(uawna HIE%l13,) -

Then, by using Lemma 2.3 and (2.5) and by taking c¢; = Ce(% + 04)’ the
inequality (2.2) is proved. Also

10115, + 11820013, < 110.lp, ll¢llp,
whenever ¢ € CF ) (D,)n dom, ,,(0,). Then, (2.3) is proved, too. O

THEOREM 2.5 (RELLICH THEOREM). Let D be a bounded domain in C*
with Lipschitz boundary. If s, > s, > 0, the inclusion H* (D) — H*2(D) is
compact.

The description, the construction and the properties of the linear extension
operator P follows from [22; Chap. VI]. Also it is evident that:

THEOREM 2.6. Let D be a bounded open subset of C* with Lipschitz bound-
ary; then for every s > 0 there erists a continuous linear extension operator P
from H*(D) into H*(C") such that Pg|, =g, Pg is C*® on C*\ D, and

1Pgllscry < cllgllsp)

for some constant ¢ independent of g.

3. The proof of the main theorem

Let D and {D, }32, be the same as in Lemma 2.2 and N, denote the §-Neu-

mann operator on L?T, 2 (D,;). To prove the main theorem, it suffices to prove

(0.1) for any ¢ € C(oro,q) (D). By using the boundary regularity for NV, which was
established by Kohn [15], we have N _¢ € C o (D,) Ndom,, ,(0,). By using
(iii) and (ii) in Proposition 2.1, we have

52 2
IN#llo, < <-llelln, < g, (3.1)
; A% ej? 2
18, ol + 1028, <2/ Tl <20/
(3.2)
and
16F:N,ol3, + 10:0N 0l = llellh < lle)2, . (3.3)
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Let us extend N_¢ to all of D by setting N ¢ = 0 in D\ D, , thus by the
Rellich and Sobolev lemmas we can choose a subsequence (still denoted by N, ¢)
converging weakly to some element ¢ € L rq)( ) and Oy € L%T’qﬂ)(D). In view

of (3.1), (3.2) and (3.3), we can assume that N_p, N, ¢, 9:N ¢, 029N, p, and
0% N, ¢ converge weakly to some elements 1, ¥, , ¥,, 1, and 9, of Lfr,q)(D)’

respectively (here again extending ON, ¢ etc. by zero on D\D, ). We claim
that ¢ € dom,, )(8) N dom,, )(8* and Y =1, , 0" = 9,. Indeed, for any
u € domy, , ) (8) NLE, .- 1)(D)
[, Bu) | = nnm 1<Nﬂw,éu>gn| = lim |(3N,p,u)p, |
(3.4)
<2 “LPHDHUHD

Thus p € dom(r’q)(é*). The proof for 0 is the same. Using the same arguments
as in (3.4) we obtain v, € dom(0*), 1, € dom(d) and 9*¢Y, = v, I, = 9,
Thus ¢ € dom(O) and O is the weak limit of O,_N, ¢ = ¢; that is, ¥ = Ny
and N_p — N weakly in L?. Then, from (1.1), we have

H3(D) = HZ (D).

Then it follows from the Generalized Schwartz inequality (see Folland and
Kohn [10; Proposition (A.1.1)] or Chen and Shaw [5; p. 340]) that

|<h’f>D,<| < ”hH%(DN)Hf“_%(D )

for any h € Hrq)(D ) and f € H‘% (D ). By using (2.2), there exists a

constant ¢; > 0 such that for any ¢ e C ( L) Ndom, (O.), 0<r<n
and 1< ¢ <n,

lelli (p.) < es(100lD, +1050lD,) = esle, Do) p,
< csllells D~)||D,{<P||_1 (Dv) (3.5)
where ¢, is independent of ¢ and k. Substituting N, ¢ into (3.5), we have
INPl1 (D) < eslIONPl_ 1 (p,) = csllell_yp,) (3.6)

where ¢, is independent of ¢ and k. It follows from Theorem 2.6 that there
exists a linear extension operator

P.: H*(D,) » H*(C")
such that for each ¢ € Hé(Dn), P.o=¢ on D, and

HPMP“%(@) < Cs”‘PH%(DK) (3.7)
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for some positive constant c,. The constant c; in (3.7) can be chosen indepen-
dent of k since an extension exists for any Lipschitz domain (see E. Stein [22]
or Grisvard [11; Theorem 1.4.3.1]). By applying P_ to N, ¢ componentwise
and by using (3.6) and (3.7), there exist a positive constant C independent of
k such that

Let P be the extension operator of Theorem 2.6 applied to D. Since D, — D

converges uniformly, then P, — P converges uniformly also. Alsosince lim N, ¢
K—00

= Ny, then l‘l)m P_N._p = PNg = Ng. Then (0.1) is proved by taking the

limit in the above inequality. Thus N can be extended as a bounded operator
from H(_‘I‘?]) (D) to HZ (D).

To prove that N is compact, since N is bounded from H(:i)(D) into
H(%r q)(D), and by Theorem 2.6, the inclusions
H#(D) — L*(D) = H™*(D)
and

H?*(D) < H™%(D)

are compact; since a composition of a bounded and a compact operator is com-
1
pact, the compactness of N on H~2(D) and L?(D) follows.
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