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G R A P H H O M O M O R P H I S M S 
OF PARTIAL MONOUNARY ALGEBRAS 

KARLA Č I P K O V Á * — DANICA JAKUBÍKOVÁ-STUDENOVSKÁ** 

(Communicated by Pavol Zlatoš) 

A B S T R A C T . The aim of the paper is to study mappings of partial monounary 
algebras t h a t respect their graph representation . The idea is based on the notion 
of strong homomorphisms of graphs . A mapping of a partial monounary algebra 
(VI' / i ) m t o (V2' /2) * s sa^°- t o D e a graph homomorphism if it is a strong homo-
morphism of the graphs corresponding to the partial algebras. We describe graph 
homomorphisms of partial monounary algebras. 

0. Introduction 

The advantage of partial monounary algebras is their relatively simple visu
alization. They can be represented by a graph, both oriented and unoriented; 
furthermore, the graph of a partial monounary algebra is always planar, hence 
easy to draw. The objective of this paper is to study mappings on partial mo
nounary algebras that respect their graph representations. Namely, the idea is 
based on the notion of strong homomorphism of graphs. To each partial mo
nounary algebra (V,/) there corresponds a graph (5(V,/). Then a mapping 
ip: Vx —r V2 is called a graph homomorphism (G-homomorphism) of a partial 
monounary algebra (V15 fx) into (V2, f2) if (p is a strong homomorphism of the 
graph G(V1,f1) into G(V2,f2). We will describe (/-homomorphisms of partial 
monounary algebras. 

Let us remark that we consider two possibilities of denning a graph corre
sponding to a given monounary algebra either without loops or admitting loops, 
which yields to the notions of a (/-homomorphism and a G'-homomorphism. 

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Pr imary 08A60. 
K e y w o r d s : (partial) monounary algebra, graph, graph homomorphism, graph algebra. 
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1. Preliminaries 

By a partial monounary algebra we will understand a pair (V, / ) where V is 
a nonempty set and / is a partial unary operation defined on A~V. i.e. to each 
a G domf C V an element f(a) G V is assigned (cf. e.g. [7]). If d o m / = V, then 
(V, / ) is called a (total) monounary algebra. Monounary algebras and partial 
monounary algebras were studied by several authors, e.g. [3], [6]. 

Let (Vr,/) be a partial monounary algebra. We denote by G(V,f) = (V,E) 
the graph such that 

(Vs € V) (Vy e V) ((x, y) e E ^=> f(x) = y) . 

Let (V, f) be a partial monounary algebra and let x,y G V. We use the 
notation f(x) = y if f(x) exists (is defined), i.e. if x G d o m / , and is equal to 
y. The notation f(x) ^ y means that either f(x) does not exist, or f(x) exists 
but is not equal to y. In any other formula where the symbol f(x) appears, we 
suppose that f(x) is defined, if we do not explicitly state otherwise. For instance: 
suppose that cp is a mapping of V into V and x,y G V. Then the formula 
f((f(y)) = cp(f(f((p(x)))) means that f((p(y)) is defined, both f((p(x)) and 
f(f((p(x))) are defined as well and the mapping tp assigns the element f((p(y)) 
to the element f(f((p(x))). 

For any x G V we set f°(x) = x. If n G N U {0}, fn(x) = y and if f(y) 
exists, then we set fnJrl(x) = f(y). If M C V, we denote by fn(M) the set 
of fn(x) for all x G M where fn(x) exists. Further, for arbitrary k G N we 
denote by f~k(x) the set of all elements y E V such that fk(y) = x and 
/-fc(M)= (J /"*(*)• 

An element x G V is referred to as cyclic, if there exists a non-negative 
integer n such that fn(x) = x. 

A partial monounary algebra (V, f) is called connected if for arbitrary ele
ments x,y G V there are non-negative integers H, L> such that fu(x) = fv(y). 
A maximal connected subalgebra of a partial monounary algebra is called a 
(connected) component. 

Given two partial monounary algebras (Vl,fl), (V2, f2) and a mapping 
ip: V1 —r V2. The mapping (p is called a homomorphism of the partial mo
nounary algebra (V1,f1) into the partial monounary algebra (V2, f2) if for all 
elements x G d o m ^ the condition (p(fx(x)) = f2(tp(x)) is satisfied. 

The set Im(/? is the set of (p(x) for all x G Vx or expressed in another w7ay 
Imcp = {H G V̂  : (3x G VJ ((/?(#) = y)}. The set Iirap is called the image of 
the mapping (/?. 

Let V be a nonempty set, E a binary relation on V. Then the corresponding 
relational structure (V,E) is called a (directed) graph. We admit the existence 
of loops in a graph. 
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1.1. DEFINITION. Let (V^F^) , (V2,E2) be graphs, tp be a homomorphism 
of iyi,El) into (V2,E2). Then cp is called a strong homomorphism of (V1,E1) 
into (V2,E2) if for any x,y G V1 the condition (x,y) G E1 is satisfied if and 
only if (p(x),p(y)) G E2 holds. 

R e m a r k . The terminology concerning strong homomorphisms is not uniform 
in literature. For example in [5], a strong homomorphism of a graph (V1,El) 
into a graph (V2,E2) is defined as a homomorphism p of (V1,E1) into (V2,E2) 
which satisfies the following condition: if (p>(x),p(y)) G E2 for any x,y G Vx, 
then there are elements x,y G Vx such that (x,y) G E1, p(x) = p(x) and 
(p(y) = (p(y). For other notion of a strong homomorphism cf. also [8] and [9]. 

1.2. DEFINITION. Let (V^, /-L), (V2,f2) be partial monounary algebras, 
G(Yi' A ) ' ^(^25 A) ^ e t h e i r g r a ph s a n d let ip be a mapping of Vx into V2. The 
mapping p is denoted as a G -homomorphism (graph homomorphism) of the 
partial monounary algebra (Vl,fl) into the partial monounary algebra (V2,f2) 
if ip is a strong homomorphism of the graph G(VX, fx) into the graph G(V2, f 2 ) . 

2. Remark on graph algebras 

We should not avoid the mention of graph (or Shallon) algebras that inspired 
us to deal with graph homomorphisms of partial monounary algebras. 

Let (V,E) be a graph. To the graph (V,E) an algebra A(V,E) = 
(V U {oo}, oo, o) is assigned in the following way: oo ^ V is a miliary oper
ation and for any x,y G V U { o o } , the binary operation o is defined by the 
following formula 

f x if (x,y) G E, 
X oy — < 

y oo otherwise. 

Then A(V, E) is called the graph algebra corresponding to (V, E). Graph al
gebras were introduced by R. C. S h a l l o n [14] and were studied, e.g. in [4], 
[10] [13]. 

The proof of the following proposition on graph algebras will be omitted since 
in what follows, we do not refer to graph algebras themselves. 

2 .1 . PROPOSITION. Let (V1,f1)J (V2,f2) be partial monounary algebras, 
(V1,E1)=G(V1,f1), (V2,E2) = G(V2,E2) be their graphs and A1=A(Vl,E1), 
A2 = *4(V2, E2) be graph algebras corresponding to graphs (V1,E1) and (V2, E2) 
respectively. Next suppose that $ is a mapping of Vx U {CK^} into V2 U {oo2} 
such that $ ( 0 0 ^ = oo2 and p = $ \ Vx is a mapping of the set Vx into V2. 
Then the following conditions are equivalent: 

Vol 



KARLA ClPKOVA — DANICA JAKUBIKOVA-STUDENOVSKA 

(i) $ is a homomorphism of Ax into A2, 
(ii) (p is a Q-homomorphism of (Vl,fl) into (V2, f 2 ) , 

(iii) cp is a strong homomorphism of (Vl,El) into (V2,E2). 

3. Graph homomorphisms 

In this part we look into the basic properties of ^-homomorphisms. 

3 .1 . LEMMA. Let (V1,f1), (V2,f2) be partial monounary algebras and (p be a 
mapping of Vx into V2. Then the following conditions are equivalent: 

(i) (p is a Q-homomorphism of (Vl,fl) into (V2, f 2 ) ; 
(ii) fx(x) = y if and only if f2((p(x)) = p(y) for any x, y e \\ , i.e. fx(x) 

exists and is equal to y if and only if f2(p(x)) exists and is equal to 

v(y)-
P r o o f . By Definitions 1.1 and 1.2, the mapping p is a £-homomorphism 

of (Vl,fl) into (V2,f2) if and only if 

(x,y)eE1 «=i> ((p(x),p(y)) eE2, 

which is equivalent to the condition (ii). • 

It is natural to ask a question concerning the relation between homomor
phisms and ^-homomorphisms of partial monounary algebras. 

3.2. LEMMA. Let (Vl,fl), (V2,f2) be partial monounary algebras and p be 
a Q-homomorphism of (Vx,fx) into (V2,f2). Then p is the homomorphism of 
the algebra (V1: fx) into the algebra (V2,f2). 

P r o o f . By Lemma 3.1(ii) we have f2(p(x)) = (p(fx(x)) for every x G 
d o m / j , i.e. cp is a homomorphism. • 

Remark. The converse implication does not hold. Consider twro simple mo
nounary algebras: 

( { M , c } , / i ) where ft(a) = b and fx(b) = fx(c) = c, 

and a mapping p: {a, b, c} —> {d} such that (p(a) = (p(b) = (p(c) = d. 
The mapping cp is a homomorphism, but is not a £/-homomorphism, since 

f2(p(a)) = (p(c) and fx(a) ^ c. 

3.3. LEMMA. Let (V1,f1), (V2,f2) be partial monounary algebras, p be a 
Q-homomorphism of (Vx,fx) into (V2, f2) and let n be a positive integer. Then 

(Vx e V-jCVy G V1)(f^(x) = y <=> f»(<p(x)) = V(y)). 

P r o o f . The proof immediately follows from Lemma 3.1(H) by induction 
on n. • 
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3.4. COROLLARY. Let ( V f / ^ , (V2 , /2) be partial monounary algebras and 
if be a Q-homomorphism of ( V ^ / ^ into (V 2 , / 2 ) . Further, let x G V1 and let 
m, n be minimal integers such that f™(x) and f2((f(x)) are cyclic elements. 
Then m — n. 

Now we will try to look into the way of how a <?-homomorphism assigns the 
images to those elements of a partial monounary algebra that do not belong to 
the domain of its operation. 

3.5. LEMMA. Let (V1,f1)J (V2 , /2) be partial monounary algebras and (p be a 
Q -homomorphism of (Vl5 / x ) into (V2, f 2 ) . Further suppose that x G Vx \ dom fx 

and set z = (f(x). Then the element z has the following properties: 

(i) either z ^ d o m / 2 , or f2(z) ^ Im(/?. 
(ii) / f l (x) = 0 if and only if f2

l (z) D Im </? = 0. 

P r o o f . Let x G Vx \ dom fx and z — tp(x). 
(i) Suppose that z G d o m / 2 and f2(z) G Im(/?, thus there is an element 

y G \\ such that (p(y) = f2(z). Then (/?(y) = / 2 (^) = f2((p(x)) implies 
y = fx(x) (see Lemma 3.1), which is a contradiction with x ^ d o m ^ . Hence 
either z £ dom/ 2 or f2(z) £\mcp. 

(ii) If / f l(x) / 0, then there exists an element y G Vx such that fx(y) — x. 
In view of Lemma 3.1 we have z = Lp(x) = f2(

(f(y)): which implies that 

/ - ^ n l m ^ f l . ^ 
Conversely if f2

 l(z) D \mtp ^- 0, then there is an element y G Vx such 
that (/?(y) G / f 1 ^ ) - Hence (/?(x) = z — f2(ip(y)). Using Lemma 3.1 we obtain 
x = / - > ) . Thus / f 1 ( x ) ^ 0 . • 

3.6. LEMMA. Let (Vx,fx), (V2 , /2) be partial monounary algebras and ip be a 
Q-homomorphism of (Vl,fl) into (V 2 , / 2 ) . If x, y are distinct elements of Vx 

such that (p(x) = (p(y), then / f 1(x) = 0. 

P r o o f . Let x, y G V1, x 7̂  H and (f(x) = (/?(y). Suppose that / f x(x) 7̂  0. 
Then there is an element x G Vx such that / x (x) = x. Then, using Lemmas 3.1 
and 3.2, the equalities 

cp(y) = (/>(x) = ¥>(/-_(£)) = f2(<p(x)) 

entail y = f1(x). Hence y = / x(x) = x, which contradicts the assumption 
x / y. Therefore / f x(x) = 0. • 

3.7. LEMMA. Let ( V f / ^ , (V2 , /2) be partial monounary algebras and (p be a 
Q -homomorphism. If x, y are distinct elements of Vx such that (p(x) = (p(y), 
then 

(i) x G dom fx <=>• y G dom fx, 
(ii) x G d o m ^ = > / 1 (x) = / 1 ( y ) ^ { x , y } . 
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P r o o f . Let x, y G V1, x =̂  y, and p(x) = (/?(?/). Suppose that x G dom /x 

and put z = fx(x). Then by Lemma 3.1 we obtain p(z) = f2(p(x)) = f2(p(y)), 
which entails z = fx(y), i.e. H G dom/ x as well. The converse implication of (i) 
can be proved analogously. Furthermore, we showed that / x (x) = z = f1 (y) and 
by Lemma 3.6 we have z £ {x, y}, which concludes the proof of (ii). • 

3.8. NOTATION. Let (VJ) be a partial monounary algebra. K(V,f) will be 
a binary relation on V such that a pair (a, b) G V x V belongs to K(V,f) if 
and only if f'1 (a) = f~1(b) = H) and either {a, b} n dom / = 0 or / ( a ) = /(&). 
Obviously, A"(F, / ) is an equivalence relation. Further, P(V, / ) will denote the 
union of all elements in those blocks of the equivalence K(V, f) that contain 
more than one element, i.e. 

P(VJ) = {xeV: [x]K{VJ)^{x}}. 

The following lemmas and example deal with the connectivity of a partial 
monounary algebra and its relation to a ^-homomorphism. 

3.9. LEMMA. Let (Vl,fl), (V2,f2) be partial monounary algebras and p be a 
Q-homomorphism of (VX1 fx) into (V 2 , / 2 ) . If elements x,y G V1 belong to the 
same connected component of (V, / 1 ) . then so do cp(x),p(y) in (V 2 , / 2 ) . 

P r o o f . Let x, y belong to the same connected component of (Vl, fx) hence 
there are non-negative integers H, v such that f™(x) = fi(y). In view of Lem
mas 3.2 and 3.3 we obtain f?(<p(x)) = ip(ft(xj) = <p(f?(y)) = f$(<p(y)), 
therefore the elements p(x) and p(y) belong to the same connected component 
of(V2J2). • 

Remark. Lemma 3.9 states that a connected component does not split under 
^-homomorphisms. On the other hand, a ^-homomorphism can join two con
nected component, i.e. the converse of 3.9 does not hold as the following example 
shows. 

3.10. E X A M P L E . Consider the partial monounary algebras ({a, b},fx) writh 
domf1 = 0 and (N, f2) where f2(i) = i + 1 for all i G N. The mapping 
ip: {a, b} —> N satisfying p(a) = 4 and (p(b) = 15 is a ^-homomorphism (see 
Lemma 3.1). Notice, that elements a, b belong to different connected com
ponents of ({a, b}^fx) but p(a) and ip(b) belong to the same component of 
W/2). 

This example suggests that the elements that do not belong to the domain 
of the operation spoil the converse implication in Lemma 3.9. 
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3.11. LEMMA. Let (Vl,f1), (V2,f2) be total monounary algebras, (p be a 
Q -homomorphism and let x,y G \\ . Then the elements x, y belong to the same 
connected component of (Vx, fx) if and only if do so (p(x), (p(y) in (V2, f 2 ) . 

P r o o f . Let dom jx—Vx. The first part of the proof follows from Lemma 3.9. 
Conversely, suppose that (p(x), (p(y) belong to the same connected component 
of the algebra (V 2 , / 2 ) , i.e. there are u,v G N0 such that f2(<p(x)) = /£ (wiv)) • 
Then using the assumption of Lemma 3.2 we have <p>(fi(x)) — p(fi(y))- If 
fi(x) ± fi(y), then by Lemma 3.7 we have f,(f^(x)) = f,(H(y)) which 
means that x, y belong to the same connected component. If f±(x) — fi(y), 
we immediately come to the same conclusion. • 

4. Characterization result 

Let (V1,f1), (V2,f2) be partial monounary algebras, (p be a mapping of Vx 

into V2. For x, y G Vx we put (x, y) G ker cp if and only if <p(x) = (p(y). Binary 
relation kev(p is the equivalence and is called the kernel of the mapping (p. We 
denote by P((p) the system of all elements that belong to those blocks of the 
equivalence kerc^ which contain more than one element, i.e. 

P(<p) = {xeV: [x]kerv^{x}}. 

Let (V, f) be a partial monounary algebra, (V, E) be its graph and let M 
be a set such that 0 / M C V. A partial algebra (M, g) will be called a relative 
subalgebra of (V, f) if its graph G(M,g) is exactly (M,E n (M x M ) ) . The 
partial operation / is thus "strongly" reduced to M , therefore instead of g we 
will write / \s M. By notation / \s M we thus understand that if for x G M 
the element f(x) does not belong to M , then x (£ dom(/ \s M). The relative 
subalgebra (M,f\sM) is called an absolute subalgebra of (V, f) (cf. [2]) if the 
condition 

E n (M x M) = E n (M x V) 

is valid. 

4.1. PROPOSITION. Let (p be a G -homomorphism of a partial monounary 
algebra (V1, / x ) into a partial monounary algebra (V2, f 2 ) . Set Mx — Vx \ P((p) 
and suppose that Mx ^ 0. Then the partial algebra (M15 f1 \SM±) is an absolute 
subalgebra of (V±, fx) and (p \ Mx is an isomorphism of the partial algebra 
(M1? f1 \SM1) onto a relative subalgebra of (V2, f 2 ) . 

P r o o f . 
(a) If x G d o m ^ , then f1(x) ^ P((p), which is a consequence of Lemma 3.6. 

It implies that for any x G Mx n d o m ^ = {Vx \ P((f)) n d o m / l 5 we obtain 
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/ x (x) G V1 \P((p) = M x . Thus, (M1,f1\sM1) is an absolute subalgebra of 

(Vi,A). 
(b) Next, let M2 = lm((p \ Mx). Then (M2, / 2 f5M2) is a relative subalgebra 

of (V 2 , / 2 ) . 
(c) Lemma 3.2 implies that ip is a homomorphism of ( V ^ / J into (V 2 , / ? ) . 

Then (p \ Mx is a homomorphism of (M1,f1 \SM1) onto (M2, / 2 t a M 2 ) . 
(d) The equivalence ker (/? has only one-element blocks on the set Mx, which 

yields that the mapping i/> = (p \ M1 is injective. Thus, i/> is a bijection of Mx 

onto M 2 . By (c), tl> is an isomorphism of (M l 5 /x I^A^) onto (M2 , / 2 f sM2) . • 

N O T A T I O N . Let ( V p / J , (V2 , /2) be partial monounary algebras and tp be a 
^-homomorphism of ( V ^ / J into (V 2 , / 2 ) . For A G V^/ker^ we set 

F1(A) = {/ 1(a) : a G A n d o m / J , 

if A D d o m ^ 7̂  0; otherwise F\(A) is not defined. Notice that Fx is a partial 
unary operation on Vl/kevp>. If there is no danger of confusion, we will use the 
symbol f1 instead of F1. 

4.2. LEMMA. Let ( V ^ / ^ , (V2 , /2) be partial monounary algebras and ip be a 
Q -homomorphism of (V1, f^ into (V 2 , / 2 ) . Then there exists an absolute subal
gebra (UlJ1\sU1) o / (V 1 , / 1 ) such that 

(i) Ar\U1^QforeachAeV1/keT(p, 
(ii) (U^f^UJ = ( V i / k e r ^ / J = ( I m p J ^ I m p ) . 

P r o o f . It is easy to show that the mapping ip: [x]k H-> C/?(X) , whenever 
x G Vx, is an isomorphism of (Vx/ ker (/?, / 1 ) onto (Im (/?, f2 \s Im (/?). 

If A G V j /ke r^ , then let v(A) be a fixed element of A. Put 

CI! = {v(A) : Ae VJtexip}. 

It is obvious that (i) is valid. 
Let us show that ( t l i j / i T^ i ) is an absolute subalgebra of (V1:fx). Let 

x G Ux n do.ni/-_. If / x(x) = x, then / x(x) G ^ . If / - » = y / x, then 
Z" 1 (y) ^ 0 and in view of Lemma 3.6 we obtain y £ P((p), hence [y]ker ^ = {y} , 
therefore i/([y]ker¥,) = y and y G £/"-_. 

Clearly, v is a bijection of Vx/kev(p onto t/^, since kev(p is an equivalence. 
Let AeVJkeitp and a = v(A). Then i / ^ A ) ) = i/({A(x) : x G A}) G 
{ / - » : x G A } , thus i/(/x(A)) = fx(b) for some 6 G A. Since (a, 6) G ker(^, 
Lemma 3.7 yields that / x(a) = /-_(&). Hence 

^ ( / i ( A ) ) = / 1 ( a ) = / 1 ( i / (A)) , 

i.e. v is an isomorphism of (V^/ker^, /-_) onto (L^, /x ^ U J . a 
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Our aim is to prove the "characterization theorem" 4.3, out of which a way of 
looking for all ^-homomorphisms of (Vl^fl) into (V2 , /2) could be concluded: 
first we take an absolute subalgebra (U1,fl\Ul) of (Vl,fl) with the property 
that A G V1/K(V1, fx) implies Ar\Ux ^ 0, and an isomorphism 0 of (Ux, fx \UX) 
into (V2 , /2) satisfying (4). Further, we extend ip into a mapping tp in such a 
way that if satisfies the conditions (5) and (6). 

4 .3 . THEOREM. Let (Vl,fl), (V2 , /2) be partial monounary algebras, (p: 
VY —> V2 be a mapping. Then ip is a Q-homomorphism of (Vx^fx) into (V2 , /2) 
if and only if there exist an absolute subalgebra (U1J1 \SU1) of (V1,f1) and a 
mapping ip: Ux -> V2 such that the following conditions are satisfied: 

(1) ifAeVJK^J,), thenAnU,^®; 
(2) tp is an isomorphism of (Ux, f1\sU1) into ( V 2 , / 2 ) ; 
(3) ^\U1=iP; 
(4) 0 ( U 1 \ d o m / 1 ) n / 2 - 1 ( I m 0 ) = 0; 
(5) if a e (Vx \ U^ n d o m / 1 ; then there is u G Ux n P (V 1 , / 1 ) such that 

fi(°) = fi(u), ip(a) =i/>(u); 
(6) if a G (Vi \ Ux) \ d o m / ! , then there is u G (Ux n P(VV /-_)) \ d o m ^ 

such that ip(a) = I/J(U) . 

P r o o f . 
I. First, let (p be a ^-homomorphism of (V1,f1) into (V2, f 2 ) . By Lemma 4.2 

there exists an absolute subalgebra (U1,f1\sU1) of (VpZ-J and let ip be a 
mapping of (Ux, f1 \SU1) into (V2, f2) described in proof of Lemma 4.2. 

Then (U1,f1\sU1) and ip satisfy the conditions (2) and (3) respectively. We 
shall show that (Ux, fx \SUX) also satisfies other conditions of the theorem. 

Assume that (4) fails to hold. Then there are x,y G Vx such that x G 
Ux \ d o m / l 5 i)(x) G J2l(^(y)), thus f2(^(x)) = ^ ( y ) , i.e. f2((p(x)) = tp(y). 
The mapping ip is a ^-homomorphism, hence Lemma 3.1 yields fx(x) = y, 
x G dom fx, which is a contradiction. 

Let A G V1/K(V1,f1). In view of Lemmas 3.6 and 3.7, for the equivalence 
relations kenp and K(Vl,fl) we have ker</? C i ^ V ^ / i ) - Thus 4.2(i) implies 
that Ar\U1 ^ 0, hence (1) is valid. 

Eventually, suppose that a G V1\U1. Then [a]ker(f ^ {a} and since 

Wker vnUl ^ ^' We Set t h a t t h e r e i s U G [a]ker^nC/l ' H e n c e ^(a) = ^(U) = ^ M • 
If a G d o m / j , then Lemma 3.7 implies that fx(a) = fx(u). If a £ d o m ^ , then 
again by Lemma 3.7, u £ domf1. Moreover, [u]kerip ^ {u}, thus Lemma 3.7 
yields that u G P ( V 1 , / 1 ) . Therefore (5) and (6) hold. 

II. Conversely, suppose that there exist an absolute subalgebra (UlJl\Ul) 
of (V^fJ and a mapping ip: Ux -» V2 such that the conditions (1) (6) are 
satisfied. By (1), for each a^Vx\Ux, the block [a]K{VlJl) contains more than 
one element, thus the element a G P(Vvfx). Let x,yeV1. Now we will apply 
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Lemma 3.1 to prove that the mapping cp is a ^-homomorphism of (V1? fx) into 

(v2J2). 
(a) Assume that fx(x) — y. Then [y]^(Vl t\ — {y}, thus (1) implies y £UX 

and by (3), (f(y) = ip(y). In view of (5) there is u G U1 with fx(x) — fx(u) and 
ip(x) = i/j(u). Using (2) and (3) we get 

f(y) = 1>{y) = i>(h(x)) = V(A(«)) = fMu)) = fMx)). 

(b) Now suppose that f2(tp(x)) — (f(y). 
First, let x G Ux fl dom / } . Since (U1: f1\sU1) is an absolute subalgebra of 

(Vi , / - ) , A(x) G U,. If y £ U,, by (5) or (6) there is U G U, n P ( T \ , / 1 ) with 
cp(y) — ip(v) and then 

f2(^(x)) = /2((^(x)) = <p(y) = v(v). 

By (2) the mapping ip is an isomorphism of (Ux, /f5c71) into (V2, f 2 ) , therefore 
ip(f1(x)) = ^(U) and / x(x) = v. Then L> ^ P ( V 1 , / 1 ) , which is a contradiction. 
If y G U1, then (/?(y) = ?/Xy), f2(ip(x)) = L/;(y) and the condition (2) yields 

y = fi(x)-
Next, let x G L^ \ d o m ^ . As above, there is v G Ux with (/?(y) = v(^)-

Then f2(^(x)) = L/^), which implies ij)(x) G ^(f^i \ d o m / J H / 2
- 1 (^ (U ) ) , a 

contradiction to (4). 
Finally, let x £ Ux. In view of (5) and (6), there is u G Ux fl P(V1? / J such 

that (D(x) = xi(^). If y G L^, then (/?(y) = ip(y) and we have 

MV) = f2{l>(u)) , 

which, in view of (2), implies fx(u) — y; therefore u G d o m ^ . Now, using (5), 
we get fx(x) = fx(u) = y. Let y £ Ux. Then there is v G £/"-_ n P (V 1 , / 1 ) with 
(/p(y) = ^(v)- This implies V;(U) = f2(ip(u)) and according to (2), fx(u) = U, 
which is a contradiction to v G P(V l 5 / 1 ) . 

Hence we have proved that ^ is a ^-homomorphism of (V1? / x ) into (V2, f 2 ) , 
which concludes the proof. • 

4.4. DEFINITION. Let (V, / ) be a partial monounary algebra. An absolute 
subalgebra (T, f\sT) will be referred to as a reduced subalgebra of (V, / ) if 

(i) P(TJ\ST) = $, 
(ii) TcT'CV =>• P ( T ' , / r . T ' ) ^ 0 . 

4 .5 . Remark . The absolute subalgebra (T,f\sT) satisfying the property 
above is uniquely determined up to isomorphism, hence it will be denoted 
(R(V),f\sn(V)). It is easy to see that 

(V/K(V, f),F) ^ (n(v), f\sn(v)), 
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where F(A) = [f(a)]K(Vf) f° r arbitrary A G V/K(V,f) and arbitrary a G A. 

Among absolute subalgebras of a partial algebra (V, / ) the reduced subal-
gebra is minimal. Every (/-homomorphism can be characterized by applying 
a reduced subalgebra (1Z(V), f \S%(V)) and the corresponding mapping tp: 

4.6. COROLLARY. Let ( V p ^ ) , (V2 , /2) be partial monounary algebras, 
(f:V1->V2bea mapping and let (T^(V1),f1\sTZ(V1)) be the reduced subal
gebra of (V1,f1). Then (p is a Q -homomorphism of (V1,f1) into (V2 , /2) if and 
only if there exists a mapping ip: T^V^) —» V2 such that the following conditions 
are satisfied: 

(2) ip is an isomorphism of (^(V r
1),/f57i(V1)) into ( V 2 , / 2 ) ; 

(3) <p \ KiVJ = r/> ; 
(4) ^ ( ^ ( V 1 ) \ d o m / 1 ) n / 2 - 1 ( I m ^ ) - 0 ; 
(5) if a G (Vx \ TZ(V^) n d o m / p then there is u G /^(Vx) fl P(V 1 ? / x ) such 

that fx(a) = fx(u), if (a) = ip(u) ; 
(6) z /aG (Vl\K(Vl))\domf1, then there is u£ (K(Vl)nP(VlJl))\domfl 

such that cp(a) = ij)(u). 

4 .7. Remark. In the case (/^(VJ, fx \sTl(Vl)) = ( V p / J , the mapping <p is a 
Q-homomorphism of (V1,fl) into (V2 , /2) if and only if conditions (2) and (4) 
of 4.6 are satisfied. 

5. On graphs without loops 

Let (V, / ) be a partial monounary algebra and let G(V, f) be the graph 
corresponding to (V, / ) as it was defined above. We denote by G'(V, f) = (V, E') 
the graph such that 

( V x G V ) ( V y G V ) ( ( x , H ) G ^ 4=^ (x^ykf(x) = y)). 

Clearly, the graph G'(V, f) contains no loops, while in G(V, f) they are admitted. 
We consider the two different structures (V,E) and (V,Ef). The former one 

is more general and in spite of the fact that it comprises the other case as 
well, the latter structure is interesting, too because it deals with the graphs for 
which the elements of E are 2-element subsets of V (i.e. there are no loops or 
multi-edges) — a more common notion in the graph theory (cf.[l]). The other 
reason of mentioning both structures is an ambiguity with the notion of a graph 
of a monounary algebra by different authors. Similarly as ^-homomorphisms, 
G' -homomorphisms of partial monounary algebras can be investigated as well. 
This case, of course, was not dealt separately, but follows from the former one. 
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Let (V, / ) be a partial monounary algebra. It is easy to see that if x, y are 
the elements of V such that (x, y) is an edge of E' in the graph G'(V, f), then 
(x, y) belongs to E in the graph £(V, / ) . Thus E' C E and therefore £'(V, / ) is 
a subgraph of the graph G(V, f). In fact, the set E\E' contains only such pairs 
(x,y) G V x V, where x = y. Or in other words, the edges of E \ E' are loops 
corresponding to one-element cycles in (V, / ) . If (V, / ) contains no one-element 
cycles, then G(V,f) = G'(V, / ) . Hence if we restrict the domain of / in such a 
way that the restricted operation (denote it / * ) contains no one-element cycles, 
i.e. if dom/* = d o m / \ {x G V : f(x) = x}, we obtain a partial monounary 
algebra (V, /*) with Q'(V, / ) = Q(V, / * ) . 

Let (V1,f1)1 (V2 , /2) be partial monounary algebras. Concerning the afore
mentioned familiarity of two types of graphs it proves to be useful to look 
into more general ones, i.e. Gx — G(V1,f1) and G2 = G(V2,f2) because the 
graphs ( / ' (Vp/j) and G'(V2,f2) are treated as well. Therefore, we first consid
ered ^-homomorphisms of (V1,f1) into (V 2 , / 2 ) . 

In a similar way as in Definition 1.2 we introduce the notion of a (/'-homo-
morphism of the partial monounary algebra (V1? fx) into (V2, f 2 ) . In the above 
definition we consider ^ ( V ^ / J instead of ^ ( V ^ / J and (5(V2,/2) is replaced 
by G'(V2, f 2 ) . Hence we obtain the following result: 

Let (p be a mapping of V1 into V2. Then the mapping ip is a (/'-homo-
morphism of ( V p / J into (V2 , /2) if and only if (p is a (7-homomorphism of 
(V.JDinto^JZ). 

Therefore Theorems 4.3 or 4.6 enable to describe ^'-homomorphisms as well. 
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